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ABSTRACT. This series of papers is dedicated to the study of motivic homotopy theory in the
context of brave new or spectral algebraic geometry. In Part I we set up the theory and prove
an analogue of the localization theorem of Morel-Voevodsky in classical motivic homotopy

theory.
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1. INTRODUCTION

1.1. Main result.

1.1.1.  Given a scheme S, let H(S) denote the co-category of motivic spaces over S.

One of the most fundamental results in motivic homotopy theory is the localization theorem
of F. Morel and V. Voevodsky, one formulation of which is as follows. Let ¢ : Z < S be a closed
immersion with quasi-compact open complement j : U < S, and consider the direct image
functor i, : H(Z) — H(S). The localization theorem states that this functor is fully faithful,
with essential image spanned by motivic spaces F whose restriction j*(F) is contractible.
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The main goal of this paper is to prove the analogue of this theorem in spectral algebraic
geometry.

1.1.2. Before proceeding, let us explain why we chose this theorem as the starting point of our
study of motivic homotopy theory in spectral algebraic geometry.

Every motivic spectrum [E over S represents a generalized motivic cohomology theory
H%(—,IE(p)) on S-schemes (p,q € Z), like motivic cohomology, homotopy invariant algebraic
K-theory, or algebraic cobordism.

The localization theorem gives rise to the expected long exact localization sequences in
[E-cohomology, for any motivic spectrum IE:

- HY(S, E(p)) 2 HI(S, E(p)) L5 HI(U, E(p) 2 HE™ (S, E(p) = - ,

for any closed immersion i : Z < S with open complement j : U < S. Here HZ(S,E(p))
denotes! E-cohomology of S with support in Z.

The localization theorem is also a crucial input into J. Ayoub’s construction of the formalism
of six operations in motivic homotopy theory. The construction of the six operations in the
setting of spectral schemes will be the subject of one of the sequels of this paper, and the
localization theorem will play an equally important role.

1.1.3.  Let us also say a few words about why we are interested in developing motivic homotopy
theory in the setting of spectral algebraic geometry.

In this setting, the localization theorem has another very interesting consequence which we
did not mention yet. Recall that a spectral scheme S is, roughly speaking?, a pair (S, Og), where
Sc1 is a classical scheme and Og is a sheaf of connective €..-ring spectra whose underlying sheaf
of commutative rings mo(Og) coincides with the structure sheaf Og_. The underlying classical
scheme S, may be viewed as a spectral scheme with discrete structure sheaf, and there is a
canonical map S — S which is a closed immersion in the sense of spectral algebraic geometry.
Since its open complement is empty, the localization theorem will have the consequence that
the motivic homotopy category over S is equivalent to the motivic homotopy category over S.
We refer to this phenomenon as “derived nilpotent invariance” (we think of sections of m;(Og),
for ¢ > 0, as derived nilpotents).

We should note that it will not be obvious from our construction that, over the classical
scheme S}, the motivic homotopy category we construct is equivalent to the usual motivic
homotopy category. This turns out to be nevertheless true, and it will also be a consequence of
the localization theorem, but its proof will be postponed to Part II [CK17] of this series.

In other words, any generalized motivic cohomology theory can be extended to spectral
algebraic geometry in a trivial way:

HY(X, E(p)) := H* (X1, E(p)),

and the claim is that every generalized motivic cohomology theory in spectral algebraic geometry
arises in this way.

Let us mention one interesting application. Let X be an arbitrary scheme. Given any regular
closed immersion i : Z < X, where we allow Z to be an arbitrary spectral scheme?®, one can

In the case where Z and S are both smooth over some base, ¢ is pure of codimension d, and the spectrum [E
is oriented, Morel-Voevodsky’s relative purity theorem will further identify this term with H2=24(Z,E(p — d)).

2Gee [Lurl6b, Def. 1.1.2.8] for a precise version of this definition; we will give an alternative definition in
Sect. 2.

33ee Definition 2.13.2 for our definition of regular closed immersion in this context.
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construct an associated (virtual) fundamental class [Z] such that the formula

[Z4] - [22] = [Z4 X Zo]
always holds, where Z; and Zs are regularly immersed closed spectral subschemes of X, and the
fibred product Z; xx Zo is taken in the category of spectral schemes. This formula holds in any

generalized motivic cohomology theory (in the above-mentioned sense) and can be viewed as a
vast generalization of Bézout’s theorem®*. We will discuss this in detail in a sequel to this paper.

1.2. Summary of construction. Below we briefly describe our construction of the motivic
homotopy category over a spectral scheme.

1.2.1. Let S be a spectral scheme (we will always assume that S is quasi-compact and quasi-
separated). A motivic space over S will be a presheaf of spaces F on the co-category Smfsoo of
smooth spectral S-schemes (of finite presentation), satisfying the following properties:

(Red) The space I'(@, F) is contractible.
(Nis) Let Q be a Nisnevich square, i.e. a cartesian square of smooth spectral S-schemes

W —V
(11 [
U—>X
where j is an open immersion, p is étale, and the induced morphism p~1(X — U) — X — U is an

isomorphism of reduced classical schemes. Then the induced square of spaces
I(X,F) —— (U, 7)
L |
NV,5) — T'(W,3)
is homotopy cartesian.

(Htp) Let A! denote the brave new affine line, i.e. the affine spectral scheme Spec(S{t}), where
S is the sphere spectrum, and S{t} denotes the free €,.-algebra on one generator ¢ (in degree
zero). Then for every smooth spectral S-scheme, the canonical map

I'(X,7) - T(X x A, F)
is invertible.

We write Hé>= (S) for the co-category of motivic spaces over S. This is a left localization of
the oo-category of presheaves of spaces on Smfé”, and we write F +— Lo (F) for the localization
functor.

Any smooth spectral S-scheme X represents a presheaf of spaces hg(X), whose localization
we denote by Mg(X) := Lot hs(X).
1.2.2. The assignment S +— H&>(S) admits the following functorialities.
Given a morphism f: T — S of spectral schemes, there is an inverse image functor
fiy : H®>=(S) — H*=(T)
which is given on representables by the assignment Mg (X) — M7(X xgT). It is left adjoint to a

direct image functor
fHHE=(T) — HE=(S).

4For X a smooth projective variety over the field of complex numbers, a similar formula taking values in
singular cohomology was announced by J. Lurie [Lurl6b].
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We also have the operations (®, Hom), where the bifunctor (¥,5) — F ® § which is given on
representables by Mg(X) ® Mg(Y) = Mg(X xgY).

If f is smooth, there is an “extra” operation
FECHES(T) — HE=(9),

left adjoint to f*, which is given on representables by the assignment My (X) — Mg(X). Note
that this operation is not one of the “six operations”, but it is compatible with the four operations
(f*, f+«,®,Hom) in the sense that it satisfies various base change and projection formulas, which
are the subject of Sect. 6.

1.2.3.  One consequence of the localization theorem is that there are well-defined operations
(ir,7") (called exceptional direct and inverse image, respectively) for any closed immersion i,
satisfying base change and projection formulas (see Sect. 7). In order to extend these operations
to more general morphisms, it is necessary to pass to the stable version of motivic homotopy
theory.

Classically, stable motivic homotopy theory over S is obtained from the unstable version
by formally inverting the Thom spaces of all vector bundles over S, with respect to the smash
product. Because of descent, it suffices in fact to invert the Thom space of the affine line A{,
which is identified up to A'-homotopy with the motivic space represented by the projective line
P!, pointed by the section at infinity. The latter can be further identified up to A'-homotopy
with the S'-suspension of the motivic space represented by the G5, pointed by the unit section.
Thus the process of stabilization can be done in two steps, first taking the S!-stabilization and
then G,,-stabilization.

This whole discussion remains valid in the setting of spectral algebraic geometry. However
we will defer our discussion of the P'-stable theory to Part III, since the localization theorem
already holds in the unstable category.

1.3. Contents. In Sect. 2 we review the basics of spectral algebraic geometry. We follow the
“functor of points” approach as in [TV08] or [AG14]; an alternative approach using locally ringed
oo-toposes can be found in [Lurl6b]. Most of the material is well-known, so we generally omit
proofs, except in the last few paragraphs where we include some geometric lemmas that are
used in the proof of our main result.

Sect. 3 is an axiomatic exposition of Morel-Voevodsky homotopy theory in general settings.
The framework encompasses even equivariant motivic homotopy theory [Hoy17] and noncommu-
tative motivic homotopy theory [Robl15]. That said, there is no original mathematics in this
section; it only serves to collect in one place some basic results which we will be referring to
repeatedly elsewhere in the paper.

In Sect. 4 we specialize to give the construction of the brave new motivic homotopy category
over a spectral scheme. We also define its pointed and S!-stable variants. We defer discussion of
the P'-stable variant to Part III.

In Sect. 5 we discuss the standard functorialities (f*, f.) that the assignment S — H&>=(S) is
equipped with. We show in Sect. 6 that for any smooth morphism p, the functor p* admits a
left adjoint py. We show that this is compatible with the operations f* and ® in the sense that
it satisfies suitable base change and projection formulas.

Sect. 7 deals with the functor i, of direct image along a closed immersion. Our first result
here is that, in the pointed setting, it admits a right adjoint i'. Next we state the main result of
this paper, the localization theorem (Theorem 7.2.6), which says that i, is fully faithful, and
identifies its essential image. We then review some consequences, including nilpotent invariance,
as well as some compatibilities between the operation i, and the operations f*, py, and ®.



6 ADEEL A. KHAN

Sect. 8 is dedicated to the proof of the localization theorem. Our proof follows the same general
outline used by Morel-Voevodsky [MV99] in the setting of classical base schemes. Following
some ideas introduced by M. Hoyois [Hoy17] in the equivariant setting, we make the proof robust
enough that it survives in the setting of spectral schemes, and without unnecessary noetherian
assumptions made in the original proof of Morel-Voevodsky. Thus our proof, if interpreted
in the setting of classical algebraic geometry, gives a proof of Morel-Voevodsky’s theorem for
classical schemes, over arbitrary quasi-compact quasi-separated base schemes.

Appendix A introduces an axiomatic framework which we find convenient for discussing base
change and projection formulas in abstract categories of coefficients.

Appendix B deals with some technical but very elementary topos theory that is used in the
proof that the direct image functor i, commutes with contractible colimits.

1.4. Conventions. We will use the language of co-categories freely throughout the text. The
term “category” will mean “oco-category” (= quasi-category) by default. Though we will use the
language in a model-independent way, we fix for concreteness the model of quasi-categories as
developed by A. Joyal and J. Lurie. Our main references are [Lur09] and [Lurl6a].

Starting from § 4, all spectral schemes (and classical schemes) will be quasi-compact quasi-
separated. Smooth morphisms will always be assumed to be of finite presentation.

1.5. Acknowledgments. The author would like to thank Benjamin Antieau, Denis-Charles
Cisinski, Marc Hoyois, and Marc Levine for many helpful discussions, encouragement, and
feedback on previous versions of this paper.

2. SPECTRAL ALGEBRAIC GEOMETRY

In this section we review the theory of spectral algebraic geometry. All the material covered
is standard and can be found in [Lurl6b] and [TVO08], with the exception of Proposition 2.12.2.

2.1. Spectral prestacks.

2.1.1. Let Eo-Alg(Spt)>o denote the category of connective €-ring spectra.

The Eilenberg-MacLane functor defines a fully faithful functor CAlg — &.-Alg(Spt)>o,
whose essential image is spanned by the discrete (= 0-truncated) connective €..-ring spectra.

2.1.2. A spectral prestack is a presheaf of spaces on the category €.-Alg(Spt)Zy, i.e. a functor
€ -Alg(Spt)>o — Spec.

We write PreStk for the category of spectral prestacks.

2.1.3.  Given a connective €.o-ring spectrum A, we will write Spec(A) for the spectral prestack
represented by A. We say that a spectral prestack is an affine spectral scheme if it is represented
by a connective €,,-ring spectrum, and write Sch,g for the full subcategory of PreStk spanned
by affine spectral schemes.

Let S be a spectral prestack. For a connective €,.-ring spectrum A, we say that an A-point
of S is a morphism s : Spec(A) — S, or equivalently a point of the space S(A).
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2.1.4. A classical’ prestack is a presheaf on the opposite of the ordinary category CAlg of
commutative rings.

Given a spectral prestack S, let S¢) denote its underlying classical prestack, defined as the
restriction to ordinary commutative rings. The functor S — S. admits a fully faithful left
adjoint, embedding the category of classical prestacks as a full subcategory of spectral prestacks.

We refer to spectral prestacks of the form Spec(A), with A an ordinary commutative ring, as
classical affine schemes. The functor S — S| sends spectral affine schemes to classical affine
spectral schemes: we have Spec(A). = Spec(mg(A)) for any connective ..-ring spectrum A.

2.2. Quasi-coherent sheaves.

2.2.1. Let S = Spec(A) be an affine spectral scheme. A quasi-coherent module on S is the
datum of an A-module. We write Ogpec(a) for the quasi-coherent module given by A, viewed as
a module over itself.

2.2.2. Let S be a spectral prestack. A quasi-coherent Os-module consists of the following data:

(1) For every affine spectral scheme Spec(A) and every morphism s : Spec(A) — S, a
quasi-coherent module Fs on Ogpec(a)-

(2) For every pair of morphisms s : Spec(A) — S, s’ : Spec(B) — S fitting into a commutative
triangle

Spec(A) —— S,

b=

Spec(B)

an isomorphism f*(Fy) — F.

(3) A homotopy coherent system of compatibilities between all such isomorphisms.

2.2.3. More precisely, we define the category Qcoh(S) as the limit

Qcoh(S) = Jim Qcoh(Spec(A))
Spec(A)—S

in the category of presentable co-categories.
This category is stable, as the property of stability is stable under limits of co-categories.

Better yet, we can define a presheaf of symmetric monoidal presentable co-categories S —
Qcoh(S) as the right Kan extension of the presheaf A — A-mod along the Yoneda embedding
€o0-Alg(Spt) ), — PreStk.

In particular, for each morphism of spectral prestacks f, we have a symmetric monoidal
colimit-preserving functor f*, the inverse image functor, and its right adjoint f,, the direct
image functor.

5The adjective classical refers to the fact that they are defined on non-derived objects (ordinary commutative
rings, not €o-ring spectra). In the literature they have been studied by C. Simpson and others under the name
higher prestacks, since they may take values in arbitrary spaces, not just groupoids. In our terminology, prestacks
are “higher” by default, and “non-higher” prestacks are 1-truncated prestacks.
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2.2.4. Let S be a spectral prestack. We write Og for the quasi-coherent module defined by
Os,s = Ogpec(a) for each affine spectral scheme Spec(A) and each A-point s : Spec(A) — S. This
is the unit of the symmetric monoidal structure.

Given a quasi-coherent module F on S, we write I'(X,J) for the space of sections over a
spectral S-scheme X. This is by definition the mapping space Maps(Ox, p*(F)), where p : X — S
is the structural morphism.

2.3. Spectral stacks.

2.3.1. Let f: T — S be a morphism of affine spectral schemes, S = Spec(A), T = Spec(B).
Definition 2.3.2.

(i) The morphism f is locally of finite presentation if B is compact in the category of €o-A-
algebras.

(ii) The morphism f is flat if the underlying A-module B is a filtered colimit of finitely generated
free A-modules. Equivalently, the morphism f. : Spec(mo(B)) — Spec(mo(A)) of underlying
classical schemes is flat (i.e. wo(B) is flat in the usual sense as an mo(A)-module), and the
canonical morphism m;(A) @, (a) mo(B) = m;(B) is invertible for each i.

(iii) The morphism f is an open immersion if it is locally of finite presentation, flat, and a
monomorphism®. Equivalently, it is flat and the morphism f. : Spec(m(B)) — Spec(mo(A)) of
underlying classical schemes is an open immersion (in the classical sense).

Remark 2.3.3. We will use the following observation repeatedly: let f : T — S be a morphism

of affine spectral schemes; if f is flat and S is classical, then T is also classical. Similarly, if
f:T — Sis a flat morphism of affine spectral schemes, then the commutative square

Teg —— T

J/fcl lf

Sel —— S
is cartesian.
2.3.4. The Zariski topology on Sch,g is the Grothendieck topology associated to the following
pretopology. A family of morphisms of affine spectral schemes (jo : Uy — X)aea is Zariski

covering if and only if each j, is an open immersion, and the family of functors (j,)* : Qcoh(X) —
Qcoh(U,,) is conservative.

Definition 2.3.5. A spectral stack is a spectral prestack satisfying descent with respect to the
Zariski topology.

2.4. Spectral schemes.

2.4.1. Let j: U — S be a morphism of spectral stacks.
Definition 2.4.2.

(i) If S is affine, then j is an open immersion if it is a monomorphism, and there exists a family
(Ja : Uy = S)a, with each j, an open immersion of affine spectral schemes Definition 2.3.2 that
factors through U and induces an effective epimorphism U,U, — U.

(ii) For general S, the morphism j is an open immersion if for each connective € -ring spectrum
A and each A-point s : Spec(A) — S, the base change U xg Spec(A) — Spec(A) is an open
immersion in the sense of (i).

61.e. the canonical morphism T — T xg T is invertible.
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2.4.3. Let S be a spectral stack. A Zariski cover of S is a small family of open immersions
of spectral stacks (jo : Uy — S)4 such that the canonical morphism U,U, — S is surjective
(i.e. an effective epimorphism in the topos of spectral stacks). If each U, is an affine spectral
scheme, we call this an affine Zariski cover.

We define:

Definition 2.4.4. A spectral scheme is a spectral stack S which admits an affine Zariski cover.

We write Sch for the category of spectral schemes, a full subcategory of the category of stacks.
It admits coproducts and fibred products.

Definition 2.4.5.

(i) A spectral scheme S is quasi-compact if for any Zariski cover (jo : Ua — S)aca, there exists
a finite subset Ag C A such that the family (jo)aca, s still a Zariski cover.

(ii) A morphism of spectral schemes f : T — S is quasi-compact if for any connective € -ring
spectrum A and any A-point s : Spec(A) — S, the spectral scheme T xg Spec(A) is quasi-compact.

(iii) A spectral scheme S is quasi-separated if for any open immersions U < S and V < S, with
U and V affine, the intersection U xg 'V is quasi-compact.

2.4.6. We define a classical scheme to be a Zariski sheaf of sets on the category (CAlg)°P,
admitting a Zariski affine cover. This is equivalent to the definition of scheme given in [GD71].

Given a spectral scheme S, the underlying classical prestack S.) takes values in sets, and is a
classical scheme. We therefore refer to S¢; as the underlying classical scheme of S.

2.5. Closed immersions.

2.5.1. Let f:Y — X be a morphism of spectral schemes. We say that the morphism f is
affine if, for any connective €-ring spectrum A and A-point x : Spec(A) — X, the base change
Y xx Spec(A) is an affine spectral scheme.

2.5.2. If X = Spec(A) and Y = Spec(B) are affine, a morphism ¢ : Y — X is a closed immersion
if the homomorphism A — B induces a surjection 7y(A) — m(B).

In general a morphism i : Y — X is a closed immersion if it is affine, and for any connective
Eoo-ring spectrum A and A-point x : Spec(A) — X, the base change Y xx Spec(A) — Spec(A)
is a closed immersion of affine spectral schemes.

Equivalently, ¢ is a closed immersion if and only if it induces a closed immersion on underlying
classical schemes.

2.5.3. A nil-immersion is a closed immersion i : Y < X which induces an isomorphism
Yied = Xred On underlying reduced classical schemes.

2.5.4. Let i :7Z — S be a closed immersion of spectral schemes. Let U be the spectral
prestack defined as follows: for a connective €., -ring spectrum A, its A-points are A-points
s: Spec(A) — S such that the base change Spec(A) xgZ is the empty spectral scheme. One can
show that U is a spectral scheme, and that the canonical morphism U — S is an open immersion.

We call j : U < S the complementary open immersion to i.

2.6. Vector bundles.
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2.6.1. Just as in Paragraph 2.2, we can define a notion of quasi-coherent algebra on a spectral
prestack S, such that the category of quasi-coherent algebras on Spec(A) coincides with the
category of A-algebras.

2.6.2. Let S be a spectral scheme and A a quasi-coherent algebra on S. Consider the presheaf
Specg(A) on the category of spectral schemes over S, which sends a spectral S-scheme X with
structural morphism f to the space of quasi-coherent algebra homomorphisms Maps(f*(A), Ox).

The presheaf Specg(A) clearly satisfies Zariski descent. Hence it defines a spectral stack over
S (there is a canonical equivalence Sh(Sch/g) = Sh(Sch),s = Sh(Schag)/s), which we call the
relative spectrum of the quasi-coherent algebra A.

Further, we have:

Lemma 2.6.3. Let A be a connective quasi-coherent algebra over a spectral scheme S. Then
the spectral stack Specg(A) is a spectral scheme.

This follows from functoriality in S, and the fact that for S = Spec(A) affine, we have
Specg(A) = Spec(I'(S, A)).

2.6.4. For a connective &.o-ring spectrum A and an A-module M, we write Sym, (M) for the
free A-algebra generated by M. The assignment M — Sym, (M) defines a functor, left adjoint
to the forgetful functor from A-algebras to A-modules, so that there are canonical isomorphisms

Maps p 14 (Syma (M), B) = Maps s _,0q(M, B)
bifunctorial in M and B.
When M is free of rank n, we will also use the notation
A{t1,...,t,} == Symy (A®"),
following [Lurl6b].
2.6.5. Let J be a quasi-coherent module on S. The quasi-coherent algebra Symg (F) is

defined by Symy (F)s := Symg  (F) for each connective €-ring spectrum A and A-point
s : Spec(A) — S.

2.6.6. A connective quasi-coherent module F on S is locally free of rank n if there exists a Zariski
cover (Jo : Us = S), such that each inverse image j% (&) is a free quasi-coherent Og_-module of
rank n, i.e. j2(F) =~ (9%1".

Given a locally free module € of finite rank, we define:

Definition 2.6.7. The vector bundle associated to € is the spectral S-scheme E = Specg(Sym(€)).

Note that any global section s € T'(S, €) defines a section s : S < E of the structural
morphism, which is a closed immersion. In particular, every vector bundle admits a zero section.

2.6.8. For an integer n > 0, we define the affine space of dimension n over a spectral scheme S,
to be the total space of the free Og-module C)ée":
§ := Specg(Symo, (05™)).

We will write simply A™ := Ag for the affine spaces over the sphere spectrum S. Thus
A" =~ Spec(S{t1,...,tn}).

2.6.9. For any morphism of spectral schemes f : T — S, we have canonical isomorphisms
Ag xgT =~ AT
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2.6.10. The affine line AL over S is the affine space of dimension 1. Since the quasi-coherent
module Og has a unit section (being a quasi-coherent algebra), the affine line admits both a
zero and a unit section.

2.6.11. The underlying classical scheme of Ag is the classical affine space over S.;. We note
however that, even when S is classical, the spectral scheme Ag will not be classical, except in
characteristic zero. We will look at another version of affine space in [CK17, Para. 4.2] that is
flat, and does agree with the classical affine space.

2.7. Infinitesimal extensions.

2.7.1. Let p:Y — X be a morphism of affine spectral schemes, X = Spec(A), Y = Spec(B).
Given a connective quasi-coherent module ¥ on Y, we let

Y < Y4 := Spec(B ® M)
denote the trivial infinitesimal extension of Y along F, where M = T'(Y, ).
The morphism Y < Yy is the closed immersion induced by the homomorphism B & M — B,
(bym) — b.

2.7.2. A derivation of Y over X with values in JF, is a retraction of the morphism Y — Y
(in the category of affine spectral schemes over X). There is a canonical retraction, the trivial
derivation dyyiy, defined by the morphism B — B @& M, b — (b,0).

Let Der(Y /X, F) denote the space of derivations in F.

2.7.3. Let JF be a 0-connected quasi-coherent module on Y.

Any derivation d of Y/X valued in F gives rise to an infinitesimal extension i : Y < Yg.
This is the closed immersion (in fact, nil-immersion”) defined as the cobase change of the trivial
derivation along d, so that there is a cocartesian square

diriv
Yg VLY

(2.1) o |
Y — 5 Yy,

in the category of affine spectral schemes.

2.7.4. The following important fact often allows argument by induction along infinitesimal
extensions (see e.g. [Lurl6a, Prop. 7.1.3.19]).

Proposition 2.7.5. Let S = Spec(A) be an affine spectral scheme. Then there exists a sequence
of nil-immersions of affine spectral schemes

(2:2) Set =8¢0 +8<1 = - =S¢ = =8,
with S, = Spec(Agy,), satisfying the following properties:

(i) For each n > 0, the homomorphism A — A, identifies Ag, as the n-truncation of the
connective €,-ring spectrum A.

(ii) The sequence is functorial in A.

(iii) The canonical morphism A — hm A, is invertible.

(iv) Each morphism S<n < S<ny1 (n = 0) is an infinitesimal extension by a derivation valued
in 7,(0g)[n + 1].

"See (2.5.3).
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Further, this sequence is uniquely characterized, up to isomorphism of diagrams indexed on
the poset of nonnegative integers, by the property (i).

The sequence (2.2) is called the Postnikov tower of A.
2.8. The cotangent sheaf.

2.8.1. Let p:Y — X be a morphism of affine spectral schemes. We have:

Proposition 2.8.2. The functor F — Der(Y/X,F) is representable by a connective quasi-
coherent module ‘J';‘{/X =T, onY.

The quasi-coherent module T%, /x on Y is called the (relative) cotangent sheaf of the morphism
p:Y — X. We obtain the absolute cotangent sheaf T by taking the relative cotangent sheaf of
the unique morphism S — Spec(S).

2.8.3. The following lemma describes a transitivity property of the relative cotangent sheaf:

Lemma 2.8.4. Let Z %Y L5 X be a sequence of morphisms of affine spectral schemes. Then
there is a canonical exact triangle

(2.3) 9*(T§<(/X) - TE/X - TE/Y

of quasi-coherent sheaves on Z.

In particular, we see that the relative cotangent sheaf T /X is the cofibre of the canonical
morphism f*(T%) — T%.

2.8.5. The cotangent sheaf of a vector bundle has a particularly simple description:

Lemma 2.8.6. Let S be an affine spectral scheme. For any connective quasi-coherent module
F on S, let E denote the spectral S-scheme Specg(Symg (F)). Then we have a canonical
isomorphism

Tiys = p°(9),

where p denotes the structural morphism E — S.

2.8.7. Let p: Y — X be a morphism of spectral schemes. For any connective €, -ring spectrum
A, A-point y : Spec(A) — Y, and 0-connected quasi-coherent module F on Y, a derivation at y
of p with values in F is a commutative triangle

Spec(A)

Spec(A) 5 Y

in the category of spectral X-schemes.

We write Der, (Y /X, F) for the space of derivations at y.

2.8.8. The functor F — Der,(Y/X, F) is represented by a connective quasi-coherent module
TS /X,y On Spec(A), called the relative cotangent sheaf of p at y:

Dery (Y/X’ 35) = MapSQcoh(Spec(A)) (T%k(/X,y’ 5!')



BRAVE NEW MOTIVIC HOMOTOPY THEORY I: THE LOCALIZATION THEOREM 13

2.8.9. Given a connective €.-ring spectrum A and an A-point y : Spec(A) — Y, a connective
&€ oo-ring spectrum B and a B-point ¢’ : Spec(B) — Y, and a morphism of affine spectral schemes
f : Spec(B) — Spec(A) with an identification y o f &~ y’, we obtain a canonical morphism of
quasi-coherent modules on Spec(B)

f*(j‘:’/x,y) - T;’/X,y/
which is invertible.

Moreover, the data of the quasi-coherent modules T3, as y varies over A-points of Y

/Xy
(with A an arbitrary connective &..-ring spectrum), together with the above isomorphisms, is
compatible in a homotopy coherent way, and can therefore be refined to a connective quasi-

coherent module T%, /X defined on the spectral scheme Y.

2.9. Smooth and étale morphisms. In this paragraph we review some standard material
on smooth and étale morphisms in spectral algebraic geometry from [TV08], [Lurl6a], and
[Lurl6b).

2.9.1. Let p: Y — X be a morphism of affine spectral schemes, with X = Spec(A) and
Y = Spec(B). We will write T3, /X for the relative cotangent sheaf, i.e. the connective quasi-
coherent Oy-module corresponding to the connective B-module Ly /5 (= the cotangent complex).

We define:
Definition 2.9.2.

(i) The morphism p is étale if it is locally of finite presentation and the cotangent sheaf ‘J'g*(/x 15
zero.

(ii) The morphism p is smooth if it is locally of finite presentation and the cotangent sheaf ‘.T{,/X
is locally free of finite rank.

Remark 2.9.3. Our use of the term smooth corresponds to differentially smooth in the sense of
[Lurl6b, Def. 11.2.2.2].

We have:

Lemma 2.9.4.
(i) The set of étale (resp. smooth) morphisms is stable under composition and base change.
(ii) Open immersions are étale, and étale morphisms are smooth.

(iii) A morphism p : Y — X is étale if and only if it is flat and the underlying morphism of
classical schemes pey : Yo — Xe is étale in the sense of [Gro67].

Remark 2.9.5. In [CK17, Para. 4.1] we will consider an alternative notion of smoothness called
fibre-smoothness, which amounts to being flat, and smooth on underlying classical schemes. It
is important to note that smoothness is not equivalent to fibre-smoothness. For example, the
morphism HF, — HF,[t] has the latter property, but is not smooth (see [TV08, Prop. 2.4.1.5]).

2.9.6. We now extend the above definitions to morphisms of spectral schemes, by defining them
Zariski-locally on the source. That is:

Definition 2.9.7. A morphism of spectral schemes p : Y — X is smooth (resp. étale, flat, locally
of finite presentation) if there exist affine Zariski covers (Yo < Y)qo and (Xg — X)g together
with the data of, for each o, an index B and a morphism of affine spectral schemes Y, — Xg
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which is smooth (resp. étale, flat, locally of finite presentation) and fits in a commutative square

Ya%Xg

L]

Y — X

Ezxample 2.9.8. For any vector bundle E over a spectral scheme S, the projection 7 : E — S is
smooth. In particular, the affine space Ag is smooth over S for each n > 0.

2.9.9. The following is a brave new version of [Gro67, Thm. 17.11.4] (see [Lurl6a, Prop.
11.2.2.1]).

Proposition 2.9.10. A morphism p : Y — X is smooth if and only if, Zariski-locally on Y,
there exists a factorization of p as a composite

(2.4) YL XxA" 5L X

for some integer n > 0, where q is étale and r is the canonical projection.

This implies (see [Lurl6a, Props. 11.2.4.1 and 11.2.4.3]):

Lemma 2.9.11. If a morphism p : Y — X is smooth, then the induced morphism pe : Yo — X
of underlying classical schemes is smooth.

2.10. Deformation along infinitesimal extensions.

2.10.1. Let S be an affine spectral scheme and S’ the infinitesimal extension of S by a derivation
d:T§ — T, for some 0-connected quasi-coherent module J. Let X be an affine spectral scheme
over S with structural morphism p.

Definition 2.10.2. A deformation of X along the infinitesimal extension S — S’ is an affine
spectral scheme X' over S’ together with an isomorphism X — X’ xg/ S.

In other words, a deformation of X is a cartesian square:

X c---3 X/
L
S——§¢

2.10.3. From [Lurl6a, Prop. 7.4.2.5], we have:

Lemma 2.10.4. The datum of a deformation of X along S — S’ is equivalent to the datum of
a null-homotopy of the composite

Txsl=1] = p*(T§) — p* (I).

Given such a null-homotopy, one obtains a derivation d’ : T% — p*(F); the deformation X’ is
constructed as the infinitesimal extension of X along d’.

2.10.5. For example, if p is smooth, then any morphism ‘Ti/s[fl} — p*(¥F) must be null-
homotopic; hence X admits a deformation along any infinitesimal extension S < S’. If p is

further étale, then this deformation is unique.

2.11. Push-outs of closed immersions.
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2.11.1. Let iy :Y < Xy and i5 : Y < X5 be closed immersions of spectral schemes.

The following is a straightforward variation on [Lurl6b, Thm. 16.1.0.1] (cf. [Lurl6b, Rem.
16.1.0.2)):

Lemma 2.11.2.

(i) There a cocartesian square of spectral schemes

Yci_1>X1

\['Lﬁ \[k}2
k1
X2 ? Xa
where k1 and ko are closed immersions.

(ii) If i1 (resp. ia) is a nil-immersion, then ki (resp. ka) is a nil-immersion.
2.12. Lifting smooth morphisms along closed immersions.

2.12.1. The following is a spectral version of [Gro67, Prop. 18.1.1]:

Proposition 2.12.2. Leti:Z < S be a closed immersion of spectral schemes. For any smooth
(resp. étale) morphism p : X — Z, there exists, Zariski-locally on X, a smooth (resp. étale)
morphism q : Y — S, and a cartesian square

X—Y

I g

Z —— S.

Proof. First we consider the étale case. The question being Zariski-local, we may assume that S,
Z and X are affine. Consider the Postnikov towers (Proposition 2.7.5)

SC1=S<0‘—>S<1‘—>'~~(—>S<n‘—>~~-‘—>s
Zd:Zgo‘—)Zgl‘—)u"—)Zgn‘—)-'“—)Z

for S and Z, respectively. Since p is flat, the Postnikov tower for X is identified with the base
change of the Postnikov tower of Z.

For a fixed integer n > 0, consider the following claim:

(%) There exists, Zariski-locally on X,,, an étale morphism g<y, : Y<, — S<, and a cartesian
square
Xgn — an

lpgn lqgn

ZS" ey SS7,
Note that it suffices to show that (%) holds for each n > 0, since we can conclude by passing
to filtered colimits. For n = 0, the claim is [Gro67, Prop. 18.1.1].

We proceed by induction; assume that the claim holds for a fixed n. We define Y¢,, 41 to
be the deformation of Y, along the infinitesimal extension S¢,, < S<p+1, which exists by
Lemma 2.10.4. Note that X«,,11 is itself a deformation of X,, along the infinitesimal extension
Z<n <+ Zgny1. That the resulting square is cartesian is a straightforward verification.

In the smooth case, the claim follows from the étale case and from Proposition 2.9.10. [

2.13. Regular closed immersions.
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2.13.1. Let i:Z <— X be a closed immersion of spectral schemes. We define:
Definition 2.13.2. The closed immersion i is regular if the shifted cotangent sheaf Tz,x[—1]
1s a locally free Oz-module of finite rank.

We have (cf. [AG15, Prop. 2.1.10]):

Lemma 2.13.3. A closed immersion i : Z — X is regular if and only if, Zariski-locally on X,
there exists a morphism f: X — A™ and a cartesian square

Z — X

l 5

Spec(S) —=— A",

where z denotes the zero section.

2.13.4. Let i :7Z — X be a regular closed immersion.

We define the conormal sheaf N7, /x as the shifted cotangent sheaf

%/X = TE/X[_”-
By assumption, this is a locally free Oz-module of finite rank. The associated vector bundle
(Definition 2.6.7), which we denote N7, . is called the conormal bundle of i.

2.13.5. The wirtual codimension of i, defined Zariski-locally on Z, is the rank of the locally free

Ogz-module NE/X.

2.13.6. By Lemma 2.8.4 we have:

Lemma 2.13.7. Leti:Z — X be a closed immersion of smooth spectral S-schemes. Then i is
regular.

2.13.8. The following is a slight variation on Lemma 2.13.3:

Lemma 2.13.9. Let p: X — S be a smooth morphism of affine spectral schemes admitting a
section s : S — X. Then there exists an S-morphism q : X — Ng/x satisfying the following
conditions:

(i) There is a cartesian square
S—2-X

|

z *
S —=— NS/X,
where z denotes the zero section.

(ii) The morphism q is étale on some Zariski neighbourhood Xo C X of s. That is, the morphism
s factors through an open immersion jo : Xg < X with q o jo étale.

Proof. Consider the closed immersion s¢ : S¢; <> X1 of underlying classical schemes, which is
defined by a (discrete) quasi-coherent sheaf of ideals J. Since s.; admits a retraction p., which
is smooth by Lemma 2.9.11, it is a regular closed immersion of classical schemes. In particular
its conormal sheaf J/J? is a (discrete) projective finitely generated Og_-module.

Therefore the epimorphism (pe1).(J) — J/J? admits a section, which gives rise to a morphism
J/7? = (pa)«(0x,). A lift N* — p.(Ox) of this morphism corresponds to a morphism of
Og-algebras

¢ Syme, (N3) = p«(0x)
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such that the commutative square of Og-algebras

Sym, (N%) A Og

J» |
p*(OX) L) OS
is cocartesian. Here ¢ corresponds to the zero section z and o to s. We let ¢ : X — N7% be the

morphism of spectral S-schemes corresponding to .

For (ii), let jo be the étale locus of q. To show that s factors through jo, it is sufficient to
note that 3*(T;</N*) ~ T§)s ~ 0 by (i). O

3. ABSTRACT MOREL—VOEVODSKY HOMOTOPY THEORY

In this section we collect some generalities about Morel-Voevodsky homotopy theory in an
abstract setting. We claim no originality for this material.

Given any essentially small co-category C, equipped with some additional structures, we
construct unstable and stable homotopy categories associated to C.

Aside from classical motivic homotopy theory and its generalizations to derived and spectral
algebraic geometry, the setup also applies to interesting variants like equivariant motivic
homotopy theory as developed in [Hoy17], and even noncommutative motivic homotopy theory
as developed in [Rob15].

3.1. Presheaves. In this short paragraph we fix our notations regarding oo-categories of
presheaves.

3.1.1. Let C be an essentially small co-category. We write PSh(C) for the oo-category of
presheaves of spaces on C, i.e. functors (C)°? — Spc.

We will write hg : C — PSh(C) for the fully faithful functor defined by the Yoneda
embedding.

3.1.2. Recall that PSh(C) is the free presentable co-category generated by the co-category C.

More precisely, for any presentable oo-category D, let Funct)(PSh(C), D) denote the oo-
category of colimit-preserving functors PSh(C) — D. Then we have the following universal
property ([Lur09, Thm. 5.1.5.6]):

Theorem 3.1.3. For any presentable co-category D, the canonical functor
(3.1) Funct(PSh(C), D) — Funct(C, D),
given by restriction along the Yoneda embedding he : C — PSh(C), is an equivalence of

oo-categories.

In particular, any functor u : C — D admits a unique extension to a colimit-preserving
functor wy : PSh(C) — D, called the left Kan extension of u.

3.1.4. Recall that the cartesian product defines a canonical closed symmetric monoidal structure
on the category PSh(C).

3.2. Left localizations. We briefly recall the theory of left localizations of presentable oo-
categories, following [Lur09].
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3.2.1. Let W be a set of morphisms in a presentable co-category A. We define:
Definition 3.2.2.

(i) An object ¢ € A is W-local if, for every morphism f :x — y in W, the induced morphism of
spaces

Maps s (y, ¢) = Mapsy (z, ¢)
1s invertible.
(ii) A morphism f :x — y is a W-local equivalence if for every W-local object ¢, the induced
morphism of spaces

Maps s (y, ¢) — Mapsy (, c)

1s invertible.

3.2.3.  We use the following theorem repeatedly (see [Lur09, Prop. 5.5.4.15]):

Theorem 3.2.4. Let A be a presentable co-category. For any essentially small® set W of
morphisms in A, the inclusion of the full subcategory LwA C A of W-local objects admits a left
adjoint Lyw : A — LwA, which exhibits LwwA as an accessible left localization of A. Further, a
morphism f in A induces an isomorphism Ly (f) if and only if [ is a W-local equivalence, or
equivalently, if and only if f belongs to the strongly saturated closure of the set W.

Here, a left localization is by definition a functor that admits a fully faithful right adjoint.
In fact, all accessible left localizations of a presentable co-category A arise in the above way.
(Accessibility is a set-theoretic condition which we will not bother to explain here.)

3.2.5. Let A be a presentable co-category and W an essentially small set of morphisms.

Given a presentable oo-category B, let Funct)w(A,B) denote the full subcategory of
Funct (A, B) spanned by functors that send morphisms in W to isomorphisms in B.

We have the following universal property of Lyw A (see [Lur09, Prop. 5.5.4.20]):
Theorem 3.2.6. For any presentable oo-category B, the canonical morphism
Funct(LwA, B) = Funct; w(A, B)

given by restriction along the functor Ly : A — LwA, is an equivalence.

3.3. Pointed objects. We recall some standard facts about pointed objects in presentable
oo-categories.

3.3.1. Let A be an presentable co-category. We write A, for the presentable co-category of
pointed objects in A. Its objects are pairs (a,x), where a is an object of A and z : pt - ais a
morphism from the terminal object.

By [Lurl6a, Ex. 4.8.1.20, Prop. 4.8.2.11], A, has a canonical structure of Spc,-module
category, and is canonically equivalent to the base change A ®gp. Spc,.

3.3.2. Consider the forgetful functor sending a pointed object (a,z) to its underlying object
a € A. This admits a left adjoint, which freely adjoins a point to a; that is, it is given on objects
by the assignment

a— ay = (aUpt,x)

where z is the canonical morphism pt — a U pt.

8A set of morphisms W is essentially small if there is a small subset Wg C W such that every morphism in
W is isomorphic to a morphism of Wy in the category of arrows of A.
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3.3.3. Note that A, is equivalent to the category of modules over the monad with underlying
endofunctor a — a U pt. Since the latter commutes with contractible colimits, this implies:
Lemma 3.3.4. The forgetful functor (a,z) — a is conservative, and preserves and reflects
contractible colimits.

This monadic description also implies that every pointed object can be written as the geometric
realization of a simplicial diagram with each term in the essential image of a — a4:
Lemma 3.3.5. The co-category A, is generated under sifted colimits by objects of the form
a4, where a is an object of A.
3.3.6. We have the following universal property of A,:
Lemma 3.3.7. For any pointed presentable co-category D, the canonical functor
(3.2) Funct(A., D) — Funct(A, D),
given by restriction along the functor a — a4, is an equivalence.
3.3.8. Suppose that A is the co-category of presheaves on some essentially small co-category
C.

In this case, the oo-category A, = PSh(C), can be described as the free pointed presentable
oo-category generated by the co-category C. Indeed, combining Lemma 3.3.7 with Theorem 3.1.3
we obtain a canonical equivalence

(3.3) Funct (PSh(C),, D) = Funct(C, D).

for any pointed presentable co-category D.

3.3.9. Suppose that A admits a closed symmetric monoidal structure.

Then the category A, inherits a canonical closed symmetric monoidal structure, given by the
“smash product” A. The monoidal unit is the object pt., .

This monoidal structure is uniquely characterized by the fact that the functor a — ay is
symmetric monoidal. Further, we have the following universal property (see [Rob15, Cor. 2.32]):

Lemma 3.3.10. For any pointed symmetric monoidal presentable co-category D, the canonical
functor

(3.4) Funct) ¢ (Ae, D) — Funct (A, D),
giwen by restriction along the symmetric monoidal functor a — a4, is an equivalence of co-
categories.
3.3.11. Let t € A, be a pointed object in A.
The t-suspension endofunctor ¥; on A, is defined by the assignment
(a,z) = (a,z) At.
Dually, the t-loop space endofunctor €2, is given by
(a,x) — Hom(t, (a,x)).

These endofunctors form an adjunction (X4, Q).

3.4. Spectrum objects. We recall some standard facts about spectrum objects in pointed
presentable oo-categories, following [Hoy17, §6.1].



20 ADEEL A. KHAN
3.4.1. Let A be a presentable co-category. We fix an (essentially small) set T of pointed objects
of A.

We write Spt(A,) for the presentable co-category of T-spectrum objects in A,. We now
recall its construction.

Suppose that the set T contains a finite number of elements t1,...,t,. Then write Xp :=
Yt @-ot,, and define Sptr(A,.) as the colimit of the filtered diagram

(3.5) Ay 5 A, 25

in the oco-category of presentable co-categories. Equivalently, this is the limit of the cofiltered
diagram

(3.6) SO A, 2T A,

in the co-category of co-categories, where we have written Q7 (= Q4 g...01, -

In the infinite case, we define Sptr(A,) as the filtered colimit

Sptr(A,) = h_n} Sptr, (As),
ToCT

indexed over finite subsets Ty C T.

Remark 3.4.2. Note that, in the case where T is finite, a T-spectrum is the data of a sequence
(an)n>0 of pointed presheaves and structural isomorphisms

Qp @y = QA1)
for each integer n > 0.
In the infinite case, we have, roughly speaking, deloopings with respect to finite tensor

products of elements of T, and a homotopy coherent system of compatibilities.

3.4.3. By construction, the adjunctions (¢, €2;) (3.3.11) at the level of pointed spaces give rise
to equivalences

Y1, : Sptp(Al) &= Sptr(As) : Q1

for each finite subset Ty C T.

3.4.4. By construction, we have a canonical adjunction

YT Ay & Sptp(A.) - Q7.

3.4.5. By [Lur09, Lem. 6.3.3.6], and the construction of Spty(A,), we have’:

Lemma 3.4.6.

(i) If T is finite, then the category Sptr(As) is generated under filtered colimits by objects of the
form Q13 (a), for a € Ao a pointed object and n > 0.

(ii) If T is infinite, then the category Sptr(As) is generated under filtered colimits by objects
of the form Q. ---Qp, ¥ (a), for a € Ae a pointed object, n > 0, and Ty,..., T, C T finite
subsets.

9For the reader’s convenience, we state the finite case separately.
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3.4.7.  We have!? the following universal property of the presentable co-category Sptr(As,):
Lemma 3.4.8. Let D be a presentable co-category.
(i) If T is finite, then the canonical functor
Funct(Sptt(A,.),D) — @Functg(A., D)
18 an equivalence.
(ii) If T is infinite, then the canonical functor

Funct(Sptr(A,), D) Jim @Functg(A., D)
ToCT

is an equivalence.

In the first statement, the limit is of the diagram

RRGLYMN Funct (A,, D) SSLIMN Funct (A,, D).
In the second, the first limit is taken over finite subsets Ty C T, and the second limit is of the
diagram

) m) Funct)(A,, D) m) Functy (A, D).

Proof. First consider the finite case. It suffices to show that, for every presentable co-category
E, the map of spaces obtained by applying the functor Maps(E, —) is invertible. Recall that
Functy computes the internal Hom in the closed symmetric monoidal co-category of presentable
oo-categories, i.e. we have Maps(E, Funct,(E’, E”)) = Maps(E® E’, E”) for any two presentable
oo-categories E’ and E”. Also, recall the tensor product of presentable co-categories commutes
with colimits in each argument. It follows that, for each E, the map in question is the canonical
isomorphism
Maps(Sptr(E® A,),D) = lim Maps(E ® A,, D).

In the infinite case, we use an argument similar to the one above to reduce to the finite
case. d
3.4.9. Suppose that each pointed object ¢t € T is k-symmetric, i.e. the cyclic permutation of
t®* is homotopic to the identity morphism, for some k > 2.

In this case the main result of [Rob15] endows the presentable co-category Spt(A.) with a
canonical closed symmetric monoidal structure.

This monoidal structure is uniquely characterized by the fact that the functor a — X% (a)
lifts to a symmetric monoidal functor that sends each object t € T to a monoidally invertible
object of Sptr(As).

The monoidal unit 1gy,.(a,) is the T-spectrum X3 (pt. ).
Further, we have the following universal property:
Lemma 3.4.10. If each object t € T is k-symmetric for some k > 2, then the canonical functor
Funct) ¢ (Sptp(Asl), D) — Functy g (A, D),
given by restriction along the functor a — X (a), is an equivalence.
Here Funct) g 17(A., D) denotes the full sub-co-category of Functs g (A.,D) spanned by

symmetric monoidal colimit-preserving functors that send each object ¢t € T to a monoidally
invertible object of D.

10For the reader’s convenience, we state the finite case separately.
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3.5. Homotopy invariance.

3.5.1. Let A be an (essentially small) set of morphisms in C, which is stable under base change.
That is, for each morphism a : ¢ — ¢ in A, and any morphism f : d — ¢ in C, the base change
¢ x.d — d exists and belongs to A.

We define:

Definition 3.5.2. A presheaf F is A-invariant if for every morphism a : ¢ — ¢ in A, the
induced morphism of spaces
F(a) : F(c) = F()

1s invertible.

Note that we have:

Lemma 3.5.3. The condition of A-invariance is stable by colimits.

Proof. Let F be the colimit of a diagram (F,,), where each F,, is A-invariant. For any morphism
a € A, the morphism F(a) is the colimit of the morphisms F,(a), since colimits of presheaves
are computed section-wise. U

3.54. Let PShp(C) denote the full sub-co-category of PSh(C) spanned by presheaves that
are A-invariant. This is the left localization at the small set A, and as such there exists a
localization functor F — La (), left adjoint to the inclusion.

We say that a morphism of presheaves is an A-local equivalence if it becomes invertible after
applying the functor La. The set of A-local equivalences is equivalently the strongly saturated
closure of the set A.

3.5.5.  According to [Hoyl7, Prop. 3.3], the basic properties of PSha (C) can be summarized as
follows:

Lemma 3.5.6.

(i) For each presheaf F on C, there is a canonical isomorphism

(3.7) La@)e)~ lm  5(d)
(d—c)e(Ac)oP

for each object c € C, where A, denotes the full sub-oo-category of C,. spanned by composites
of morphisms in the set A. Further, the category (A.)°P is sifted.

(ii) The functor F +— La(F) commutes with finite products.
(iii) The category PSha (C) has universality of colimits.
3.6. Excision structures. The notion of excision structure is a slight variation on cd-structures
studied by Voevodsky [Voel0].
3.6.1. A pre-excision structure on C is an essentially small set [E of cartesian squares in C.
We may consider the following axioms:
(EXCO0) There exists an initial object @ ¢ of C such that every morphism ¢ — @ is invertible.

(EXC1) The set E is stable under base change. That is, for any square Q in [E, the base
change along any morphism in C exists and belongs to IE.

Definition 3.6.2. We say that [E is an excision structure if it satisfies the azioms (EXCO0) and
(EXC1).
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3.6.3. Let E be a pre-excision structure on C. We define:

Definition 3.6.4. A presheaf F on C is [E-excisive if it satisfies the following conditions:
(i) The presheaf F is reduced, i.e. the space F(Sc) is contractible.

(ii) For any cartesian square Q € E of the form

d ——d

(3.8) | f Jg

d —— ¢,

the induced commutative square of spaces

15 cartesian.

3.6.5. Note that we have:

Lemma 3.6.6. The condition of E-excision is stable by filtered colimits.

Proof. Condition (i) follows from the fact that filtered colimits of contractible spaces are
contractible. Condition (ii) follows from the fact that finite limits commute with filtered colimits

in PSh(C). 0

3.6.7. Let PShg(C) denote the full sub-oco-category of PSh(C) spanned by E-excisive presheaves.

Note that this is a left localization of PSh(C) at the (essentially small) set containing the
canonical morphism

e : Ppsn(c) — hc(De)
and the morphisms
(3.9) k‘Q : KQ — he (C)

for all squares Q € E of the form (3.8). Here Kq denotes the presheaf

In particular, it follows that there exists a localization functor F — Lg(F), left adjoint to the
inclusion.

3.6.8. An E-local equivalence is a morphism of presheaves which becomes invertible after
applying the localization functor L. The set of [E-local equivalences is equivalently the strongly
saturated closure of the set of morphisms containing e and kq for each Q € E.

3.7. Topological excision structures.
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3.7.1. Let [E be an excision structure on C. We consider the following axioms on IE:

(EXC2) For every square of the form (3.8) in [E, the lower horizontal morphism f is a
monomorphism.

(EXC3) For every square in [E of the form (3.8), the induced cartesian square
d — d
(3.10) l l
d xXgd —— dx.d,
where the vertical arrows are the respective diagonal morphisms, belongs to IE.
We define:
Definition 3.7.2. An excision structure E is topological if the axioms (EXC2) and (EXC3)

are satisfied.

This terminology will be explained by Theorem 3.7.9.

3.7.3. Let [E be an excision structure on C.
Consider the Grothendieck pretopology on C consisting of the following covering families:
(1) The empty family covering F¢.
(2) For every square Q € E of the form

the family {f, g} covering c.
We let 7 denote the Grothendieck topology generated by this pretopology.

3.7.4. Note that the axioms (EXC0) and (EXC1) imply that families of the form (1) and (2)
are stable under pullback.

It follows from [Hoy15, Cor. C.2] that the condition of descent (Cech descent) with respect
to the topology 7 can be described as follows.

Lemma 3.7.5. A presheaf F on C is a Tg-sheaf if it satisfies the following conditions:
(i) The space F(D¢) is contractible.

(ii) For every square Q € E of the form (3.8), the canonical morphism of spaces
F(e) — lgl MaPSPSh(C)(C(E/C)m&r)
[n]leA

is invertible. Here the simplicial object C(¢/c)s is the Cech nerve of the morphism é =h(c’) U
h(d) — h(c).

3.7.6. Let PSh,,(C) denote the full sub-co-category of PSh(C) spanned by 7g-sheaves, i.e.
presheaves satisfying 7g-descent.

Note that this is the left localization at the essentially small set containing the canonical
morphism

e: QPSh(C) — hc(@c)
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and the morphisms
(3.11) cQ - CQ — hc(C),
for all squares Q € E of the form (3.8), where Cq denotes the presheaf
Cq = hﬂ C(é/c)n,
[n]€Acr
where ¢ = h(c¢’) Uh(d).

In particular, there is a localization functor F — L. (F), left adjoint to the inclusion. By
oo-topos theory, we have:

Proposition 3.7.7.
(i) The localization functor L., is left exact, i.e. it commutes with finite limits.
(ii) The oo-category Sh., (C) has universality of colimits.
A 1g-local equivalence is a morphism of presheaves which becomes invertible after applying the

localization functor L,,. The set of 7g-local equivalences is equivalently the strongly saturated
closure of the set of morphisms containing e and cq for each Q € E.

3.7.8. The following theorem of Voevodsky says that the localization defined by any topological
excision structure coincides with the localization defined by the associated Grothendieck topology.
Theorem 3.7.9 (Voevodsky). If E is a topological excision structure, then for any presheaf F

on C, the condition of IE-excision is equivalent to Tg-descent.

This was proved in [VoelO, Thm. 5.10] (cf. [AHW15, Thm. 3.2.5]) in the case where the
oo-category C is an ordinary category. The reader will note that the proof generalizes mutatis
mutandis to our setting.

In particular we obtain:
Corollary 3.7.10. If E is a topological excision structure, then we have:
(i) The localization functor Lg is left-exact, i.e. commutes with finite limits.

(ii) The oo-category PShg(C) has universality of colimits.
3.8. Unstable homotopy theory.

3.8.1. Let C be an essentially small co-category, admitting an initial object @¢.

We fix an excision structure E on C, and an (essentially small) set A of morphisms in C,
which is stable under base change.

The unstable homotopy theory associated to the pair (E,A) is the oo-category Hg a(C)
defined as the full sub-oco-category of PSh(C) spanned by presheaves satisfying [E-excision and
A-invariance.

3.8.2. This is an accessible left localization of PSh(C), so Hg a (C) is a presentable co-category,
and the inclusion admits a left adjoint F +— Lg o (F).
A (E, A)-local equivalence is a morphism of presheaves that becomes invertible after applying

L]E,A-

3.8.3. Let F be an E-excisive A-invariant presheaf. For any object ¢ € C, we have canonical
bifunctorial isomorphisms of spaces

Mapsy, , (c)(LE,a(hc(c)), F) = F(c).
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3.8.4. Though the localization functors Lg and La do not commute, the functor L o can be
described by the following transfinite composition:

Lemma 3.8.5. For every presheaf F on C, there is a canonical isomorphism

(3.12) Lga(F) = lim (La o Lg)*" ().
n=0

Proof. This follows from the fact that the properties of E-excision and A-invariance are stable
under filtered colimits (Lemmas 3.6.6 and 3.5.3). O
3.8.6. We have:

Corollary 3.8.7. If the excision structure IE is topological, then the following hold.

(i) The localization functor Ly a commutes with finite products.

(ii) The oo-category Hi a(C) has universality of colimits.

Proof. The first claim follows from the formula given in Lemma 3.8.5. Indeed, the functors Lg

and La both commute with finite products (Lemmas 3.7.10 and 3.5.6), and filtered colimits
commute with finite products of presheaves.

The second claim follows directly from Corollary 3.7.10 and Lemma 3.5.6. d

3.8.8.  We now formulate a universal property for Hg a(C).

For a presentable co-category D, let Functg a (C, D) denote the full subcategory of Funct(C, D)
spanned by functors u : C — D that satisfy [E-excision and A-invariance, i.e. which send

(1) the initial object F¢ to an initial object of D,

(2) any square Q € [E to a cocartesian square in D,

(3) any morphism a € A to an invertible morphism in D.

Then we have:
Lemma 3.8.9. For any presentable co-category D, the canonical functor
(3.13) Funct;(Hg A (C),D) — Functg a (C, D),
given by restriction along the functor C — Hg a(C), is an equivalence of co-categories.
Proof. This follows immediately from Theorem 3.1.3 and the universal property of left localiza-
tions (Theorem 3.2.6). O
3.8.10. By point (i) of Corollary 3.8.7, we have:

Corollary 3.8.11. Suppose that the excision structure IE is topological. Then the cartesian
monoidal structure on the presentable co-category PSh(C) restricts to a cartesian monoidal
structure on the presentable co-category He a(C).

3.9. Pointed homotopy theory.
3.9.1. Let PSh(C), denote the presentable co-category of pointed objects in the presentable
oo-category PSh(C).

For any pointed presheaf (F,z) on C, we define:

Definition 3.9.2. The pointed presheaf (F,z) is [E-excisive or A-invariant if its underlying
presheaf F has the respective property.
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Let Hg a(C)e denote the full sub-co-category of PSh(C), spanned by [E-excisive A-invariant
pointed presheaves. Note that this is equivalent to the presentable co-category of pointed objects
in the presentable co-category Hg a(C).

We call this the pointed homotopy theory associated to the pair (E, A).

3.9.3. Note that Hg a(C), is an accessible left localization of PSh(C) at the essentially small
set of morphisms of the form

(314) hc(a)+ : hC(C)+ — hC(CI)_A,_,
for each morphism a : ¢ — ¢’ in A,
(3.15) (kq)+ : (Kq)+ — he(c)4,

for each square Q € E of the form (3.8), and

et :pt = he(@e)+.

3.9.4. In particular, we have localization functors Lg, La, and
(316) L]E,A : PSh(C). — H]E,A(C).
at the level of pointed objects.
By Lemma 3.3.10 it follows that these functors are symmetric monoidal, and are uniquely
characterized by commutativity with the functor F — F,.
3.9.5. Combining Lemma 3.8.9 with Lemma 3.3.7, we obtain the following universal property
for the pointed presentable co-category Hg a(C),:
Lemma 3.9.6. For any pointed presentable co-category D, the canonical functor
(3.17) Funct,(Hg A (C)s, D) = Functg a(C, D).
s an equivalence of oco-categories.
3.9.7. By Lemma 3.3.10, we have a canonical closed symmetric monoidal structure on Hg 5 (C)a,
characterized by the following universal property:

Lemma 3.9.8. For any pointed symmetric monoidal presentable co-category D, the canonical
functor

(3.18) Funct!@(HIE,A(C)., D) — Functg,@,(HE,A(C), D)7

given by restriction along the functor ¥ — F, is an equivalence of co-categories.
Here Funct) g denotes the co-category of colimit-preserving symmetric monoidal functors.
3.10. Stable homotopy theory.

3.10.1. We fix an (essentially small) set T of pointed presheaves on C.

We will always assume that each T € T is [E-excisive and A-invariant, by replacing it with
its (IE, A)-localization if necessary.

We will consider the following axioms on T:

(STAB1) At least one of the pointed presheaves T € T can be written as an S!-suspension
Y51 (7”) of some pointed presheaf J”.

(STAB2) Each pointed presheaf T € T is k-symmetric, i.e. the cyclic permutation of T is
homotopic to the identity morphism, for some k > 2.
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3.10.2. Let Spty(PSh(C),.) denote the presentable co-category of T-spectrum objects (Para-
graph 3.4) in PSh(C),.

3.10.3. Since a pointed co-category is stable if and only if the S'-suspension functor g1 is an
equivalence, we have:

Lemma 3.10.4. If the aziom (STABI) holds, then the presentable co-category Spty(PSh(C),)
is stable.

3.10.5. We define:

Definition 3.10.6. We say that a T-spectrum F satisfies E-excision or A-invariance if for
each n > 0, its nth component QF ~"(F) satisfies the respective property (as a pointed presheaf).

Let SHE a 1(C) denote the full sub-co-category of Spty(PSh(C),) spanned by [E-excisive
A-invariant T-spectra. This is equivalent to the presentable co-category of T-spectrum objects
in the presentable co-category HE a(C)..

We call the presentable co-category SHg a 1(C) the stable homotopy theory of C, with
respect to (E, A, T).

3.10.7. As in Lemma 3.10.4, we have:

Lemma 3.10.8. If the aziom (STABI1) holds, then the presentable co-category SHg a 1(C) is
stable.

3.10.9. Note that SHg a 1(C) is the left localization at the essentially small set of morphisms
of the form

(3.19) YT he(a)+ 1 27 he(o)+ — IF he(d)+,
for each morphism a : ¢ — ¢’ in A,
(3.20) S5 (hq)+  SF (Kq)t — S5 ho(c)s
for each square Q € E of the form (3.8), and
1 (e4) : 0= X7 he(de)+,

where 0 denotes the zero object of Spty(PSh(C).).

In particular, we have localization functors Lg, La, and
(3.21) Lg, a : Sptyp(PSh(C)e) — SHE A 1(C),

at the level of T-spectra.

3.10.10. Combining Lemma 3.9.6 with Lemma 3.4.8, we obtain the following universal property
for the presentable co-category SHE s 1(C):

Lemma 3.10.11. For any pointed presentable oco-category D, the canonical functor

FunCtg(SH]EA,T(C), D) — ;&T I'&nFunctEA(C, D)
0C

is an equivalence.
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3.10.12. Suppose that the axiom (STAB2) holds. Then by Lemma 3.4.10, we have a canonical
closed symmetric monoidal structure on SHg a 1(C).

As a symmetric monoidal presentable oco-category, SHE s 1(C) is characterized by the
following universal property:

Lemma 3.10.13. Suppose the axiom (STAB2) holds. For any presentable co-category D, the
canonical functor

Funct!,®(SH]E7A,T(C), D) — Functg7®(H]E7A(C), D),

given by restriction along the functor F — X3 (Fy), is an equivalence.

This follows by combining Lemma 3.4.10 with Lemma 3.9.8.

3.10.14. Using the universal property (Lemma 3.4.10), we see that the localization functors Lg,
La, and Lg a are symmetric monoidal, and can be characterized uniquely by commutativity
with the functor X3°.

4. BRAVE NEW MOTIVIC HOMOTOPY THEORY
In this section, we construct the brave new motivic homotopy category over any (quasi-compact
quasi-separated) spectral base scheme S.

We write Smfsoo for the (essentially small) category of smooth spectral schemes (of finite
presentation) over S.
A Smé>-fibred space over S is a presheaf of spaces on Smfs“’. When there is no risk of

confusion we will simply say fibred space or even space over S. We write Spc‘g”(S) for the
category of Sm®=-fibred spaces over S, and hg for the Yoneda embedding Smfsoo < Spc=(89).

4.1. Nisnevich excision.

4.1.1. Let S be an spectral scheme. A Nisnevich square over S is a cartesian square of spectral
schemes over S

UxxV s v
(4.1) lq lp
U—L X

such that j is an open immersion, p is étale, and there exists a closed immersion Z — X

complementary to j such that the induced morphism p~!(Z) — Z is invertible.

Remark 4.1.2. Note that a commutative square of classical schemes is Nisnevich in the usual sense
if and only if it induces a Nisnevich square of spectral schemes. This follows from Lemma 2.9.4.

4.1.3. We let ]EIS\IiS denote the set of Nisnevich squares in the category Sm%’". It is clear that
this defines an excision structure in the sense of Definition 3.6.2.

The following technical lemma will be useful:
Lemma 4.1.4. The excision structure ]ESNiS 1s topological in the sense of Definition 3.7.2.

Proof. The axiom (EXC2) is clear, since every open immersion of spectral schemes is a monomor-
phism.
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For (EXC3), let Q be a Nisnevich square of the form (4.1) and consider the induced cartesian
square
k

lAW/U lAV/X
(k,k)
W XxyW ——= V xx V.

It is clear that the lower horizontal morphism is an open immersion. The morphism Ay /x is
étale (in fact an open immersion) because p is étale, and it is clear that it induces an isomorphism
on the complementary reduced closed subscheme. O

4.1.5. We say that a Sm®=~-fibred space F is Nisnevich-local, or satisfies Nisnevich excision, if
the following conditions hold:

(1) The presheaf F is reduced, i.e. the space F(&) is contractible, where & is the empty
spectral scheme.

(2) For every Nisnevich square of the form (4.1), the induced commutative square of spaces
X, — I(U,9)
IV,5) — T'(Uxx V,5)
is cartesian.

We let Spci‘i’g (S) denote the full subcategory of Spcte (S) spanned by Nisnevich-local spaces.

4.1.6. We have:
Proposition 4.1.7.

(i) The category Spcl‘%‘i’; (S) is an accessible left localization of the category Spcée (S), i.e. there is
a localization functor Liis : Speé>=(S) — Spcl‘i}‘i’;(S), left adjoint to the inclusion. In particular,
Spcﬁfi’g (S) is a presentable co-category.

(ii) The localization functor F — Lnis(F) is left-exact, i.e. commutes with finite limits. In
particular, Spcg‘i’;’(S) is a topos, and has universality of colimits.

(iii) The full subcategory Spcﬁ‘i’; (S) € Spct=(S) is stable under filtered colimits.

Proof. Claims (i) and (ii) follow from Corollary 3.7.10, in view of Lemma 4.1.4.

Claim (iii) follows from Lemma 3.6.6. O

We will say that a morphism of Smée~-fibred spaces is a Nisnevich-local equivalence if it
becomes invertible after applying the localization functor Lijs.

Remark 4.1.8. Theorem 3.7.9 implies that the property of Nisnevich excision is equivalent to
Cech descent with respect to the Grothendieck topology generated by Nisnevich squares. It
follows from [Lurl6b, Thm. 3.7.5.1] that, over quasi-compact quasi-separated spectral schemes,
this Grothendieck topology coincides with the Nisnevich topology as constructed by Lurie in
[Lurl6b, §3.7].

Since we do not assume that our spectral schemes are noetherian and finite-dimensional, this
descent condition is in general much weaker than the condition of hyperdescent, i.e. descent
with respect to arbitrary hypercovers. We refer to [Lur09, §6.5.4] for an explanation of this
distinction.
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4.1.9. The following lemma follows from [Lur09, Prop. 5.5.8.10, (3)]:

Lemma 4.1.10. Let (X,)a be a finite family of smooth spectral schemes over S. Then the
canonical morphism of presheaves

U hS(Xa) - hS(U Xa)

is a Nisnevich-local equivalence.

By [Lur09, Lem. 5.5.8.14] it follows that the category of Nisnevich sheaves is generated under
sifted colimits by the representables. In fact, we can say even more:

Lemma 4.1.11. The category of Nisnevich sheaves is generated under sifted colimits by the
representable presheaves hg(X), where X = Spec(A) is an affine spectral scheme which is smooth
over S.

Proof. Let hg(X) be a representable presheaf over S. Since hg(X) satisfies Nisnevich descent, we
can assume X is separated over S, by choosing an affine Zariski cover of X where the pairwise
intersections are separated. Then we repeat the same argument to assume X is affine, by
choosing an affine cover where the pairwise intersections are affine. O

4.2. Homotopy invariance.

4.2.1. We say that a Smé=_fibred space F over S satisfies A'l-homotopy invariance, or is
A'-local, if for every smooth spectral scheme X over S, the morphism of spaces

I'(X,7) - T(X x AL, F),
induced by the projection X x A' — X, is invertible.

Here A! denotes the spectral affine line over the sphere spectrum, i.e. A' = Spec(S{t})
(2.6.10).

42.2. Let Spcf;f (S) denote the full subcategory of Spc®= (S) spanned by A'-homotopy invariant
spaces.

We have:
Lemma 4.2.3.

(i) The category Spci"f (S) is an accessible left localization of the category Spce‘x’(S), i.e. there
is a localization functor Lax : Speé= (S) — Spci"f (S), left adjoint to the inclusion. In particular,
Spci"f’ (S) is a presentable co-category.

(ii) For every Sm‘g“’-ﬁbred space F, there is a canonical isomorphism

(4.2) F(X.Lai(F)~  lim  T(Y,5)
(Y—=X)e(Ax)eP

for each smooth spectral scheme X over S. Here (Ax)°P is a sifted small category, opposite to
the full subcategory of Smf)"(" spanned by compositions of Al-projections.

(iii) The localization functor F — L1 (F) commutes with finite products.
(iv) The category Spci? (S) has universality of colimits.

(v) The full subcategory Spci”f (S) € Spct=(8) is stable under colimits.
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Proof. Let A denote the set of projections X x A' — X for each smooth spectral scheme X over
S: note that the condition of A'-homotopy invariance is nothing else than A-invariance in the
sense of Definition 3.5.2.

Hence the claims follow from Lemma 3.5.3 and Lemma 3.5.6. O

We will say that a morphism of Smé=_fibred spaces is an A'-homotopy equivalence if it
becomes invertible after applying the A!-localization functor Lio:1.

4.2.4. Let p: A' — Spec(S) denote the projection to the terminal spectral scheme. This
admits two sections ig and i1, the zero and unit sections, which are closed immersions of spectral
schemes. They correspond to the morphisms S{¢t} — S sending ¢ to 0 and 1, respectively (which
are defined, as usual, up to a contractible space of choices).

Remark 4.2.5. Following [MV99, §2.3], it is possible to use the sections ip and i1 to construct a
cosimplicial diagram of spectral schemes given degree-wise by

AL ~ S x AP ~ S x Spec(S{t1,...,tp}).
for each [p] € A.
The localization functor La: can then be computed by the formula

(4.3) (X, Lai(F) ~ lim T(X x AL 7).

[pleAop
For our purposes, the formula (4.2) will suffice; both indexing categories (Ax)°P and A°P are
sifted, which is the only property we need.

4.2.6. Given two morphisms f,g: F = G of presheaves on Sm%’", an elementary A'-homotopy
from f to g is a morphism

hg(Ay) xF = G
whose restriction to F &~ hg(S) x F along ig (resp. i) is isomorphic to f (resp. g).

We say that f and g are A'-homotopic if there exists a sequence of elementary A'-homotopies
connecting them. In this case the induced morphisms L1 (F) = La1(G) coincide.

4.2.7. A morphism of presheaves ¢ : F — G is called a strict A'-homotopy equivalence if there
exists a morphism v : § — J such that the composites ¢ 01 and v o ¢ are A'-homotopic to the
identities.

Note that any strict A'-homotopy equivalence is an A'-homotopy equivalence.
4.3. Motivic spaces.

4.3.1. We define:

Definition 4.3.2. A motivic space over S is a Sm®= -fibred space F satisfying Nisnevich excision
and A'-homotopy invariance.

Let HE>=(S) denote the full subcategory of Spcée (S) spanned by motivic spaces.

4.3.3. For any smooth spectral scheme X over S, we let Mg(X) := Lot (hs(X)). We have
canonical bifunctorial isomorphisms

MapSHEOO(S) (MS(X)v :—f) ~ F(X7 ?)

for every motivic space F over S.
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4.3.4. We have:
Lemma 4.3.5.

(i) The category HE>=(S) is an accessible left localization of Spct=(S), i.e. there is a localization
functor Lot = Spct=(S) — HE=(S), left adjoint to the inclusion. In particular, HE>=(S) is a
presentable co-category.

(ii) The presentable oo-category HE>=(S) admits a cartesian monoidal structure, and the localiza-
tion functor F v+ Lot (F) lifts to a symmetric monoidal functor (i.e., it commutes with finite
products).

iii) The localization functor F — Lo (F) can be described as the transfinite composite
(iii) p
(4.4) Lot (F) =~ li_n;l(LAl o Linis) " (F).

n>=0
(iv) The full subcategory HE=(S) C Spcé=(S) is stable under filtered colimits.
v) The category HE>(S) has the property of universality of colimits.
(v) gory p y y

(vi) The category HE>=(S) is generated under sifted colimits by fibred spaces of the form Mg(X),
where X = Spec(A) is an affine spectral scheme which is smooth over S.

Proof. Note that the category H®>(S) is nothing else than the category H]ESNisJ\S (Smfé”), the

unstable homotopy theory associated to the Nisnevich excision structure EY™ and the set of
Al-projections X x Al — X (for X a smooth spectral S-scheme). Hence claims (i)—(v) follow
from the general results collected in Sect. 3.

Claim (vi) follows directly from Lemma 4.1.11. O

We will say that a morphism of Smé=-fibred spaces is a motivic equivalence if it induces an
isomorphism after applying the motivic localization functor Li,et.

4.4. Pointed motivic spaces.

4.4.1. Let Spc®=(S), denote the presentable co-category of pointed objects in Spc®=(S), and
HE¢>(S), the presentable co-category of pointed objects in HE>(S).

We have:
Lemma 4.4.2.

(i) The category HE>(S), is an accessible left localization of Spc®=(S)a, i.e. there is a localization
functor Loy : Spcg“’(S). — HE>(S),, left adjoint to the inclusion.

(i) The presentable co-category HE>(S), admits a symmetric monoidal structure. The functors
F= Fyp and F e Lot (F) lift to symmetric monoidal functors.

(iii) The localization functor F — Lot (F) satisfies the formula

(4.5) Lot (F4) & Lot (F) +

for every space F over S.

(iv) The category HE>(S), is generated under sifted colimits by objects of the form Mg(X),,
where X = Spec(A) is an affine spectral scheme which is smooth over S.

Proof. The claims (i)—(iii) follow from the general statements of Paragraph 3.9.

Claim (iv) follows from point (vi) of Lemma 4.3.5 and Lemma 3.3.5. O
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We will write Ag for the monoidal product on Hé=(S),.
4.5. Motivic spectra.

4.5.1. Let Spt®<(S)g:1 denote the stable presentable oco-category Sptg:(Spc®=(S),) of S'-
spectrum objects in the presentable co-category of pointed Smé=-fibred spaces over S. (Here

we view S! as a constant pointed presheaf.) This is equivalent to the presentable oo-category of

presheaves of spectra on Smfs"".

The objects of Spté= (S)st, which we will call (Smg"”—ﬁbred) spectra over S, are sequences
(Fr)n>o0 of pointed Sm®~_fibred spaces J,,, together with isomorphisms

?n l> QSl (?n+1).

4.5.2. Let SH®>(S)g: denote the presentable oo-category Sptg: (HE>(S),). This is equivalent
to the presentable co-category of presheaves of spectra on Smfsm satisfying Nisnevich excision

and A'-homotopy invariance.
There is a canonical adjunction

(4.6) % HE=(S), = SH**(S)q1 : 0.

We have:
Lemma 4.5.3.

(i) The category SH®>(S)g1 is an accessible left localization of Spt®=(S)g1, i.e. there is a
localization functor Liyet : SptE“(S)sl — SH¢= (S)s1, left adjoint to the inclusion. In particular
it 1s a presentable co-category.

i e presentable co-categor o 1 18 symmetric monoidal, and the functors an
(ii) The p tabl tegory SHE>= (S)q1 is sy tri idal, and the functors ¥F and
Lot lift to symmetric monoidal functors.

(iii) The presentable co-category SHE>(S)g1 is stable, and the localization functor F — Lot (F)
15 exact.

(iv) The localization functor F — Lyt (F) satisfies the formula
Lot (531" (hs(X) 1)) = S5 (Ms(X))
for each smooth spectral scheme X over S.
(v) The localization functor F — Lot (F) can be computed as the composite
(4.7) Lot &= Lat o Linjs-
(vi) The presentable oo-category SHE= (S)q1 is generated under sifted colimits by objects of the

form $377" (Mg (X)), where X = Spec(A) is an affine spectral scheme which is smooth over S,
and n = 0.

Proof. The claims follow from the general results of Paragraph 3.10 and point (iv) of Lemma 4.4.2.
O

5. INVERSE AND DIRECT IMAGE FUNCTORIALITY

5.1. For motivic spaces.



BRAVE NEW MOTIVIC HOMOTOPY THEORY I: THE LOCALIZATION THEOREM 35

5.1.1. Let f: T — S be a morphism of spectral schemes. The direct image functor
(5.1) Spe : Sped (T) — Spe=(S)
is defined as restriction along the base change functor Sm‘;’é"’ — Sm‘/g%o.

According to Theorem 3.1.3, its left adjoint f§,., the inverse image functor, is uniquely
characterized by commutativity with colimits and the formula

for smooth spectral schemes X over S.

5.1.2. Note that the base change functor Smfs"o — Sm?%o preserves Nisnevich covering families
and Al-projections. It follows that the inverse image functor fépe preserves Nisnevich-local
equivalences and A'-homotopy equivalences.

By adjunction, its right adjoint f*s P¢ preserves Nisnevich sheaves and A'-homotopy invariant
spaces and induces a functor fH : Hé>(T) — H&=(S). This admits a left adjoint f;j given by
the formula

Ja(F) % Lot (f5p(F))-

According to Lemma 3.8.9, this is characterized by commutativity with colimits and the formula

(5-3) Fa(Ms(X)) & Mp(X < T).

5.1.3. Both the direct and inverse image functors are symmetric monoidal:
Lemma 5.1.4. The functor f*SpC (resp. fB) admits a canonical symmetric monoidal structure.
Proof. Since the respective symmetric monoidal structures are cartesian, it suffices to show that

f+ commutes with finite products. In fact, it commutes with arbitrary limits since it is a right
adjoint. 0

Lemma 5.1.5. The functor f§,. (resp. fiy) admits a canonical symmetric monoidal structure.

Proof. By adjunction from Lemma 5.1.4, we obtain a canonical structure of colax symmetric
monoidal functor on f*. That is, there are canonical morphisms

(5-4) FFEx9) = £13) x £(9)
for any two spaces F and G over S. It suffices to show that these morphisms are invertible.

Since f§pc commutes with colimits, and the cartesian product commutes with colimits in each
argument, one reduces to the case of representables, in which case the claim is clear. For ff,
the claim follows from the first because motivic localization commutes with finite products. O

5.2. For pointed motivic spaces.

5.2.1. Let f: T — S be a morphism of spectral schemes. Since f°P¢ preserves the terminal
object, it induces a functor fyP : Spcé> (T)e — Spc®=(S), given on objects by the formula

£ (G y) = (F5P2(9), £5P<(y)).

Its left adjoint fg,. - Spct=(T)y — Spcé>=(S), is uniquely characterized, according to
Lemma 3.3.5, by the fact that it commutes with sifted colimits and with the functor F — F:

(55) fékpc. (ngr) ~ fékpc(gj)Jr

for any space F over S.
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Explicitly, it is given on objects by the formula
Sspe, (F50) = (f5pe(F), fpe(®))

for each pointed space (&, x) over S.

5.2.2. The direct image functor f*s P preserves the properties of Nisnevich descent and A'-
homotopy invariance, and induces a functor f. Its left adjoint [t1, s given by composing fg,..
with the motivic localization functor:

(5.6) fir, = Lot fope, -

It is uniquely characterized, according to Lemma 3.3.5, by commutativity with sifted colimits
and the formula

(5.7) fa,(F4) = fa(d)
5.2.3.
Lemma 5.2.4. The inverse image functor f§pc (resp. fiy,) admits a canonical symmetric

monotdal structure.

Proof. For fg,. , this follows directly from the universal property of Lemma 3.3.10 and the
formula (5.5). For ffj, it follows from the universal property of Lemma 3.9.8 and the formula
(5.7). O

5.3. For motivic spectra.

5.3.1. Let f: T — S be a morphism of spectral schemes.

By construction of Spt®=(S)g1, there exists a unique functor fépe Spt&=(S)g1 — Spt&=(T)gs
which commutes with colimits and with the functor X§7, i.e.:

(58) féﬁptzgﬁ ~ Egﬁfgpc.'

5.3.2. Let ffpt be the right adjoint of f&,;. This can be described as the unique functor which
commutes with limits and with the functor 2°°, i.e.:

(5.9) Q° fSpt oy fIPCe)o0
It is given on objects by the assignment
E = (Fu)n > fo(B) = (£ (Fa))n-

5.3.3. The direct image functor f*s PY breserves motivic spectra and induces a functor fSH,

We let f§ be its left adjoint, the symmetric monoidal functor Lot f§,- This is the unique
functor which commutes with colimits and with the functor ¥g7, i.e.:

(5.10) fenZgt =~ X5l fa, -

5.3.4. Using the universal properties of Lemma 3.4.10 and Lemma 3.10.13, we get:

Lemma 5.3.5. The functor fgpt (resp. f&g) admits a canonical symmetric monoidal structure.
6. FUNCTORIALITY ALONG SMOOTH MORPHISMS
As per our conventions, smooth morphisms will be assumed to be of finite presentation.

6.1. The functor p;.
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6.1.1. Let p: X — S be a smooth morphism of spectral schemes. In this case the base change
functor admits a right adjoint, the forgetful functor Smf;{’ — Smfé”:

Y =X)— (Y =X2509).

It follows that the functor pg,. coincides with restriction along the forgetful functor, and
admits a left adjoint

p?pc : Spcg‘x’(T) — Spc‘g“(S).

This is uniquely characterized, according to Theorem 3.1.3, by commutativity with colimits and
the formula

(6.1) ;P (hx(Y)) ~ hs(Y).

for smooth spectral schemes Y over X.

6.1.2. Since the forgetful functor Sm‘;:;; — Smfé"’ preserves Nisnevich covering families and

Al-projections, it follows that p?pc preserves Nisnevich-local equivalences and A'-homotopy
equivalences.

In particular its right adjoint pg . preserves Nisnevich descent and A'-homotopy invariance,
and induces a morphism pj; on motivic spaces.

Its left adjoint p? is given by applying p?pc and then the localization functor Ly,o:

pﬁH (3:) ~ Lmot (pr?pc(?))

It is uniquely characterized, according to Lemma 3.8.9, by commutativity with colimits and the
formula

(6.2) pit(Mx (Y)) = Ms(Y),

for smooth spectral schemes Y over X.

6.1.3. Let p: X — S be a smooth morphism. By Lemma 5.1.5, the functors pg,. and pj; admit

canonical symmetric monoidal structures, so that their respective left adjoints p?pc and pﬁH
admit colax symmetric monoidal structures.

If p is an open tmmersion, then these monoidal structures are strict:

Lemma 6.1.4. Let j : U — X be a quasi-compact open immersion. Then the canonical colax
symmetric monoidal structure on the functor jﬁSpC (resp. jf} 18 strict.

Proof. Tt suffices to show that the canonical morphisms
JEPT % 9) = 55 2 554(9)

are invertible for all spaces F and G on U. Since jﬁs P¢ commutes with colimits, and the cartesian
product commutes with colimits in each argument, one reduces to the case of representables.

Then the claim follows from the fact that the fibred products X xyY and X xgY are
canonically identified (since j is a monomorphism, i.e. its diagonal morphism is invertible). The
claim for jﬁH follows from the fact that motivic localization commutes with finite products. [
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6.1.5. Let (fo :Sa — S)a be a Nisnevich covering family. Given a morphism of motivic spaces
over S, the following proposition says that it is invertible if and only if its inverse image on each
S, is invertible:

Proposition 6.1.6 (Nisnevich separation). Let S be a spectral scheme. For any Nisnevich
covering family (o : Sa — S)a, the family of inverse image functors (po)y @ HE=(S) —
H¢>=(S,) is conservative.

This is in fact true at the level of Nisnevich sheaves, which is what we will prove.

Proof. Let ¢ : F1 — F5 be a morphism of Nisnevich sheaves on S, and suppose that the following
condition holds:

(%) For each «, the morphism (pa)%is(F1) = (Pa)¥is(F2) is invertible.

The claim is that under this assumption, the morphism

I'X,F1) = I'(X, F2)

is invertible for every smooth spectral S-scheme X.

Since F; satisfy Nisnevich descent, it suffices to show that the morphism
(6.3) I'Xa,J1) = T'Xq, Fa)
is invertible for each a, where X,, is the base change of X along p,.

Since hg(Xa) = (pa)i(pa)* (hs(X)), we have by adjunction

I'(Xa, F3) = T'(X, (pa)g(Pa)" Fi)

for each « and 1.

Hence the claim follows from the assumption (). O

6.1.7. As in Paragraph 5.2, the functor p; extends immediately to pointed spaces.
That is, we obtain functors
Spc
;" Spe’= (X)e — Spct=(S).,
p;{‘ :HE>(X), — H®>(S),

left adjoint to pg,. and pyy,, respectively. These are uniquely characterized by commutativity
with colimits and the formulas

(6.4) PP (i (Y)4) mhs(Y)s,  pf (Mx(Y)1) = Ms(Y)sy.

6.1.8. Similarly, as in Paragraph 5.3, the functor p; extends immediately to spectra.
That is, we obtain functors
Pt SptE (X)s1 — Spt& (S)s,
p§H : SH > (X)s1 — SHE>(S)s:

left adjoint to PSpt and pgyy, respectively. These are uniquely characterized by commutativity
with colimits and the formulas

(6.5) P (Eg hx (V) 4) ~ Bgths(V)y,  p™ (23 Mx(Y)4) &~ 57 Ms(Y)5.

6.2. Smooth base change formulas.
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6.2.1. Suppose we have a cartesian square

Iy

b b
T3
of spectral schemes.
At the level of (motivic) spaces, pointed spaces, and spectra, there are canonical 2-morphisms
(6.6) ®):(f)" = fpy,
(6.7) P fe = ()07,
constructed in Paragraph A.4.

The following says that Spcé>= and HE= satisfy the left base change property along smooth
morphisms (see loc. cit.):

Proposition 6.2.2. Ifp and p' are smooth, then the 2-morphisms (6.6) and (6.7) are invertible
at the level of spaces and motivic spaces.

Proof. Tt suffices to consider (6.6); the morphism (6.7) is its right transpose.

At the level of fibred spaces, we note that the functors in question commute with colimits, so
that we may reduce to representable spaces, in which case the claim is obvious.

Similarly, for motivic spaces we may reduce to the case of motivic localizations of representable
spaces. O

6.2.3. Next we consider the case of pointed spaces. Then we have:
Proposition 6.2.4. Ifp and p' are smooth, then the 2-morphisms (6.6) and (6.7) are invertible

at the level of pointed spaces and pointed motivic spaces.

Proof. By transposition it suffices to consider (6.6). Since the functors in question commute
with colimits and with the functor ¥ +— J, the claim follows from Lemma 3.3.5 and smooth
base change for unpointed spaces (Proposition 6.2.2). O

6.2.5. At the level of spectra, we have:
Proposition 6.2.6. Ifp and p' are smooth, then the 2-morphisms (6.6) and (6.7) are invertible

at the level of spectra and motivic spectra.

Proof. This follows from Lemma 3.4.6 and smooth base change for pointed spaces (Proposi-
tion 6.2.4). O

6.3. Smooth projection formulas. Let p: X — S be a smooth morphism.
As recalled in Definition A.4.6, there are canonical morphisms
(6.8) Py (F % pEpe(9)) = PpP(T) x §

for any pair of Sm®=-fibred spaces F € Spc®=(X) and § € Spc®=(S); by adjunction these
correspond to the canonical morphisms
T X Dpe(9) = DEpepy™ (F) X Ppe(8) = hpe(p;™(F) x 9)

induced by the counit of the adjunction (p?pc, p’gpc) and the monoidality of the functor pg,..
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By right transposition we also obtain two canonical morphisms

(6.9) PspcHom(F, §) — Hom(pg, T, pspc9)
for Sm®=-fibred spaces F, G € Spc®=(S) and
(6.10) Hom(p;"°F, §) — pS*“Hom(¥, p§,5)

for Sm®=<-fibred spaces F € Spcg""(X) and G € SPCSW(S)'

The following verifies the left projection formula for Spcé>= along smooth morphisms, in the
sense of Paragraph A.4:

Proposition 6.3.1.
(i) The canonical morphism (6.8) is invertible for all Sm®= -fibred spaces F over X and G over S.

(i) The canonical morphism (6.9) is invertible for all Sm®> -fibred spaces (resp. motivic spaces)
F and G over S.

(iii) The canonical morphism (6.10) is invertible for all Sm®>-fibred spaces F over X and G
over S.

Proof. The claims (ii) and (iii) follow by adjunction from (i). To show that the canonical
morphism (6.8) is invertible, we may reduce to the case where the spaces F and G are representable,
since the functions involved commute with colimits; in this case the claim is clear. O

As recalled in Paragraph A.5, the symmetric monoidal functor pg,. endows Spcée (X) with a

structure of Spcgw(S)-module category, and the statement of Proposition 6.3.1 is equivalent to
the following:

Corollary 6.3.2. The functor p?pc lifts to a morphism of Spcg“’(S)-module categories.

6.3.3. Next we verify the corresponding statement at the level of motivic spaces:
Proposition 6.3.4.

(i) The canonical morphism

(6.11) P (F x pia(9)) = P} (F) x §

1s invertible for all motivic spaces F over X and G over S.

(ii) The canonical morphism

(6.12) prHom(F,5) — Hom(py T, pir )

is invertible for all motivic spaces F and G over S.

(iii) The canonical morphism

(6.13) Hom(p}'F, §) — piTHom(T, piz9)

is invertible for all motivic spaces F over X and G over S.

Proof. As above, we only need to show claim (i), and only for ¥ and § which are motivic

localizations of representable spaces; in this case the claim is clear using the formula (6.2) and
the fact that motivic localization commutes with finite products (Lemma 4.3.5). O

As above, we also have the following reformulation:

Corollary 6.3.5. The functor pf lifts to a morphism of HE>=(S)-module categories.
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6.3.6. The following slightly more general formula, proved in exactly the same way, will also
be useful:

Lemma 6.3.7. Let p : X — S be a smooth morphism. Let F be a Sme‘”—ﬁbred space (resp.
motivic space) over X, and § — G a morphism of Sm®> -fibred spaces (resp. motivic spaces)
over S. Then there is a canonical isomorphism

(6.14) p(F x p*(9) = py(F)x§
p*(S") g

of Sm®=-fibred spaces (resp. motivic spaces) over S.

6.3.8. At the level of pointed motivic spaces, we get:
Proposition 6.3.9.

(i) The canonical morphism

(6.15) Py (F Ax pin, (9)) = P} (F) As
is inwvertible for all pointed motivic spaces F over X and G over S.
(i1) The canonical morphism

(6.16) pir, Hom(, §) — Hom(pgy, F, pia, 9)
is invertible for all pointed motivic spaces F and G over S.

(iii) The canonical morphism

(6.17) Hom(p;™*9,9) — pi'Hom(F, piz, 9)

1s invertible for all pointed motivic spaces F over X and G over S.

Proof. This follows from Lemma 3.3.5 and the smooth projection formula for unpointed spaces
(Proposition 6.3.4). O
As above, we have the equivalent reformulation:

Corollary 6.3.10. The functor p?' lifts to a morphism of HE> (S),-module categories.

6.3.11. At the level of motivic spectra, we get:

Proposition 6.3.12.

(i) The canonical morphism

(6.18) P (E @x psu(E')) — pP™(E) @5 E'
1s invertible for all motivic spectra E over X and G over S.

(ii) The canonical morphism

(6.19) pspHom(E, E') — Hom(pgyE, psuE’)
is invertible for all motivic spectra E and E' over S.

(iii) The canonical morphism

(6.20) Hom(p™E, E') — pi™Hom(E, p5uE')
is invertible for all motivic spectra E over X and IE' over S.

Proof. This follows from Lemma 3.4.6 and the smooth projection formula for pointed motivic
spaces (Proposition 6.3.9). O

As above, we have the equivalent reformulation:
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Corollary 6.3.13. The functor puSH lifts to a morphism of SH(S)s1-module categories.

7. FUNCTORIALITY ALONG CLOSED IMMERSIONS

In this section we study some properties of the functor i, of direct image along a closed
immersion i. In particular it turns out to admit a right adjoint i'. We also state the localization
theorem and deduce some of its interesting consequences, which include base change and
projection formulas involving .

7.1. The exceptional inverse image functor i'.

7.1.1. Leti:Z < Sbeaclosed immersion. Note that if the base change functor Sm‘;’s”“ — Smfg"
were topologically cocontinuous (see Paragraph B.2), then the direct image functor . on Nisnevich
sheaves would commute with arbitrary small colimits. Though this is not quite true, it turns
out that the weaker condition of quasi-cocontinuity (see loc. cit.) holds, which implies that i,
commutes with contractible colimits:

Theorem 7.1.2. Let i : Z < S be a closed immersion. Then the direct image functor it

commutes with contractible colimits.

Proof. By Lemma B.2.6 it suffices to show that the base change functor Smfsoo — Smfg" is
topologically quasi-cocontinuous in the sense of Lemma B.2.2. This amounts to the following:

() For any smooth spectral S-scheme X and any Nisnevich covering sieve R’ of Xz, the
sieve R of X generated by morphisms X’ — X such that either (i) the empty sieve on X7, is
Nisnevich-covering, or (ii) X/, — Xy factors through R/, is Nisnevich-covering.

This condition follows directly from Proposition 2.12.2, which says that étale morphisms can
be lifted (Zariski-locally) along . O

At the level of pointed spaces or spectra, we get:

Corollary 7.1.3. The direct image functor i (resp. iSH) commutes with small colimits.

Proof. Tt suffices to show that 7, commutes with contractible colimits and preserves the initial
object. Indeed, given any diagram indexed on an co-category I, the initial object defines a cone
over this diagram, which is a new diagram that is indexed on a contractible co-category and
which evidently has the same colimit.

On pointed spaces or spectra, it is obvious that i, preserves the initial object (= terminal
object). Hence it suffices to note that i, commutes with contractible colimits, which follows
directly from the unpointed statement (Theorem 7.1.2). O

By the adjoint functor theorem we obtain a right adjoint iIH. (resp. z'SH), called the exceptional
inverse image functor.

7.2. The localization theorem. In this paragraph, we formulate the statement of the local-
ization theorem and explore several of its consequences. The proof will be deferred to the next
section.

Throughout the paragraph we will work in the category of motivic spaces, and will omit the
decoration Hé>= from the notation for simplicity.
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7.2.1. Leti:Z — S be a closed immersion of spectral schemes with quasi-compact open
complement j : U < S. We deduce some immediate consequences of smooth base change in this
situation.

Considering the commutative square

U—0U
b

U%S,

which is cartesian because j is a monomorphism, we get:

Lemma 7.2.2. For any quasi-compact open immersion j : U < S, the canonical morphisms
(7.1) id = j i,

(7.2) 7. = id,

are invertible.
In other words, the functors j; and j. are fully faithful.

7.2.3. Considering the cartesian square

£

.

%]
[
U1

w2

we get:

Lemma 7.2.4. For any closed immersion i : 7 — S with quasi-compact open complement
j U= 8§, the canonical morphisms

Sz — Z*]ﬁC}'U),
7%i(Fz) = pty,
are invertible, for Fy (resp. Fz) a motivic space over U (resp. 7).
7.2.5. Consider the canonical commutative square
Jgi*(F) ——— F
13" (F) — 10°(F)
for any motivic space F over S.
By Lemma 7.2.4 this induces a canonical commutative square
Js*(F) —— F
(7.3) l
Js(pty) — i (F)
which we call the localization square associated to the pair (3, j).

The main result in this paper is the following, due to [MV99] in the setting of classical
algebraic geometry:

Theorem 7.2.6 (Localization). Let i : Z < S be a closed immersion of spectral schemes
with quasi-compact open complement j : U < S. Then for every motivic space F over S, the
localization square (7.3) is cocartesian.
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The proof will occupy Sect. 8.

7.2.7.  We can deduce from Theorem 7.2.6 a pointed version:

Corollary 7.2.8. Leti:7Z < S be a closed immersion of spectral schemes with quasi-compact
open complement j : U < S. For any pointed motivic space (F,s) over S, there is a canonical
cofibre sequence

(7.4) J1g*(F,s) = (F,8) = i.i" (T, 5).
and dually, a canonical fibre sequence
(7.5) Wi (F,8) = (F,8) = jui™ (F,9)

of motivic spaces over S.

Proof. We want to show that the commutative square of pointed motivic spaces

Jﬁj*(gjvx) B (?7$)

! |

ptgpc° — i, i*(F, x)

is cocartesian.

Since the forgetful functor (F,x) — F reflects contractible colimits (Lemma 3.3.4), it suffices
to show that the induced square of underlying motivic spaces

323" F Ujgj+ (otg) Pbs —— 1’
ptil ————— T
is cocartesian.
Consider the composite square
343" F —— (343" F) Ujj+ (ptg) Pts ——— F

J | J

JzJ* (pts) pts (AR

which is cocartesian by Theorem 7.2.6.

Since the left-hand square is evidently cocartesian, it follows that the right-hand square is
also cocartesian. O

7.2.9. Similarly we also deduce localization for motivic S'-spectra:

Corollary 7.2.10. Leti:7Z < S be a closed immersion, with quasi-compact open complement
j: U< S. For any motivic S*-spectrum E over S, there are canonical exact triangles

(7.6) Jii*(E) = E — 4,4 (E),

(7.7) ' (E) > E - j.j"(E),

of motivic S -spectra over S.

Proof. Tt suffices to show the first sequence is a cofibre sequence. Since the functors in question

commute with small colimits, Lemma 4.5.3 allows us to the reduce to the case of pointed motivic
spaces, which is Corollary 7.2.8. O
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7.3. A reformulation of localization.

7.3.1.  An immediate corollary of Theorem 7.2.6 is:

Corollary 7.3.2. Leti:Z — S be a closed immersion of spectral schemes with quasi-compact
open complement. Then the direct image functor i¥ (resp. i¥e iSH) is fully faithful, and its
essential image is spanned by motivic spaces F for which the restriction jg(F) (resp. ji, (),
J&u(3)) is contractible.

Proof. The claims for ifle and iSH follow directly from that of if.

First we show that i is fully faithful. Considering the localization square for if(F), we see
that the co-unit morphism fifif — 4 is invertible. By a standard argument it therefore
suffices to show that iH is conservative.

For this, let ¢ : 1 — F5 be a morphism of motivic spaces over Z such that it (y) is invertible.
To show that ¢ is invertible, it suffices to show that

I'(X,51) = I'(X, 52)
is invertible for each smooth spectral Z-scheme X.

By Proposition 2.12.2, we may assume that X is the base change of a smooth spectral S-scheme
Y. In this case the claim follows by assumption, since I'(X, F3) ~ I'(Y, ¥ (F)) for each k, by
adjunction.

Next we consider the claim about the essential image. We already know from Lemma 7.2.4
that, for any object F in the essential image, the restriction jj;(F) is contractible. Conversely,
given a motivic space F over S, as soon as jiy(F) is contractible, we obtain from the localization
square that the canonical morphism

F — "5 (F)
is invertible. O

7.4. Nilpotent invariance. A particularly important consequence of the localization theorem
will be formulated in this paragraph.

7.4.1. Let S be a spectral scheme. The canonical morphism 7 : S, < S is a closed immersion
with empty complement j : @ < S. In this situation, the localization theorem immediately
gives:

Corollary 7.4.2 (Nilpotent invariance). Let S be a spectral scheme. Then the adjunctions
it HE>=(S) = Hé=(Sy) : iy,
i HE=(S)e 2 H®= (Sa)e : ix,
i* : SH®>(S)g1 22 SH> (S 1 s

are equivalences of categories.
Proof. This follows immediately from Corollary 7.3.2. O

Note that the same argument also applies to the closed immersion (Sci)red < Sel, S0 we also
have invariance with respect to classical nilpotents.

7.5. Closed base change formula.
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7.5.1. Consider a cartesian square
Xy —* 5 X
(7.8) £ |#
Z—- 58,
of spectral schemes, with ¢ and k closed immersions with quasi-compact open complements.
At the level of motivic spaces, there is a canonical 2-morphism
(7.9) Y = kug”
constructed in Paragraph A.5.

The following says that Hé>= satisfies the right base change property along closed immersions
(see loc. cit.):

Corollary 7.5.2. The 2-morphism (7.9) is invertible at the level of motivic spaces.

Proof. By Corollary 7.3.2 it suffices to show that the 2-morphism
[ ™ — keg*i®
is invertible. This follows by considering the localization squares associated to the closed

immersions ¢ and k, respectively, and using the smooth base change formula (Proposition 6.2.2).
O

7.5.3. In the pointed setting, the functor i, admits a right adjoint i' (Corollary 7.1.3), so we
obtain another 2-morphism by right transposition from (7.9). Hence we have:

Corollary 7.5.4. Given a cartesian square of the form (7.8), the canonical 2-morphisms
(7.10) kg™ — [Tl
(7.11) i fr = gk

are invertible at the level of pointed motivic spaces.

7.5.5. At the level of spectra, we have:
Corollary 7.5.6. Given a cartesian square of the form (7.8), the canonical 2-morphisms
(7.12) kg™ — [Tis
(7.13) i fe = gk
are invertible at the level of motivic spectra.
7.6. Closed projection formula. Let i : Z — S be a closed immersion with quasi-compact
open complement.
As recalled in Definition A.5.8, there are canonical morphisms
(7.14) 1(F) X § = 0. (F xi*(9))
for any pair of motivic spaces F € Hé>(Z) and G € H®>(S).

The following verifies the right projection formula for H®>~ along closed immersions, in the
sense of Paragraph A.5:

Corollary 7.6.1. The canonical morphism (7.14) is invertible, for all motivic spaces F €
Hé>(Z) and G € H®>=(S).

Proof. This follows from the localization theorem (Theorem 7.2.6) and the smooth projection
formula (Proposition 6.3.4). O
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As recalled in Paragraph A.5, the symmetric monoidal functor i}y endows Hé>(Z) with a
structure of Hé>= (S)-module category, and the statement of Corollary 7.6.1 is equivalent to the
following:

Corollary 7.6.2. The functor it lifts to a morphism of HE>=(S)-module categories.
7.6.3. 1In the pointed setting, the functor i, admits a right adjoint i* (Corollary 7.1.3), so we
obtain a dual form of the isomorphism (7.14) by right transposition:
(7.15) i'Homg (9, F) — Homy (i*G,4'TF)
for any pair of pointed motivic spaces F and G over S.
Just as above, we obtain:

Corollary 7.6.4. The canonical morphism (7.14) is invertible, for all pointed motivic spaces
F c Hé>~(Z), and G € H®>~(S),. Dually, the canonical morphism (7.15) is invertible, for all
pointed motivic spaces F,G € HE>=(S),.

As above, this is equivalent to:

Corollary 7.6.5. The functor ifl* lifts to a morphism of Hé>=(S)-module categories.

7.6.6. At the level of motivic spectra, we get:

Corollary 7.6.7. The canonical morphism (7.14) is invertible, for all motivic spectra F €
SH(Z)s1 and G € SHSOO(S)SI. Dually, the canonical morphism (7.15) is invertible, for all
motivic spectra F,9 € SHE>=(S)g1.

As above, this is equivalent to:

Corollary 7.6.8. The functor 5% lifts to a morphism of SHS"C(S)Sl-module categories.
7.7. Smooth-closed base change formula.

7.7.1. Consider a cartesian square of spectral schemes
Xy —fs X
(7.16) lq lp
Z 8,
where ¢ and j are closed immersions with quasi-compact open complements, and p and ¢ are
smooth.
There is a canonical 2-morphism
(7.17) Pk = Gqy
at the level of motivic spaces, constructed in Paragraph A.6.

The following verifies the bidirectional base change property for HE> with respect to smooth
morphisms and closed immersions:

Corollary 7.7.2 (Smooth-closed base change). Given a cartesian square of the form (7.16),
the 2-morphism (7.17) is invertible at the level of motivic spaces.

Proof. Since the direct image functor k. is fully faithful (Corollary 7.3.2), it suffices to show
that the transformation

puk*k* — i*Quk*,
obtained by pre-composition with k£*, is invertible. This follows directly from the localization
theorem (Theorem 7.2.6) and the smooth base change formula (Proposition 6.2.2). O
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7.7.3. In the pointed setting, we have canonical 2-morphisms

(718) puk* — Z'*Qu

(7.19) git — k'p*

where the second is obtained by right transposition from the first.
The same argument as above shows:

Corollary 7.7.4 (Smooth-closed base change). Given a cartesian square of the form (7.16),
the 2-morphisms (7.18) and (7.19) are invertible at the level of pointed motivic spaces.

7.7.5. At the level of motivic spectra, we have:

Corollary 7.7.6 (Smooth-closed base change). Given a cartesian square of the form (7.16),
the 2-morphisms (7.18) and (7.19) are invertible at the level of motivic spectra.

8. THE LOCALIZATION THEOREM

This section is dedicated to the proof of the localization theorem (see Paragraph 7.2).

Throughout the section, we let i : Z < S be a closed immersion of spectral schemes, such
that the complementary open immersion j : U < S is quasi-compact.

8.1. The space of Z-trivialized maps. In this paragraph we formulate Proposition 8.1.9,
which aside from Theorem 7.1.2 is the main input that goes into the proof of the localization
theorem; most of the remainder of this section will be dedicated to its proof.

Let X be a smooth spectral S-scheme and let ¢ : Z — Xz be a section of the base change
Xy := X xgZ. Proposition 8.1.9 asserts the motivic contractibility of a certain fibred space
hg (X, t); the latter can be thought of as a modified version of the representable space hg(X)
whose sections we refer to informally as Z-trivialized morphisms to X.

8.1.1. Given a smooth spectral S-scheme X, let Xy := X xg U denote its base change along j,
and Xz := X xg Z its base change along 1.

We will write hg (X) for the space over S defined by the cocartesian square

hs (XU) —_— hs (X)

(8.1) l l

hs(U) —— hi(X).

Note that there is a canonical isomorphism
. zZ
(8.2) ispe(hs (X)) ~ hz(Xz)
of spaces over Z, since i§pe commutes with colimits.

Since colimits in Spc8°° (S) are computed section-wise, we can describe the spaces of sections
of h%(X) explicitly:

Lemma 8.1.2. Let Y be a smooth spectral S-scheme. If Yz is the empty spectral scheme, then
the space F(Y7hg (X)) is contractible. Otherwise, there is a canonical isomorphism of spaces

(8.3) T(Y,h%(X)) ~ I'(Y,hg(X)) ~ Mapsg(Y, X).
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8.1.3. Let p: X — S be a smooth morphism. Let ¢ : Z < X be an S-morphism, i.e. a partially
defined section of p.

Consider the canonical morphism

(8.4) e hE(X) = 570, (W (X)) ~ 17P¢(hz(Xz))
induced by the counit of the adjunction (i, i5P°)

The morphism ¢ corresponds by adjunction to a morphism 7 : hg(S) — i57(hg(Xz)). We
define a space hg(X, t) over S as the fibre of € at the point 7, so that we have a cartesian square

hg(X,t) —— h3(X)
hs(S) —T— 2P (hs(Xz))

of spaces over S.

8.1.4. Sections of the fibred space hg(X,t) can be described as follows, using the fact that
limits in Spc®> (S) are computed section-wise:

Lemma 8.1.5. Let Y be a smooth spectral S-scheme. If Yz is the empty spectral scheme, then
the space I'(Y,hg(X,t)) is contractible. Otherwise, I'(Y,hs(X,t)) is canonically identified with
the fibre of the restriction map

Mapsg (Y, X) — Mapsy(Yz, Xz)

at the point defined by the composite Yz — Z <y Xyz.

In other words, points of the space I'(Y,hg(X,t)) (when Yy # @) are pairs (f,«), with
f:Y — X an S-morphism and « a commutative triangle

YZ L) Xz.

(8.5) ¢
[

We refer to such a pair (f, ) informally as a Z-trivialized morphism from Y to X.
8.1.6. If p is a smooth morphism, then since PSpe commutes with both limits and colimits, we
have:

Lemma 8.1.7. Let X be a smooth spectral S-scheme and t : Z — X an S-morphism. Ifp: T — S
is a smooth morphism, then there is a canonical isomorphism of fibred spaces

pgpc (hs (Xv t)) ~ hT (XTv tT)a

where tr : Zt — X7 is obtained from t by base change along p.

8.1.8.  Our main result about the fibred space hg(X,?) is as follows:

Proposition 8.1.9. Let p: X — S be a smooth morphism of affine spectral schemes. Then for
every S-morphism t : Z — X, the space hg(X,t) is motivically contractible, i.e. the morphism
hg(X,t) — ptg s a motivic equivalence.

The proof will occupy the rest of this section.
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8.1.10. We first consider the case of vector bundles:

Lemma 8.1.11. Let E be a vector bundle over S with zero section s : S — E. Then the space
hs(E, sz) is motivically contractible, where sy : Z — Ey denotes the base change of s along
i:72 < 8S.
Proof. Tt suffices to construct a section o of the morphism

¢ : hg(E, sz) — hg(S),
and provide an A'-homotopy between the composite o o ¢ and the identity.

The section
ag . hs(S) — hs(E, Sz)

is induced by the composite hg(S) <> hg(E) — h3(E).
It remains to define the A'-homotopy
¥ :hg(AS) x hg(E, s7) — hs(E, s7).
For each smooth spectral S-scheme Y with Yz # &, the map
P(Y,9) : T(Y, hs(A)) x T(Y, hs(E, 5)) = T(Y, hs(E, 57))
is given by the assignment
(a:Y = AS f:Y=E) = (a-f: Y —E).
O

8.2. Etale base change. In this paragraph we show that the space hg(X,t) is invariant under
étale base change.

8.2.1. The assignment (X,t) — hg(X,?) is functorial in the following sense.

Let (X,¢) and (X', t') be pairs, with X (resp. X’) a smooth spectral S-scheme, and ¢ : Z < X
(resp. t' : Z — X’) a partially defined section. Suppose f : X’ — X is an S-morphism such that
the square

’

7 X7,
7 —t s Xy
is cartesian. Then there is a canonical morphism of spaces over S
(86) hs(Xl,t/) — hs(X, t).
8.2.2. Let (X,t) and (X’,t') be as above. Suppose that p : X’ — X is an étale morphism, such
that the above square is cartesian. Then we have:
Lemma 8.2.3. The canonical morphism
hs (le t/) — hs (X7 t)
18 a Nisnevich-local equivalence.
Let ¢ denote the morphism in question. The claim is that the induced morphism of Nisnevich

sheaves Lyis(¢) is invertible. It suffices to show that it is O-truncated (i.e. its diagonal is a
monomorphism) and 0-connected (i.e. it is an effective epimorphism and so is its diagonal).
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8.2.4. Proof of Lemma 8.2.3, step 1. To show that Lyis(¢) is O-truncated, it suffices to show
that ¢ is O-truncated (since Lyjs is exact). For this, it suffices to show that for each smooth
spectral S-scheme Y, the induced morphism of spaces of Y-sections

T(Y,p) : D(Y,h§ (X', ¢)) — T(Y,h4(X, 1))
is O-truncated.

We may assume Yy is not empty; then this is the morphism induced on fibres in the diagram

(Y, h4 (X', ') —— Mapsg(Y,X') —— Mapsy(Yz, X})

T(Y,h%(X,t)) —— Mapsg(Y,X) —— Maps,(Yz, Xz)
Note that the two right-hand vertical morphisms are O-truncated: p is itself 0-truncated since
it is étale, and since the Yoneda embedding commutes with limits, the induced morphism

hg(X’) — hg(X) is also O-truncated. It follows that the left-hand vertical morphism is also
O-truncated for each Y, and therefore so is ¢.

8.2.5. Proof of Lemma 8.2.3, step 2. To show that Lyis(p) is an effective epimorphism, it suffices
to show that for each smooth spectral S-scheme Y (with Yz not empty), any Y-section of
h%(X,t) can be lifted Nisnevich-locally along .

Let f be a Y-section of hg (X,t), i.e. a Z-trivialized morphism f:Y - X. Let ¢: Y = Y
denote the base change of p : X’ — X along f:

Y —25Y
o]
X 2 X
Then note that
¢ '(Yy) —— Y’

L

Yy —— Y

is a Nisnevich square. Indeed, the closed immersion Yz < Y is complementary to Yy — Y,
and it is clear that ¢~ 1(Yz) — Yz is invertible because in the diagram

q—l

—

Yz) e YZ

i
jt’

— Xy

idy
_—
Pz

S N

the lower square and the composite square are cartesian, and hence so is the upper square.

Hence it suffices to show that the restriction of f to either component of this Nisnevich
cover lifts to h%(X’,¢'). The restriction f|Y" lifts to a section of h%(X’, ) given by g : Y’ — X'
The restriction f|Yy admits a lift trivially: since (Yy) xsZ = @, the spaces h (X, t)(Yy) and
h%(X’,¢')(Yy) are both contractible.
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8.2.6. Proof of Lemma 8.2.3, step 3. It remains to show that the diagonal Ay, () of Liis(¢) is
an effective epimorphism, or equivalently that Lyis(Ay) is.

For each smooth spectral S-scheme Y, the diagonal induces a morphism of spaces

(Y, h3(X, ) — T(Y,h§(X',¢"))  x  D(Y,h5(X,t)).
I(Y,hZ(X,1))
It suffices to show that for each Y (with Yz not empty), any point of the target lifts Nisnevich-
locally to a point of the source. Choose a point of the target, given by two Z-trivialized
morphisms f:Y — X’ and g : Y — X/, and an identification o : po f &~ pog.

Let Yo < Y denote the open immersion defined as the equalizer of the pair (f, g); note that
the closed immersion Yz < Y factors through Y. Thus the open immersions Yo < Y and
Yy < Y form a Zariski cover of Y. It is clear that the point (f, g, «) lifts after restriction to Yq
by definition, and after restriction to Yy since Yy XgZ = &, so the claim follows.

8.3. Reduction to the case of vector bundles. In this paragraph we show that, Nisnevich-
locally, any partially defined section of a smooth spectral S-scheme can be lifted to a globally
defined section.

Together with the étale base change property demonstrated in the last paragraph, and
Lemma 2.13.9, this will allow us to to reduce to the case of vector bundles.

8.3.1. The following lemma will allow us to reduce to the situation where the Z-section t lifts
to an S-section s : S < X.

Lemma 8.3.2. Let p: X — S be a smooth morphism. Given an S-morphism t : Z — X, there
exists a Nisnevich square

(8.7) l lq
S

such that q factors through p.

Proof. We will construct a commutative square

7 —----3 > Y
(8.8) j |
XZ — X

with the following properties:

(i) The induced square of underlying classical schemes

ch — Ycl

| |

(XZ)et —— Xa
is cartesian.
(ii) The composite morphism Y — X — S is étale.

Given such a square (8.8), it is clear that we get a Nisnevich square (8.7) as claimed, by taking
q to be the composite Y — X — S: indeed, the closed immersion Z. < S is complementary to
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7, and the squares

ch —> Ycl —Y

[

ch — Scl — S

are cartesian: the left-hand one by (i), and the right-hand one by flatness of ¢, which is implied
by (ii).

In the classical case, the existence of the square (8.8) is known (this is a non-equivariant
version of [Hoyl7, Thm. 2.21], for instance).

Hence one obtains a cartesian square

of classical schemes. Then one defines Y by the cocartesian square of closed immersions

ch —> YO

[

7 — Y.

By Lemma 2.11.2 this exists, and the morphism Yo < Y is a closed immersion identifying Y
with the classical scheme underlying Y. The existence of the desired commutative square

77— Y

[

XZ(—>X

follows by construction. O

8.4. Motivic contractibility of hg(X,¢). In this paragraph we prove Proposition 8.1.9.

Let p : X — S be a smooth morphism of affine spectral schemes. Recall the statement of
Proposition 8.1.9: we want to show that for any S-morphism ¢ : Z <— X, the fibred space hg(X, ?)
is motivically contractible.

8.4.1. By Lemma 8.3.2 there exists a Nisnevich square

Yy ——Y

(8.9) | o
U—’55
where ¢ factors through p : X — S. It suffices then by the Nisnevich separation property

(Proposition 6.1.6) to show that j* hg(X,t) and ¢* hg(X,t) ~ hy (Y xgX,t') are contractible,
where t' : Yz < (Y xgX)z is the base change of ¢.

8.4.2. The case of j*hg(X,t) is clear, since j is complementary to i : Z < S.
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8.4.3. For ¢*hg(X,t), note that by construction there exists a section ¢ : Y — Y xg X which
lifts ¢’ (since ¢ factors through X):

(Y X5X)Z — Y xg X
A~
t’]\ t” 1
J
Yy, ———Y
Hence by Lemma 2.13.9, Lemma 8.2.3 and Lemma 8.1.11, we have motivic equivalences

hs(Y % X, #) ~ b (N, 2) ~ hs(S),

where N7, is the conormal bundle, and z is the base change of its zero section.

8.5. Proof of the localization theorem. We conclude this section by proving the localization
theorem.

Recall that our goal is to show that the canonical morphism

(8.10) F U Ms(U) = " (F)
Jei* (F)

is invertible for each motivic space F over S.

After a series of reductions, we will see that the main ingredient in the proof is Proposition 8.1.9
(which was proved in Paragraph 8.4).

8.5.1. First of all, note that we may use Zariski separation (Proposition 6.1.6) and the smooth
base change formula (Proposition 6.2.2) to reduce to the case where S is affine.

Next note that we may reduce to the case where F is a motivic localization Mg(X) of an
affine smooth spectral S-scheme X. Indeed, we have seen that the category H¢=>(S) is generated
under sifted colimits by such objects (Lemma 4.3.5) and that each of the functors jy, 5%, i*, and
i, commutes with contractible colimits (Theorem 7.1.2).

In this case the morphism (8.10) is canonically identified with the morphism

(8.11) Ms(X) Msl(_lXU) Ms(U) — i Ms(Xz)

where we write Xy = X xg U and Xz = X xgZ.

8.5.2. Note that the source of the morphism (8.11) is the motivic localization of the space
hZ%(X), and that the target i¥(My(Xz)) is the motivic localization of 5P (hy (Xz)).

Hence it suffices to show that the morphism
(8.12) h%(X) — iSP¢ hy(Xy)

is a motivic equivalence.

8.5.3. By universality of colimits, it suffices to show that for every smooth spectral S-scheme Y
and every morphism hg(Y) — P hy(Xz), corresponding to an S-morphism ¢ : Z — X, the base
change

(8.13) h4(X)  x  hg(Y)— hs(Y)
5P hy(Xyz)

is invertible.
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8.5.4. Let p:Y — S be the structural morphism of Y. Then since hg(Y) =~ p?pc hy (Y), one
sees that (8.13) is identified, by the smooth projection formula (Lemma 6.3.7), with a morphism

(8.14) ;" (PEpe hE(X) X hy (Y)) = p;" hy (Y).
Pipein hz(Xz)

8.5.5. Note that we have p*i, ~ k.q* (Proposition 6.2.2), where k (resp. ¢) is the base change
of ¢ (resp. p) along p (resp. 7). Hence the morphism (8.14) is identified with the image by py of

(8.15) hy?(X x Y) X hy (Y) — hy(Y).
S5 k¥Phy, (X xsY)z)

8.5.6.  The source of the morphism (8.15) is nothing else than the space hy (X xg Y, ty), where
ty : ZxsY — X xg'Y is the base change of ¢ along p. Hence we conclude by Proposition 8.1.9.

APPENDIX A. COEFFICIENT SYSTEMS

In this section we will introduce a formalism for working with categories of coefficients. These
are systems of categories D(S), indexed by objects in some category C (e.g. schemes), equipped
with some basic functorialities f* and f, associated to any morphism f in C. This is a natural
framework for stating base change and projection formulas.

We will use the language of (00, 2)-categories as a convenient way to formulate some of the
results in this section, even though we only apply them in the (oo, 2)-category of presentable
oo-categories. Following [GR16], our definition of (oo, 2)-category will be a complete Segal space
in the co-category of oco-categories.

A.1. Passage to right/left adjoints.

A.1.1. Recall that in an (oo, 2)-category C, there is a notion of adjunction between two objects
x and y.

A pair (f : 2 = y,9:y — x) forms an adjunction if and only if it defines an adjunction in
the underlying ordinary 2-category (C)2°rd®.

A.1.2. Let C and D be (o0, 2)-categories. We say that an (oo, 2)-functor v : C — D is right-
adjointable (resp. left-adjointable) if, for each 1-morphism f: z — y in C, its image u(f) admits
a right adjoint (resp. a left adjoint) in the 2-category ID.

A.1.3. Let Maps,(5,T) denote the space of right-adjointable (oo, 2)-functors. Let Maps, (S, T)
denote the space of left-adjointable (oo, 2)-functors.

Lemma A.1.4. There is a canonical isomorphism of spaces
Maps (8, T) = Maps, ((8)'“**, ),
where (C)'%%°P denotes the (00, 2)-category obtained by flipping the directions of 1- and 2-
morphisms in S.
See [GR16, Cor. 1.3.4].

Given a right-adjointable (oo, 2)-functor v : § — T, we will call the corresponding functor
Uy 1 (8)1%2°P 5 T the functor obtained from u by passage to right adjoints.

Dually, given a left-adjointable (oo, 2)-functor v : $ — T, we will call the corresponding
functor wy : (8)*2°P — T the functor obtained from u by passage to left adjoints.
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A.2. Adjointable squares. In this section we will formulate the notion of horizontally/vertically
left/right-adjointable square in a 2-category, which we will be used in the text to express base
change formulas.

A.2.1. We fix an (o0, 2)-category C.
Let © be a square in C

cC > C
(A1) J{v L/

D 5 D
which commutes up to an invertible 2-morphism

v'u = u'v.

Suppose that v (resp. v’) admits a right adjoint v® (resp. (v')F) in C. Then the square
@vcrt:R

Cc 2 C
(A.2) URT (v,)RT
D 5 D
commutes up to the 2-morphism
(A.3) uo® = (V)R u® = (0 R oo — (V)R

where the first morphism is obtained by precomposition with the counit of the adjunction,
the isomorphism in the middle is given by the commutativity of the square ©, and the final
morphism is given by the unit of the adjunction.

If this 2-morphism is invertible, then we say that the square © is vertically right-adjointable.

A.2.2. Similarly if v (resp. v') admits a left adjoint v™ (resp. (v')¥), then the square @vert:k

C—s
(A0 e
D *- D
commutes up to the 2-morphism
(A.5) (W — ()lu v & ()R u™ — uob

If this is invertible, we say that the square © is vertically left-adjointable.

A.2.3. If u (resp. u’) admits a right adjoint u® (resp. (u/)®), then the square @Pori#R

C——C
(A.6) l’“ l”'
D <7( R D
commutes up to a 2-morphism
(A7) vul* = (u)Rv'.

If it is invertible, we say that © is horizontally right-adjointable.
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Similarly, if v (resp. u’) admits a left adjoint u™ (resp. (u/)¥), then the square @"ori#L
C+———C
(A.8) lv b l”'
D W D
commutes up to a 2-morphism
(A.9) (u) v — vu®.

If it is invertible, we say that © is horizontally left-adjointable.

A.2.4. We have:

Lemma A.2.5. Suppose that in the square © (A.1), u (resp. u') admits a right adjoint u®
(resp. (v )R), and v (resp. v') admits a left adjoint v (resp. (v')Y). Then © is vertically
left-adjointable if and only if it is horizontally right-adjointable.

Proof. The square ©V'*L (resp. ©M#R) commutes up to a 2-morphism « : (v/)u/ — uo®
(resp. 3 : vu® — (u')®v’). The category of left adjoint functors C — D is equivalent to the
category of right adjoint functors D — C (see [GR16, Chap. A.3, Cor. 3.1.9]), and under this
equivalence the morphism « corresponds to the morphism . O

A.3. Coefficient systems. Let Pres denote the symmetric monoidal co-category of presentable
oo-categories. Recall that a presentable co-category is an accessible left localization of a presheaf
category PSh(C) with C essentially small, and a morphism of presentable co-categories is a
colimit-preserving functor.

For the rest of this section, we fix an essentially small co-category C which admits fibred
products. Note that the cartesian monoidal structure on C induces a canonical cocartesian
monoidal structure on (C)°P.

A.3.1.
Definition A.3.2. A coefficient system (defined on C) is a symmetric monoidal functor

D*: (C)°® — Pres.

Given a coefficient system D*, we will write
D(S) :=D*(S)

for the presentable co-category associated to an object S € C. We will write @g (resp. eg) for
the initial (resp. terminal) object of D(S). We will often refer to the objects of D(S) as sheaves
on S.

For a morphism f: T — S, we will write
fF:=D*(f): D(S) = D(T)

for the induced functor, which we call the functor of inverse image along f. It is cocontinuous,
and admits (by the adjoint functor theorem) a right adjoint

f« : D(T) = D(S)

which we call the functor of direct image along f.
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A.3.3. By passing to right adjoints (see Paragraph A.1), D* gives rise to a unique functor
D, : C — co-Cat

such that each functor
D.(f): D(T) — D(S)
is the right adjoint f,.

A.3.4. Since the functor D* underlying a coefficient system is symmetric monoidal, it sends
cocommutative comonoids in C to commutative monoids in Pres. Note that every object S € C
has a canonical structure of cocommutative comonoid (with respect to the cartesian monoidal
structure).

Hence for each object S € C, the presentable co-category D(S) has a canonical symmetric
monoidal structure, and for each morphism f in C, the inverse image functor f* has a canonical
symmetric monoidal structure (giving by adjunction a lax monoidal structure on its right adjoint

fe)-

We will write ®g for the monoidal product of D(S), 1g for the monoidal unit, and Homg for
the internal hom.

A.3.5. Dually, suppose we are given a functor (not necessarily symmetric monoidal)
D, : C — Pres.

We will write D(S) := Dy(S) for the presentable oco-category associated to an object S € C. For
each morphism f: T — S in C, we write

fr:=Dy(f) : D(T) = D(S)
for the induced functor, which commutes with colimits and admits a right adjoint f".

As above, we can pass to right adjoints to obtain a functor D' : (C)°P — Pres.

A.3.6. For future use, we make the following definition:

Definition A.3.7. A coefficient system D* is pointed (resp. S'-stable, compactly generated)
if the functor D* : (C)°P — Pres factors through the full subcategory spanned by pointed (resp.
stable, compactly generated) presentable co-categories.

A.4. Left-adjointability.

A.4.1. Let us fix a class left of left-admissible morphisms in C, containing all isomorphisms,
closed under composition and base change, and satisfying the 2-out-of-3 property. Let C'/*
denote the (non-full) subcategory of C spanned by left-admissible morphisms.

Definition A.4.2. We say that the coefficient system D* is weakly left-adjointable along a
morphism p : T — S if it satisfies the following property:

(Adj?) The functor p* admits a left adjoint py.

We say that D* is weakly left-adjointable along the class left if it satisfies the following
property:

(Adj'*) For every left-admissible morphism p, the property (Adj?) holds.

Note that if D* is weakly left-adjointable along left, then one obtains a canonical functor
Dy : C' 5 Pres
by passage to left adjoints (see Paragraph A.1).
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A.4.3. Recall the notion of adjointability of squares from Paragraph A.2.

Definition A.4.4. The coefficient system D* satisfies left base change along a morphism
p: S — S if it is weakly left-adjointable along left, and the following property holds:

(BCP) For all cartesian squares ©
(A.10) lp/ l”

the induced commutative square ©*

D(S) —— D(T)
(A.11) lp* )"

p(s) Y25 pr).
1s vertically left-adjointable.

We say that D* satisfies left base change along the class left if it is weakly left-adjointable
along left, and the following property holds:

(BCleﬁ) For every left-admissible morphism p, the property (BCP) holds.

In other words, D* satisfies left base change along a morphism p if for every such cartesian
square ©, the exchange 2-morphism

(A.12) @) (f)" = fpy
is invertible.

According to Lemma A.2.5, this is equivalent to the condition that its right transpose
(A.13) P fe = (f))

is invertible.

A.4.5. For any morphism f : T — S, the symmetric monoidal functor f* : D(S) — D(T) gives
D(T) a structure of D(S)-module category. If f; is left adjoint to f*, then it admits a canonical
structure of colax morphism of D(S)-modules. In particular there are canonical morphisms

[T er f1(9) = (T ®sG  (FeD(T),5€D(3)).

Definition A.4.6. The coefficient system D* satisfies the left projection formula along a
morphism p: T — S if it is weakly left-adjointable along p, and the following property holds:

(Proj?) The colax morphism of D(S)-modules py is strict.

We say that D* satisfies the left projection formula along the class left if it is weakly
left-adjointable along left, and the following property holds:

(Projleﬂ) For every left-admissible morphism p, the property (Projleft) holds.

In other words, D* satisfies the left projection formula along p : T — S if the canonical
morphisms
(A.14) p(F@rp™(9) = p(F)®s§  (FeD(T), g€ D(S))

are invertible.
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AA4.7.

Definition A.4.8. A coefficient system D* is left-adjointable along the class left if it is weakly

left-adjointable along left (Adj'“"), satisfies left base change along left (BCY™), and satisfies the

left projection formula along left (Projleft).

A.5. Right-adjointability.

A.5.1. Let us fix a class right of right-admissible morphisms in C, containing all isomorphisms,
and closed under composition and base change. Let C"9" denote the (non-full) subcategory of
C spanned by right-admissible morphisms.

In this paragraph we consider the dual versions of the definitions given in Paragraph A.4.

A.5.2. Let D* be a coefficient system.

Definition A.5.3. The coefficient system D* is weakly right-adjointable along a morphism g
if it satisfies the following property:

(Adj,) The direct image functor q. admits a right adjoint.

We say that D* is weakly right-adjointable along a class right if it satisfies the following
property:
(Adj,gns) For each right-admissible morphism q, the property (Adj,) holds.

Remark A.5.4. Note that the situation is not completely symmetric: by requiring that our
coefficient system D* takes values in Pres, we have imposed (by the adjoint functor theorem)
that the inverse image functor f* always admits a right adjoint f,, for arbitrary morphisms f. In
the above definition of weak right-adjointability, we are instead imposing the condition that the
right adjoint f, itself admits a further right adjoint f' (when the morphism f is right-admissible).

A.5.5. We define:

Definition A.5.6. The coefficient system D* satisfies right base change along a morphism
q:S — S if the following property holds:

(BCright) For all cartesian squares © in C

Ty

7
T8

with ¢ and q' right-admissible, the induced commutative square ©*

D(s) —L— D(T)

a* J{(q’)*
—— D(T).
s vertically right-adjointable.

We say that D* satisfies right base change along the class right if the following property
holds:

(BCright) For every right-admissible morphism q, the property (BCgy) holds.
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In other words, D* satisfies right base change along a morphism g if for every such cartesian
square ©, the exchange 2-morphism

fraw = (@) (f)"

is invertible.

A5.7.  As already mentioned, for any morphism f : T — S, the functor f* endows D(T) with a
canonical structure of D(S)-module category. It follows by adjunction that the right adjoint f.
admits a canonical structure of laz morphism of D(S)-modules. In particular there are canonical
morphisms

fi(F)@s §— fi(For f7(9) (FeD(T),5eD(S)).
We define:

Definition A.5.8. The coefficient system D* satisfies the right projection formula along a
morphism q : T — S if the following property holds:

(Proj,) The canonical structure of lax morphism of D(S)-modules on g is strict.

We say that D* satisfies the right projection formula along the class right if the following
property holds:

(Proj,;gns) For every right-admissible morphism q, the property (Proj,) holds.

In other words, D* satisfies the right projection formula along g : T — S if the canonical
morphisms

(A.15) 3:(F)@s G = q¢.(F@rq’(9)) (FeD(T),SeD(S)).

are invertible.

A.5.9. Finally, we define:

Definition A.5.10. A coefficient system D* is right-adjointable along the class right if it is
weakly right-adjointable along right (Adj,;..), satisfies right base change along right (BCyignt),
and satisfies the right projection formula along right (Proj,;.u.)-

A.6. Biadjointability.

A.6.1. Let D* be a coefficient system which satisfies left base change along left.

This means that, for every cartesian square © in C

(A.16) J/p, lp

(A].?) puT (P/)ﬂ

commutes up to a canonical invertible 2-morphism.
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One can then ask whether this resulting square is further horizontally right-adjointable, i.e.
whether the square
D(S) «+—— D(T)
(A.18) 3 0):]

commutes via the 2-morphism
(A.19) pe(d)s = axa"py(a) = @ (0)5() " (d)x — a:(P)z-

We define:

Definition A.6.2. The coefficient system D* satisfies bidirectional base change along the
pair (left, right) if it satisfies left base change along left, right base change along right, and the
following property holds:

(BCZ];M) For all cartesian squares © in C of the form (A.16), with p and p’ left-admissible

(resp. q and ¢’ right-admissible), the square (A.18) commutes.

In other words, we require that for all cartesian squares © as above, the 2-morphism
(A.20) pe(q") = 4= (P)s-
is invertible.

According to Lemma A.2.5, this is equivalent to the condition that the right transpose
(A.21) ()d" = (d)'p*

is invertible.

A.6.3. Finally, we define:

Definition A.6.4. A coefficient system D* is (left, right)-biadjointable if it left-adjointable
along left, right-adjointable along right, and satisfies bidirectional base change along (left, right)
(Bcleft )

right
APPENDIX B. TOPOLOGICALLY QUASI-COCONTINUOUS FUNCTORS

B.1. Reduced presheaves.

B.1.1. Let C be an essentially small co-category admitting an initial object J¢.

Recall from Definition 3.6.4 that a presheaf F is reduced if it satisfies the condition that the
space F(@¢) is contractible.

B.1.2. Let [E,eq denote the empty pre-excision structure on C, containing no cartesian squares.

Assume that the axiom (EXCO0) holds, i.e. every morphism ¢ — @¢ is invertible. The axioms
(EXC1), (EXC2) and (EXC3) are vacuous, so E,.q is a topological excision structure. The
corresponding topology is denoted Tyeq; it is defined by the single covering sieve & — h(D¢),
where & is the initial presheaf.

The following lemma is tautological (it can be viewed as a trivial special case of Theorem 3.7.9):

Lemma B.1.3. A presheaf F is reduced if and only if it is Eieq-excisive, or if and only if it
satisfies Treq-descent.
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B.1.4. Let PSh,eq(C) denote the co-category of reduced presheaves. It is well-known that
PSh,eq(C) is the oo-category freely generated by C under contractible colimits.

(Recall that a small co-category is contractible if the co-groupoid formed by formally adding
inverses to all morphisms is (weakly) contractible.)

B.1.5. Let L;eq denote the 7..q-localization functor, the exact left adjoint to the inclusion
increq : PShyeq(C) — PSh(C).

For a presheal & on C, Lyeq(F) can be described as the unique reduced presheaf for which
the space Lyed (F)(c) is identified with F(c) whenever c is not initial.

B.2. Topologically quasi-cocontinuous functors. Recall that a functor u between sites is
topologically cocontinuous'! if the restriction of presheaves functor u* preserves local equivalences.

In this paragraph we introduce a slightly weaker version of this condition, which implies that
u* preserves local equivalences between presheaves F satisfying the mild condition that F(&) is
contractible. This will have the useful consequence that u* commutes with contractible colimits
at the level of sheaves.

B.2.1. Let C and D be essentially small co-categories, admitting initial objects @¢ and @p,
respectively. Let Ec (resp. Ep) be a topological excision structure on C (resp. D), and let 7¢
(resp. Tp) denote the associated Grothendieck topology.

Recall that a functor v : C — D is topologically cocontinuous if the following condition is
satisfied:

(COC) For every 7'-covering sieve R’ < h(u(c)), the sieve R < h(c), generated by morphisms
¢’ — ¢ such that h(u(c')) = h(u(c)) factors through R/, is 7-covering.

We define:

Definition B.2.2. A functor u : C — D is topologically quasi-cocontinuous if it satisfies the
following condition:

(COC’) For every 7' -covering sieve R" < h(u(c)), the sieve R < h(c), generated by morphisms
¢ — ¢ such that either h(u(c)) — h(u(c)) factors through R — h(u(c)) or u(c') is initial, is
T-COVETIng.

B.2.3. Let C and D be as above. We have:

Lemma B.2.4. Let u : C — D be a topologically quasi-cocontinuous functor. Then the
composite functor

'y : PShyea(D) <> PSh(D) “ PSh(C)

sends Tp-local equivalences to Tc-local equivalences.

Proof. Recall that the set of mp-local equivalences in PSh(D) is the strongly saturated closure
of the set Sg, containing the morphism

& — h(@D)
and the morphisms

cQ - CQ — h(d),

HThe term cocontinuous is used in [AGV73]. Nowadays this term is often used for colimit-preserving functors,
so we have slightly deviated from the classical terminology in order to avoid confusion.



64 ADEEL A. KHAN

for every object d € D and every square Q € Ep over d (see (3.11) for notation). In other words,
the set of mp-local equivalences is the closure of Sg, under the 2-of-3 property, cobase change,
and colimits.

It follows that the set of Tp-local equivalences in PSh,eq(D) is the closure of the set of the
morphisms Lyeq(s) for s € Sg,, under 2-of-3, cobase change, and contractible colimits.

Note that the functor u},; commutes with contractible colimits, since 4* commutes with small
colimits and the inclusion inc,eq commutes with contractible colimits. This implies that it is
sufficient to show that u’ ; sends every morphism Lyeq(s), for s € Sgy, to a T¢-local equivalence.

Note that Lyeq (@) — Lyea(R(@Dp)) is invertible, and the morphisms
Lied(cq) : Lred(Cq) — Liea(h(d))

are canonically identified with c¢q : Cq — h(d) for every Q and d. The latter fact follows from
the fact that representable presheaves are reduced, and L;eq is exact. This means that we only
need to show that u} ; sends each morphism cq to a Tc-local equivalence.

For each square Q € Ep of the form

~

(B.1)

e
E
d

3

—
S

<

d

recall that Cq is identified with the Tp-covering sieve R’ < h(d) generated by the family
{d' = d,e = d}.

To show that ¥ : u’ 4(R') — u,4(h(d)) is a Tc-local equivalence, it suffices by universality of
colimits to show that, for every object ¢ of C and every morphism ¢ : h(c) — u’ 4h(d), the base
change

uiqRY % h(c) = h(c)
u:edh’(d)

is a To-covering sieve.
Note that u},, admits a left adjoint
w°d : PSh(C) 5 PSh(D) 2% PSh,eq(D)
by construction. The morphism ¢ factors canonically through the unit morphism h(c) —
u? qui®dh(c) = u’,4h(u(c)) and the canonical morphism u’, ui*dh(c) = u’ h(u(c)) — u’.4h(d)

(obtained by adjunction from ¢). The base change of ¥ by !, h(u(c)) = u},4h(d) is identified,
since u;,4 commutes with limits, with the canonical morphism

u” (R 5 Mule)) = treqh(u(c).
(d)

Since the sieve R’ xj,(q) h(u(c)) = h(u(c)) is Tp-covering, as the base change of a Tp-covering
sieve, the conclusion follows directly from the condition (COC’). O

B.2.5. Letu: C — D beasabove. The following lemma is a formal consequence of Lemma B.2.4,
and the fact that reduced presheaves are stable by contractible colimits:

Lemma B.2.6. Suppose that u is topologically quasi-cocontinuous. Then the composite functor

inc,-D

Sh,, (D) <8 PSh(D) s PS(C) ~"<; Sh,(C)

D

commutes with contractible colimits.
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Proof. The inclusion inc,, factors as

s red
nc. incred

inc,y, : Shyy (D) «— PShyeq(D) —5 PSh(D),

and its left adjoint L, factors as

with L4 left adjoint to incie.

Lred
L., : PSh(D) 2% PSh,eq(D) —25 Sh,, (D),
d

Given a diagram (F;);c1 of Tp-sheaves indexed by a contractible co-category I, consider the
canonical morphism

lim incifad (&) — incfad Lred lim incrd(F;),

D
i€l el

which is clearly a mp-local equivalence (where the colimits are taken in PShyeq(D)). By applying
Ur,q = U inceq this induces a morphism

Wloq iy e (57) — ulg inetsd L2 limy inetS (5,),

D
i€l i€l

which is identified with a canonical morphism

lim u* incrp, (F3) — u” incr lim F;

i€l i€l
since the inclusion inc,.q commutes with contractible colimits. By Lemma B.2.4, this is a
Tc-local equivalence, so the claim follows. O
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