BRAVE NEW MOTIVIC HOMOTOPY THEORY II:
HOMOTOPY INVARIANT K-THEORY
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ABSTRACT. This series of papers is dedicated to the study of motivic homotopy theory in
the context of brave new or spectral algebraic geometry. In Part II we prove a comparison
result with the classical motivic homotopy theory of Morel-Voevodsky. This comparison says
roughly that any A'-homotopy invariant cohomology theory in spectral algebraic geometry
is determined by its restriction to classical algebraic geometry. As an application we obtain a
derived nilpotent invariance result for a brave new analogue of Weibel’s homotopy invariant
K-theory.
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1. INTRODUCTION

1.1. Main results.

1.1.1. In Part I [Khal6] we constructed a brave new analogue of the motivic homotopy category
and studied some of its fundamental properties.

Our main goal in Part II is to prove (Theorem 3.4.2) that brave new motivic homotopy
theory is equivalent to classical motivic homotopy theory. More precisely, there is a canonical
equivalence of co-categories

(1.1) Hé>=(S) = H(Sy)

for any (quasi-compact quasi-separated) spectral scheme S. Here Hé (S) denotes the brave
new motivic homotopy category over S, and H¢(S.;) denotes the classical motivic homotopy
category of Morel-Voevodsky over S.j, the underlying classical scheme of S.

In particular, for any (quasi-compact quasi-separated) classical scheme S, the brave new
motivic homotopy category Hé (S) is equivalent to the classical motivic homotopy category
H(S).

)

1.1.2. Recall that in the construction of Hé=(S), we invert the “brave new affine line’
Spec(S{t}), where S{t} denotes the free € .-algebra over the sphere spectrum S on one generator
t (in degree zero).

In Part II we also consider a variant of this construction, denoted H®(S), where we invert the
“flat affine line” A}, defined as the spectral scheme Spec(S[t]), where S[t] denotes the polynomial
& o-algebra over S. We show (Theorem 4.5.5) that the above equivalence (1.1) factors through
equivalences

HE>(S) = H”(S) = HY(S).

1.1.3. The final subject of study in Part II is a brave new analogue of Weibel’s homotopy
invariant K-theory, denoted KHE®>. This is obtained from algebraic K-theory by imposing
homotopy invariance with respect to the brave new affine line.

We prove (Theorem 5.3.4) that this theory satisfies a derived nilpotent invariance property, i.e.
for any connective €-ring spectrum R it computes the classical homotopy invariant K-theory
of the ordinary ring mo(R):

KH®> (R) ~ KH(7(R)).

There is also a variant KH® where one imposes homotopy invariance with respect to the flat
affine line. This theory also has the above-mentioned derived nilpotent invariance property. An
independent proof of the latter fact, in the setting of connective €;-ring spectra, is due to B.
Antieau, D. Gepner and J. Heller (private communication).

Let us note that there is another variant of algebraic K-theory which is known to satisfy
derived nilpotent invariance. Namely, C. Barwick has proved that the G-theory (the K-theory
of coherent sheaves) of locally noetherian spectral Deligne-Mumford stacks satisfies derived
nilpotent invariance [Barl5, § 9].

1.2. Why do we care?
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1.2.1.  One consequence of the equivalence (1.1) is the existence, in any generalized motivic
cohomology theory, of virtual fundamental classes associated to lci spectral schemes. This will
be the subject of a future paper.

For derived schemes (we refer to the theory built out of simplicial commutative rings), this
has been expected by experts. We found it a bit surprising that it remains true for spectral
schemes, which at first glance seem less closely related to classical algebraic geometry.

1.2.2.  Another way to interpret the equivalence (1.1) is as follows.

Suppose that we have constructed some hypothetical theory of motivic cohomology over the
sphere spectrum S. Whatever this is, we might expect that it defines contravariant functors
X = T(X, Zgpee(s) () (p € Z), i.e. presheaves of spectra on the category Smfg’pec(s) of smooth
spectral S-schemes, whose homotopy groups compute integral motivic cohomology in weight p:

Hl('lnot (Xv ZSpec(S) (p)) = W—Q(F(X7 ZSpeC(S) (p)))

This presheaf should at least satisfy Nisnevich descent, so that one has Mayer—Vietoris long
exact sequences for Nisnevich squares.

Now suppose that we also impose the condition of homotopy invariance with respect to the
brave new affine line, i.e.

H?not (Xv ZSpec(S)(p)) l> Hgnot(X X Ala ZSpec(S)(p)) (pvq € Z)a

for all smooth spectral S-schemes X, where Al = Spec(S{t}) denotes the brave new affine line,
whose ring of functions is the free €., -ring spectrum on one generator ¢.

Then the equivalence (1.1) tells us that we must have

(1'2) H?not(X» ZSpec(S)(p)) = H?not (Xcla ZSpec(Z) (p)) (p, q € Z)

for all X. For example, the brave new motivic cohomology of the sphere spectrum Spec(S) is
forced to be just the classical motivic cohomology of Spec(Z).

Thus in order to obtain a theory of motivic cohomology that is interesting from the perspective
of chromatic stable homotopy theory, this means that it is necessary to consider a different
approach.

1.3. Contents. In Sect. 2 we consider an enlargement of the motivic homotopy category,
which is generated by spectral schemes that only satisfy a mild finiteness condition (but are
not necessary smooth). We call these “Sch-fibred” motivic spaces (as opposed to “Sm-fibred”
motivic spaces). This will be necessary to make sense of the nil-localization process we use
to prove the comparison theorem. We spend some time studying the relationship between
Sm-fibred and Sch-fibred motivic homotopy theory. This material also applies to the setting of
classical motivic homotopy theory, which may be of independent interest.

In Sect. 3 we prove the first main result, the comparison theorem. The proof uses the idea of
nil-localization, which is the localization at the set of morphisms of the form hg(X¢) — hg(X),
where X denotes the underlying classical scheme of X. We show that the nil-localization of
the brave new motivic homotopy category Hé>(S) is the classical motivic homotopy category
H(S.). The key observation is that the localization theorem implies that Sm-fibred motivic
spaces are already nil-local, so nil-localization has no further effect.

Sect. 4 deals with the Sm’-variant of the theory, where we invert the flat affine line A;.
We demonstrate the equivalence between the Sm’-fibred motivic spaces and Sm-fibred motivic
spaces. The main point is the existence of a morphism A; — A, which preserves the interval
structures on both objects.
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In Sect. 5 we apply our results to obtain the nilpotent invariance result for homotopy invariant
K-theory.

1.4. Conventions and notation. We will use the language of co-categories freely throughout
the text. The term “category” will mean “oco-category” by default. Though we will use the
language in a model-independent way, we fix for concreteness the model of quasi-categories as
developed by A. Joyal and J. Lurie. Our main references are [Lur09] and [Lurl6a].

By assumption, all spectral schemes will be quasi-compact and quasi-separated, and all
smooth and étale morphisms will be of finite presentation.

1.5. Acknowledgments. We would like to thank Benjamin Antieau and David Gepner for
their encouragement and interest in this paper.

2. SCH-FIBRED MOTIVIC HOMOTOPY THEORY

In this section we consider an enlarged version of the motivic homotopy category, which
is generated by spectral schemes that only satisfy a mild finiteness condition over the base
(i-e., they are not required to be smooth over the base). We show that the usual motivic
homotopy category is equivalent to the full subcategory generated under colimits by smooth
spectral schemes. This larger category will have the same formal properties as Hé>=(S), but the
localization theorem demonstrated in [Khal6] will not hold in this setting (see Remark 2.4.4).

Throughout this section, S will be a quasi-compact quasi-separated spectral scheme.

2.1. Sch-fibred spaces. In this paragraph we define the category of Sch®>-fibred motivic
spaces. The construction fits into the general paradigm discussed in [Khal6, § 3].

2.1.1. We say that a morphism of affine spectral schemes Spec(B) — Spec(A) is afp if B is
almost of finite presentation as an A-algebra, in the sense of [Lurl6a, Def. 7.2.4.26].

This definition is globalized in the usual way:
Definition 2.1.2.

(i) A morphism of spectral schemes is locally afp if there exist affine Zariski covers (Yo < Y)a
and (Xg — X)g such that, for each o, there exists an index B and a morphism of affine spectral
schemes Y, — Xg which is almost of finite presentation and fits in a commutative square

Ya%Xg

L]

Y — X

(ii) A morphism of spectral schemes Y — X is afp if it is quasi-compact, quasi-separated and
locally afp.

We write Sch%‘ for the category of afp spectral schemes over S.

2.1.3. A Schg‘x’—ﬁbred space over S is by definition a presheaf of spaces on the category Schfé’o.

We will write Spcée (S) for the category of Sch®>-fibred spaces.
The Yoneda embedding defines a fully faithful functor
hs(—) : Schig < Spc®=(S).
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2.1.4. Recall the notion of Nisnevich square from [Khal6, § 4.1]. We say that a Sch®>-fibred
space F satisfies Nisnevich excision, or is Nisnevich-local, if:
(a) It is reduced, i.e. the space I'(@, F) is contractible.
(b) It sends any Nisnevich square of afp spectral S-schemes to a cartesian square of spaces.

Let 51&1%?2 (S) denote the full subcategory of Spc=(S) spanned by Nisnevich-local spaces.

2.1.5. Let A! denote the spectral affine line (see [Khal6, 2.6.10]). We say that a Sch®><-fibred
space F satisfies Al-homotopy invariance, or is A'-local, if, for every spectral S-scheme X, the
canonical map

I'(X,7) - T(X x AL, F),
induced by the projection X x A! — X, is invertible.
Let Mfff (S) denote the full subcategory of Spcé=(S) spanned by A'-local spaces.

2.1.6. A motivic Schgm—ﬁbred space is a Sch®>-fibred space satisfying Nisnevich excision and
Al-homotopy invariance.

Let HE>(S) denote the full subcategory of Spc®=(S) spanned by motivic Sch®=-fibred spaces.

2.1.7. This construction fits into the general framework of [Khal6, § 3], and we have:

Lemma 2.1.8.

(i) The category meiﬁ: (S) is an accessible left localization of Spct>(S), and the localization
functor F — Lyis(F) is ezact.

(ii) The category &miﬁ"(S) is an accessible left localization of Spcé=(S), and the localization

functor F — La1(F) admits the following description: for every Schg‘”-ﬁbred space F, there is
a canomnical isomorphism

(Y—=X)e(Ax)er

for each afp spectral S-scheme X. Here (Ax)°P is a sifted small category, opposite to the full

subcategory of Sm‘;’;{’ spanned by compositions of Al-projections.

(iii) The category HE>(S) is an accessible left localization of Spcé=(S). Further, the localization
functor F = Lot (F) can be described as the transfinite composite

(2.2) Linot (F) = lim (L1 © Lia)*" ().

n=0

(vi) The category HE>=(S) is generated under sifted colimits by objects of the form Lot hs(X),
where X = Spec(A) is an affine afp spectral S-scheme.

Proof. See [Khal6, § 4], replacing all instances of the word “smooth” by “afp”. O

2.2. Sm-fibred spaces. In this paragraph we show that the Sch®>-fibred variant of the motivic
homotopy category is indeed an enlargement of the usual (Sm‘o“”—ﬁbred) version constructed in
[Khal6, § 4].

This is tautological at the level of presheaves, and it is only necessary to verify that the
inclusion functor Smfé‘ — Sch%>c is well-behaved with respect to the various localizations.
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2.2.1. Let Sm%>o denote the category of smooth spectral S-schemes of finite presentation. In
the sequel, “smooth” will always mean “smooth of finite presentation”.

Recall from [Khal6, § 4] that a Sm®> -fibred space over S is a presheaf of spaces on Smfé”.
We write Spcé= (S) for the category of Smé=-fibred spaces.

2.2.2. Let tgm : Smfé” — Sch§§° denote the inclusion functor. This induces a canonical fully
faithful functor

(tsm)1 : Spe®>=(S) = Spe®>=(S),
left adjoint to the restriction functor (tgm)*. Its essential image can be described as the full
subcategory of Spcé>(S) generated under colimits by objects of the form hg(X), with X a
smooth spectral S-scheme.

By abuse of notation we will identify Spcsm(S) with its essential image in Spcée(S).

2.2.3.  We form localizations Spcfﬁ; (S), Spcif’f(S), and HE= (S) of the category Spct=(S) (see
[Khal6, § 4] for details).

We have:
Lemma 2.2.4.

(i) The functor (tsm)1 preserves Nisnevich-local equivalences. Its right adjoint (tsm)* preserves
Nisnevich-local spaces and Nisnevich-local equivalences.

(ii) The functor (1sm)i preserves Al-local equivalences. Its right adjoint (1sm)* preserves Al-local
spaces and A'-local equivalences.

Proof.

(i) It is clear that (tgm )i preserves Nisnevich-local equivalences, so its right adjoint preserves
Nisnevich-local spaces by adjunction. To see that (tg;,)* preserves Nisnevich-local equivalences,
it suffices to show that tgy, is topologically cocontinuous. This is clear because if X is smooth
over S, and

UxxV £V

Lk

U—L X
is a Nisnevich square over S, then both U and V will also be smooth over S.

(ii) Tt is clear that (tsm ) preserves Al-local equivalences, so its right adjoint preserves Al-local
spaces by adjunction. For the second claim it suffices to show that, for any spectral S-scheme X,
the canonical morphism
7" hs(X X Al) — 4" hs(X)
is an Al-local equivalence of Smé=-fibred spaces. By universality of colimits it suffices to show
that, for any smooth spectral S-scheme Y and morphism of presheaves ¢ : hg(Y) — i* hg(X),
the base change
i*hg(X x A')  x  hg(Y) = hg(Y)
i* hs(X)
is an Al-local equivalence. Since the morphism ¢ factors as hg(Y) — i* hg(Y) — i* hg(X), the
morphism in question is obtained by base change from the morphism
i*hg(X x A')  x  i*hg(Y) = i*hg(Y),

i* hs(X)

which is identified with the canonical morphism

hs(Y x A') — hg(Y),
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since 7* and hg commute with limits and ¢*i; = id. This is an A'-local equivalence, so the claim
follows. 0

2.2.5. Tt follows that the functor (tgmy)* restricts to a well-defined functor
(tsm)* : HE>(S) — H=(9),
which is right adjoint to Lot © (¢tsm)i- Further, we have:

Proposition 2.2.6. The functor Lot o (tsm)1 : HE>= (S) — HE=(S) is fully faithful. Its essential
image is generated under colimits by the objects Lot hs(X), for X a smooth spectral S-scheme.

Proof. Given a functor v with a left adjoint 4™ and a right adjoint «®, it is a standard fact that
u" is fully faithful if and only if u® is. Note that the functor (tgy,)* does indeed have a right
adjoint (at the level of motivic spaces): at the level of presheaves, it has a right adjoint (tgm )«
given by right Kan extension; but since (tgm)* preserves motivic equivalences by Lemma 2.2.4,
(tsm)« preserves motivic spaces (and hence restricts to a right adjoint).

Thus it suffices to show that (tgm)« is fully faithful. This follows directly from the fact that
Lsm is fully faithful. O

Remark 2.2.7. Note that the same applies for the localization functors Lyjs and La1.

2.2.8. For the record, let us also state the classical analogue of Proposition 2.2.6.

Let Sch/s, denote the category of classical Sc-schemes (of finite presentation), where S
denotes the underlying classical scheme of S. Let Sm g , denote the full subcategory spanned by
smooth classical Sc-schemes (of finite presentation).

Let Spc®(Sa) (resp. Spc(S)) denote the category of Sch-fibred spaces (resp. Sm-fibred
spaces) over S, i.e. presheaves of spaces on Sch/g  (resp. on Sm/g ).

Let H(S) (resp. H(S)) denote the full subcategory spanned by Sch-fibred motivic spaces
(resp. Sm-fibred motivic spaces) over Sg.

Then we have:

Proposition 2.2.9. There is a canonical fully faithful functor
Lmot o (LSm)! : HCI(SCI) — ECl(Scl)7

whose essential image is spanned by objects of the form Lot hg, (X), where X is a smooth
classical Sc1-scheme.

2.2.10. The following observation will be useful:

Lemma 2.2.11. The localization functor F — La1(F) commutes with the restriction functor
(tsm)™ on Schg‘”-ﬁbred spaces.

Proof. According to Lemma 2.1.8 and [Khal6, Lem. 4.2.3], both (¢gm)* (La1(F)) and La1 (tgm)*(F)
are given section-wise by the same formula
lig LY,9)
(Y—=X)e(Ax)ep

for each smooth spectral S-scheme X. O

2.3. Functoriality. The method described in [Khal6, §§ 5-6] evidently adapts to give the
following basic! functorialities ( fia, [*, fi) for each of the categories considered so far.

IAs opposed to the “exceptional” functorialities (fi, f*).
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2.3.1. Let f: T — S be a morphism of spectral schemes.

For Sch®>~-fibred spaces we have the operations ( fﬁ&&, Jépes f*gg), as follows. The functor
fépe sends a space of the form hg(X), with X a spectral S-scheme, to the space hp(X xgT). It
commutes Wlth colimits and admits a right adjoint fL When f is afp, f* also admits a left
adjoint fli , which sends a space of the form hr(X) to the space hg(X), where X is viewed as
an S- scheme by extending the structural map X — T along f.

2.3.2. These operatlons induce operations ( fﬁ s JHas f* ) motivic Sch®*-fibred spaces as follows.
First, the functor fL preserves motivic spaces. Therefore we obtain an operation f*
motivic spaces, right adjoint to ffg := Lot f&,¢. For f afp, the functor f§,, already preserves
motivic spaces and it will be right adjoint to fﬁ ‘= Lot f4-

2.3.3.  On Sm®=-fibred motivic spaces, the operation Jf1 restricts to an operation fi1, which is
left adjoint to fH := (Lsm)*f* Lot (tsm)i1- When f is smooth, the operation f* also restricts to
an operation fﬁH which is left adjoint to fi;. These operations ( fﬁ , fip, fH) are evidently the
same as those constructed in [Khal6, §§ 5-6].

2.3.4. Whenever the functor fy exists, the operation f* satisfies left base change [Khal6, Def.
A.4.4] and the left projection formula [Khal6, Def. A.4.6] along it.

2.3.5. Since the base change functor Sm‘;g — Smf%c commutes with the inclusion tgy, :
Smfs‘x’ — Sch‘;’é"’, we have:
Lemma 2.3.6.
(i) There are canonical 2-isomorphisms
(tsm)1 0 fépe & fdpe © (tsm):
2P0 (15m)" = (15m)" © flpe-
(ii) There are canonical 2-isomorphisms

Lmot ([/Sm)! o fI—*I ~ fﬁ o Lmot(LSm)!

f:l © (’/Srn)* ~ (LSIH)* ° fﬁ

Similarly, when f is smooth, the forgetful functor Smé T Smés /§° commutes with the

inclusion tgy, : SmfS — Sch/S , so that we have:

Lemma 2.3.7.

(i) There are canonical 2-isomorphisms

(tsm) © fP° & £72% 0 (tgm):

fSpC (’/Sm) ~ (LSm)* o fgw

(ii) There are canonical 2-isomorphisms

Linot (t8m)1 © f£* & f350 Linot (t5m):
fir o (tsm)"™ & (15m)" o fE%

2.4. Direct image along closed immersions.
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2.4.1.  Just as in [Khal6, Prop. 7.1.2], we have:

Proposition 2.4.2. Let i : Z — S be a closed immersion of spectral schemes. The functor

(i.)B commutes with contractible® colimits.

Proof. The proof of [Khal6, Prop. 7.1.2] also works on the afp site (i.e., the base change functor
Schfg" — Schfgo is also topologically quasi-cocontinuous). O

We also have:

Theorem 2.4.3. Leti:7Z — S be a closed immersion of spectral schemes with quasi-compact
open complement j : U < S. For any Smg""—ﬁbred motivic space F over S, there is a cocartesian
square

Jiia(d) ——— 7

[ |

Jg (pty) —— i (F)
of SmEx-ﬁbred motivic spaces over S.

Note that this does not follow tautologically from the localization theorem as stated in [Khal6],
since we do not (yet) know that the operation i, commutes with the inclusion Lot (tsm)r (but
see Corollary 2.4.6).

Proof. By Proposition 2.4.2 and Proposition 2.2.6, we may reduce to the case where F =
Lot hs(X) for some smooth spectral S-scheme X. Then the proof of [Khal6, § 8.5] applies
mutatis mutandis. O

Remark 2.4.4. The localization theorem [Khal6, Thm. 7.2.6] does not hold for arbitrary
Sch®>-fibred motivic spaces.

The point is that the category H>=(S) has “too many” base change formulas. Indeed, for
any afp closed immersion i, we have a functor zﬂﬂ satisfying a base change formula against ff.
By adjunction this means that its right adjoint if; satisfies base change against f*ﬂ. Thus, if
j: U< S is the open complement of i : Z < S, then associated to the cartesian square

g —17
U1, S,
we have for every Fy € Hé>= (U) an isomorphism
(2.3) it 2(Fu) ~ pty

in addition to the usual base change formulas Z*Hj’iﬂ ~ Iz and j*ﬂl*ﬂ ~ pty (see [Khal6, Lem.
7.2.2 and 7.2.4]).

For example, let 5 € SHE>=(S)g: be a Sch®=>-fibred motivic spectrum over S. Consider the
commutative diagram (we will omit the decoration H from the notation in the remainder of this
remark)

313" (F)

:

2Recall that an oo-category is contractible if the co-groupoid formed by formally adding inverses to all
morphisms is (weakly) contractible.

F 33" (F)
| |

— () —— X,
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where X is defined as the cofibre of the horizontal composite j;j*(F) — 7.5*(F). Localization
would say that the left-hand square is cocartesian, and therefore that the right-hand square is
cocartesian (since the composite square is cocartesian by construction). Since we are in the
setting of S!-spectra, this means that the right-hand square is also cartesian.

The base change formulas mentioned above imply that both objects i*(X) and j*(X) are
zero. Hence by localization, X is itself zero, and we obtain a trivial splitting

~ ix1"(F) X joj"(F)
for any Sch®>=-fibred motivic spectrum 7.

In view of the previous theorem, we can interpet the above observation as sayin}g[ that j,
does not generally commute with the inclusion Lyt (tsm)r (i-e. the functors jH and ji~ are not

compatible), so that even if F is Smg‘x’—ﬁbred, and thus satisfies localization, the object X is in

general not Smé=-fibred.

2.4.5. A corollary of Theorem 2.4.3 is that the functor i, commutes with the inclusion
Lmot(LSm)!-

More precisely, the 2-isomorphism Lot (tsm )1 © 95 = z*ﬂ 0 Lot (tsm)1 (Lemma 2.3.6) induces,
by the procedure described in [Khal6, § A.2], a canonical 2-morphism

(2'4> Lmot(LSm)! o 7/1_1 — Z*E o Lmot(LSm)!
which we claim is invertible:

Corollary 2.4.6. Leti:7Z — S be a closed immersion of spectral schemes with quasi-compact
open complement. Then the canonical 2-morphism (2.4) is invertible.

Proof. Since the category Hé>(Z) is generated under sifted colimits by objects of the form
Mz (X), where X is a smooth spectral Z-scheme [Khal6, Lem. 4.3.5], it suffices to show that the
canonical morphism

Lot (tsm)1 (5 (Mz(X))) — i5H(Mz(X))
is invertible, where X is as above.

By [Khal6, Prop. 2.12.2] it follows that we may assume that X is of the form Y xg Z, where
Y is a smooth spectral S-scheme.

By the localization theorem [Khal6, Thm. 7.2.6], we have a natural isomorphism

i (Mz(X)) ~ Ms(Y) U Ms(U),

Ms(Yu)
where U is the open complement of ¢ : Z — S, and Yy :=Y xg U.

Applying Theorem 2.4.3 to F = Mg(Y), we obtain a natural isomorphism
BOM0) < Ms(Y) | 4 Ms(U),

and the claim follows. O

2.5. Continuity. In this paragraph we demonstrate a continuity property. This will be useful
for the elimination of noetherian hypotheses (see the proof of Theorem 3.4.2).

For this purpose it will be convenient to form yet another enlargement of the category H¢>(S),
generated by spectral S-schemes of finite presentation.
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2.5.1. Recall that a morphism of affine spectral schemes Spec(B) — Spec(A) is of finite
presentation if B is a compact object in the category of A-algebras. We globalize this definition
in the same way as Definition 2.1.2. Write SChfp?OS for the category of spectral schemes of finite
presentation over S.

Let Spjﬁ;” (S) denote the category of Schfgp”—ﬁbred spaces, i.e. presheaves of spaces on Schfp"js.
Let prx (S) denote the category of Schfgpx—ﬁbred motivic spaces, i.e. the full subcategory of
SJLCE;" (S) spanned by Nisnevich-local A'-local spaces.

This construction has the same formal properties as H®>(S). In particular it is generated

under sifted colimits by objects of the form Lyt hs(X), where X is an affine spectral S-scheme
of finite presentation (same proof as Lemma 2.1.8).

The procedure of Paragraph 2.3 equips ﬂfp“’ with the basic functorialities (fy, f*, f«). The
operation fy is defined when f is of finite presentation.

2.5.2.  The inclusion tgy, : Sm‘;g" — Sch%” factors through the full subcategory Schfp%. By

abuse of notation we will write g, also for the inclusion Smfgc — Schf;/"s.
We have (same proof as Proposition 2.2.6):

Proposition 2.5.3. The functor Lot o (tsm )1 : HE=(S) — ﬂfp"" (S) is fully faithful. Its essential
image is generated under colimits by the objects Lot hs(X), for X a smooth spectral S-scheme.

2.5.4. Let S be an affine spectral scheme. Suppose that S can be written as the limit of a
cofiltered diagram (S, ), of affine spectral schemes.

Consider the canonical functor

(2.5) lim HE> (S,) — HE (S)

induced by the inverse image functors (f,)*, where f, : S — S,. The colimit® here is taken the
category of presentable oo-categories and left adjoint functors, and the transition arrows in the
filtered diagram are the inverse image functors (f,,5)*. We have:

Proposition 2.5.5. The functor (2.5) is an equivalence.

Proof. The main ingredient in this proof is a theorem of Lurie [Lurl6b, Thm. 4.4.2.2] that
provides an equivalence of categories

. Eoo ~ oo
(2.6) lim Sch g /s, — Sehygs,s-
«

In order to apply this, it is convenient to consider a version of Hé> built out of the category
Schjf‘;"fp of affine spectral S-schemes of finite presentation. Thus let &xi;fp(S) denote the

category of Schfgfffp—ﬁbred spaces, i.e. presheaves of spaces on Schig‘)fp /s Let ﬂif‘f"fp(S) denote
the category of Sch;c’gffp-ﬁbred motivic spaces, i.e. the full subcategory of S]Oji&ffp(S) spanned by

Nisnevich-local A!-local spaces. By Zariski descent, the inclusion Schiﬁffp /s Schf}_)"/"S induces
an equivalence
800 ~ 800
ﬂaff,fp(s) — ﬂfp (S)
Since this equivalence commutes with the inverse image functors (f,)*, it will suffice to demon-
strate the claim for ﬂig-‘)fp(S).

31t can also be computed as a limit, where the transition arrows are the right adjoints (fn,g)«. This limit can
be taken in the category of co-categories.
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The equivalence (2.6) induces an equivalence
lim Spel, (S0) = Speles, (9).

It suffices to note that this equivalence preserves and detects Al-projections and Nisnevich
covering families.

Indeed the equivalence (2.6) implies that for any affine spectral S-scheme X of finite presenta-
tion, there exists some index « and an affine spectral S,-scheme X, such that the projection
X x A! — X is a base change of X, x A! — X,,. Similarly the results of [Lurl6b, § 4.6] imply
that any Nisnevich covering of X is a base change of a Nisnevich covering of some some affine
spectral S,-scheme X,,. O

Corollary 2.5.6. The functor (2.5) restricts to an equivalence
lig H>(S,,) = H®=(S).

Proof. Tt suffices to show that the equivalence of Proposition 2.5.5 preserves and detects Smé&e-
fibred spaces.

Preservation is clear: it suffices to note that for any smooth spectral S,-scheme X, the
image (fa)*(Ms, (Xa)) = Mg(Xq4 xs, S) is an Sm®=-fibred space over S.

Conversely, we need to show that every Smé=-fibred space in the target comes from a
Sm®=-fibred space in the source. It suffices to consider spaces of the form Mg (X), where X
is a smooth spectral S-scheme. By [Khal6, Prop. 2.9.10] and Zariski descent we may assume
that X admits an étale morphism to an affine space Ag. Since Ag is the limit of the cofiltered
diagram (Ag )a, it follows from the equivalence (2.6) that there exists an index o and a spectral
Ag -scheme X, of finite presentation, such that X = X, XAz Ag. By [Lurl6b, Prop. 4.6.2.1]
we may in fact assume that X, is étale over A’SLQ, and hence smooth over S,. O

2.6. Sch-fibred spectra. In this paragraph we construct the S!-stabilization of the theory of
Sch-fibred spaces.

2.6.1. Let Spt®=(S)g1 denote the category Sptsl(Spc‘e"x’(S).) of S'-spectrum objects in the
category of pointed Sché>-fibred spaces over S. This is equivalent to the category of presheaves
of spectra on Sch‘/gé”.

We define full subcategories Smi‘l’;’ (S)st, Smi"f’ (S)g1, and SHE=> (S)g1 of Nisnevich-local,
Al-local, and motivic Sch®>=-fibred spectra, respectively. Equivalently, we have
Sptss (S)st = Sptga (Speyss (S)e):
SptyT (S)st = Sptg: (SpeT (S)s),

SH*(S)g1 = Sptg: (HE=(S)s).
2.6.2. This construction fits into the general framework of [Khal6, § 3|, and we have (cf.
[Khal6, § 4)):
Lemma 2.6.3.
(i) The category SJ:EI‘%T; (S)s1 is an accessible left localization of Spt&~(S)g1.

(ii) The category SJ@%%"(S)@ is an accessible left localization of Spt®>(S)si. Further, the
localization functor F — La1(F) preserves Nisnevich-local spectra, and admits the following
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description: for every Sche -fibred spectrum F, there is a canonical isomorphism
(2.7) P(X,Lai(F)~  lm (Y,
(Y—=X)e(Ax)eP

for each spectral S-scheme X. Here (Ax)°P is a sifted small category, opposite to the full
subcategory of Sm%(o spanned by composites of Al-projections.

(iii) The category SHE>=(S)g1 is an accessible left localization of Spté>(S)gi. Further, the
localization functor F v+ Lot (F) can be described as the composite
(2.8) Lot (F) = La1Lnis(F).

(vi) The category SHE>(S)g1 is generated under sifted colimits by objects of the form 2 Limot hs(X),
where X = Spec(A) is an affine afp spectral S-scheme.

2.6.4. Recall from [Khal6, § 4] that a Smg""—ﬁbred St-spectrum over S is a presheaf of spectra
on the category Sm‘/gé”. We write Spt&= (S)s1 for the category of Sm®=-fibred S!-spectra over S.

Let Spt5:2 (S)st, Spti"f’ (S)s1, and SH®>= (S)g:1 denote the respective localizations of Spt &= (S)g:.
Equivalently, each of these categories is the S'-stabilization of its respective unstable counterpart.
Taking S'-stabilizations, Proposition 2.2.6 gives:

Lemma 2.6.5. The functor Lo o (tsm)1 : SHE> (S)g1 — SHE> (S)g1 is fully faithful.

Proof. This follows from Proposition 2.2.6 and the fact that any limit of fully faithful functors
is fully faithful (recall that the category of spectrum objects is a certain limit of the unstable
categories, see [Khal6, q 3.4]). O

2.6.6. Lemma 2.2.11 carries over to the stable setting:

Lemma 2.6.7. The localization functor F — Lai(F) commutes with the restriction functor
(tsm)™ on Sché>= -fibred S'-spectra.

2.6.8. From Corollary 2.5.6 we deduce:

Corollary 2.6.9. Let S be an affine spectral scheme. Suppose that S can be written as the limit
of a cofiltered diagram (Sa)a of affine spectral schemes. Then there is a canonical equivalence

lim SH> (S )1 = SH®> (S)g1.

3. NIL-LOCALIZATION

In this section we prove the comparison between the brave new motivic homotopy category
Hé>(S) and its classical analogue H(S,).

The first step will be to present the classical motivic homotopy category H(S.) as a
localization of HE>(S), at a certain class of morphisms we call “nil-local equivalences”. In order
to make sense of this nil-localization, we will first perform it at the level of Sch®>-fibred spaces,
and then show that it restricts to Smé=-fibred spaces.

Then we will re-interpret the localization theorem (Theorem 2.4.3) as the statement that
motivic Smé=-fibred spaces are already nil-local.

For technical reasons (see Remark 3.1.3), it will be convenient for this argument to assume that
the base scheme S is noetherian. Thus in this section, S will always denote a noetherian spectral
scheme, except when stated otherwise. However, the comparison theorem (Theorem 3.4.2) itself
will hold for general bases (we will explain how to reduce to the noetherian case).
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3.1. Nil-localization.

3.1.1. Let S be a noetherian spectral scheme. This means that S is quasi-compact quasi-
separated and locally noetherian, i.e. there exists an affine Zariski cover (S, < S), such that
for each «, the connective &.o-ring spectrum A = I'(S,, Og) is noetherian in the sense that
mo(A) is a noetherian commutative ring, and each m(A)-module ;(A) is finitely generated.

When S is noetherian, the canonical morphism S, < S is afp (this follows from [Lurl6a,
Prop. 7.2.4.31]).

3.1.2. Consider the canonical functor
v Schig — Schys,,,
which sends an afp spectral S-scheme X to the classical S¢-scheme Xq.
The functor wu is right adjoint to the fully faithful functor
w: Schys,, — Schig
given by the assignment (X — Sq) — (X — S — S).

Remark 3.1.3. Note that the functor u is only well-defined because the morphism S¢ < S is
afp. This is in fact the only reason we assume that S is noetherian.

It is possible to remove this assumption by working with the site of all spectral S-schemes
(without any finiteness assumptions), but this introduces size issues which we prefer to avoid
here for the sake of simplicity of exposition. Instead, we will deduce the comparison theorem
(Theorem 3.4.2) over general bases by a noetherian approximation argument.

3.1.4. The functor v induces a canonical colimit-preserving functor
vr : Spe®> (S) = Spe® (Sar)
which sends the representable presheaf hg(X) to hg_, (Xc), for every afp spectral S-scheme X.

This is left adjoint to the restriction functor v*.

3.1.5. Note that vy is canonically identified with the functor u* of restriction along w; hence its
right adjoint v* is identified with u., the right adjoint of u*. Since u is fully faithful, it follows
that u, = v* is. Hence we have:

Lemma 3.1.6. The functor vy : Spc®>(S) — Spc®(Sa) is a left localization.

We define:
Definition 3.1.7.

(i) A morphism of Schs‘”—ﬁbred spaces over S is a nil-local equivalence if it induces an isomor-
phism after application of vi.

(ii) A Sch®= -fibred space F over S is nil-local if it is contained in the essential image of v*, or
equivalently if the canonical morphism

F = v (F)

is invertible.

Unravelling definitions, we have:
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Lemma 3.1.8.

(i A Sché>= -fibred space F is nil-local if and only if the canonical morphism
I'X,¥) = I'Xa,F)

is invertible for every afp spectral S-scheme X.

(ii) The class of nil-local equivalences is the strongly saturated closure of the (essentially small)
set of canonical morphisms

hs (Xcl) — hs (X),

where X is an afp spectral S-scheme.

3.2. Nil-localization of motivic spaces.

3.2.1. We have:

Lemma 3.2.2.

(i) The functor vy preserves Al-local equivalences (resp. Nisnevich-local equivalences).
(ii) The functor v* preserves Al-local spaces (resp. Nisnevich-local spaces).

Proof. The first statement follows from the fact that v preserves Al-projections (resp. Nisnevich
squares), and the second follows by adjunction. 0

Hence the functor v* restricts to a functor
v* ECI(Scl) — ﬂg&(S),

which is right adjoint to Lyetvr.

3.2.3. Since v* is fully faithful, we have:

Lemma 3.2.4. The functor Loy : HE>(S) — HY(S) is a left localization at the set of the
canonical morphisms of the form

Lot hs(Xe1) = Lot hs(X),
where X is an afp spectral S-scheme.
3.2.5. Note that the functor u is also topologically continuous, i.e. it sends Nisnevich squares
of classical S¢-schemes to Nisnevich squares of spectral S-schemes. Hence we have:
Lemma 3.2.6.
(i) The functor uy preserves Nisnevich-local equivalences.
(ii) The functor u* = v preserves Nisnevich-local spaces.
Remark 3.2.7. Note that the same argument does not apply to A'-local equivalences, as u does
not send Al to Al
3.2.8. We also have:
Lemma 3.2.9.
(i) The functor v* preserves Nisnevich-local equivalences.

(ii) The functor v* preserves Al-local equivalences.
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Proof.

(i) The claim about Nisnevich-local equivalences follows from the fact that the functor v is
topologically cocontinuous. Indeed, let X be a spectral scheme over S, and let Q be a classical
Nisnevich square

UXXCIV‘—>V

| |

U°—>XC1

over X¢1. The claim is that this lifts to a Nisnevich square Q over X. This follows directly from
[Khal6, Lem. 2.10.4]: since both morphisms U — X and V — X are étale, both admit unique
lifts U — X and V — X, so that we obtain a Nisnevich square Q

ﬁxvc—>

ae— X
S <

|

which refines Q.

(ii) Tt suffices to show that, for any classical S.j-scheme X, the canonical morphism
v*hg(X x AL) = v* hg(X)

is an A'-local equivalence.

By universality of colimits it suffices to show that, for any spectral S-scheme Y and morphism
of presheaves ¢ : hg(Y) — v* hg_ (X), the base change

v*hg(X x AY)  x  hg(Y) = hs(Y)
v* hscl(X)

is an Al-local equivalence. Just as in the proof of Lemma 2.2.4, (ii), one observes that this
morphism is a base change of the A'-local equivalence

hs(Y x A') — hg(Y),

whence the claim. O

3.2.10. We have:
Lemma 3.2.11.

(i) The functor
Lmotv! : Egm (S) - ECI(SCI)

sends Sm®= -fibred spaces to Sm-fibred spaces, and hence restricts to a functor
(3.1) Loty : HE>(S) — H(S4).
(ii) The fully faithful functor
vt HY(Sy) < HE=(S)
restricts to a fully faithful functor
(3.2) v* : HY(Sy) «— HE=(9).

(iii) The functor (3.1) is the left localization at the set of morphisms F1 — Fo such that
(tsm)1(F1) = (tsm)1(F2) is a nil-local equivalence.
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Proof. Tt suffices to show that the analogous claim at the level of Sché=_fibred spaces (i.e. before
taking motivic localizations). That is, it suffices to show that the functor v : Spcé~(S) —
Spcc!(Ser) sends Sm®=>-fibred spaces to Sm-fibred spaces. This follows from the fact that, for
any smooth spectral S-scheme X, the underlying classical scheme v(X) = X, is smooth (in the
classical sense) over S.) [Khal6, Lem. 2.9.11]. O

Let Hiﬁ" (S) denote the essential image of v*. That is, this is the full subcategory of HE>(S)
spanned by motivic spaces F such that (tgm)i1(F) is nil-local.

Corollary 3.2.12. The restriction of the functor (3.1) defines a canonical equivalence of
categories

(3.3) Linotvr : HE (S) = H(Sq).

nil

3.3. Nil-descent of motivic spaces.

3.3.1. The following is a consequence of the localization theorem (Theorem 2.4.3):

Proposition 3.3.2 (Nil-descent). Every Smgw—ﬁbred motivic space F over S is nil-local. That
18, the inclusion

HEr (S) — HE=(9)

nil

18 an equivalence.

Proof. Let F be a Sm&>=-fibred motivic space. Let X be a smooth spectral S-scheme, and write
i : X — X for the inclusion of its underlying classical scheme. The claim is that the canonical
map

7 F(X, (Lsm)lfr) — F(Xcl, (Lsm)!?)

is invertible.

By adjunction, this map is obtained by application of the functor Mapsge .. (x) (Lot hx(X), —)
to the canonical map

fﬁ o Lmot(LSm)! (3:) — Z*Hi*ﬂfﬁ o Lmot (’/Sm)!(g:)7
where f: X — S is the structural morphism.

By Lemma 2.3.6 and Corollary 2.4.6 this map is canonically identified with the image by
Lot (¢sm)1 of the map

Jia(F) = i f(9).
Since ¢ is a closed immersion with empty complement, the localization theorem [Khal6, Thm.

7.2.6] implies that this map is invertible. O

3.4. The comparison. In this paragraph we deduce the main result of this section. The
spectral scheme S is no longer required to be noetherian.

3.4.1. Let S be a (quasi-compact quasi-separated) spectral scheme. We have:
Theorem 3.4.2 (Comparison). The canonical adjunctions
Loty : HE=(S) = HY(Sy) : v*,
Liotvr : SHE=(S)g1 = SHY(S)gt : v*

are equivalences.
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Proof. Both categories in question have Zariski descent ([Khal6, Prop. 6.1.6] and [Hoyl5,
Appendix C]), so we may assume that S is affine. By [Lurl6a, Prop. 7.2.4.27] we may write it
as a cofiltered limit of affine spectral schemes which are of finite presentation over Spec(S), thus
in particular noetherian. Then by continuity (Proposition 2.5.5), and the analogous property for
the classical motivic homotopy category [Hoy15, Prop. C.7], we may reduce to the case where S
is noetherian.

In this case, the first claim follows from Corollary 3.2.12, in view of Proposition 3.3.2. The
second follows from the first by taking S!-stabilizations. g

In particular, any classical scheme may be viewed as a spectral scheme (with discrete structure
sheaf), and we have:

Corollary 3.4.3. Let S be a (quasi-compact quasi-separated) classical scheme. The canonical
adjunctions

Loty : HE=(S) = H(S) : v,
Lottt : SHE= (S)g1 = SHY(S)g1 : v*

are equivalences.

3.4.4. Unwinding the definitions of the functors involved in the equivalence of Theorem 3.4.2,
we arrive at the following formulation:

Corollary 3.4.5. Let S be a (quasi-compact quasi-separated) spectral scheme. Let F be an
Sm‘g‘”—ﬁbred Nisnevich-local S'-spectrum over S. Then there is a canonical isomorphism

LAl (St) = ’U*LAil’U!(ffr)
of Smée -fibred motivic spectra over S. In particular, for each smooth spectral S-scheme X, there
are canonical functorial isomorphisms of spectra

I'(X,La1(9)) = T(Xer, Lay (9))-
Here we have written L1 for the classical A'l-localization functor Spt®(Sq) — Sptil_l(sd).

Proof. Tt follows from Theorem 3.4.2 that there is a canonical isomorphism

LAI (9") — 'U*Lmot'l)ILAl (57)

Recall that L o1 preserves Nisnevich-local spectra (Lemma 2.6.3) and v; = u™ preserves Nisnevich-
local spaces (Lemma 3.2.6). Hence we have canonical functorial isomorphisms

Lmot’U!LAl (97) ~ LAilv!LAl (EF) ~ LAil’U!(?)
by Lemma 3.2.2. The claim follows. d

4. Sm’-FIBRED MOTIVIC HOMOTOPY THEORY
4.1. Flat affine spaces.

4.1.1. Given a connective € -ring spectrum R, let R[tq, .. ., ¢,] denote the polynomial R-algebra
in n variables (n > 1).

This is by definition the monoid algebra R[N"] = R ® X°°(IN"), where N is the set of
natural numbers, viewed as a discrete (additive) €,,-monoid space.

Note that the underlying spectrum of R[ty, ..., t,] is the direct sum D(ky,....kn)eNnR. Further
we have an isomorphism of ordinary commutative rings 7o(R[t1,. .., ts]) = mo(R)[t1, . . ., ts] for
each n.
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Remark 4.1.2. The notation is justified by the fact that, for an ordinary commutative ring R,
R[t1,...,t,] coincides with the usual polynomial algebra, viewed as a discrete €-ring spectrum.

4.1.3.  For any spectral scheme S, let A]'¢ denote the spectral scheme S x Spec(S[ty, ..., tx]).
We call this the flat affine space of dimension n over S.

We will write A}® := AgSpeC(S)'

The underlying classical scheme (AJ' ). coincides with the classical n-dimensional affine
space over Sg.
4.1.4. Asin [Khal6, 2.6.4] we write S{t1,...,t,} for the free €.,-algebra on n generators (in
degree zero).

Consider the canonical morphism of €.,-ring spectra

(4.1) S{t1,...,tn} — S[t1, ..., tn]

which sends t; — t;. For any spectral scheme S, this gives rise to canonical morphisms

(4.2) bs — Ag

for each n > 0. We have (see [Lurl6a, Prop. 7.1.4.20]):

Proposition 4.1.5. Let S be a spectral scheme of characteristic zero*. Then the canonical

morphism (4.2) is invertible for each n > 0.

4.1.6. There is a multiplication morphism
A;,S X Ag,s - A;,s
induced by the diagonal map
LP(N) = EFP(NxN) = EF(N)® XF(N).

4.1.7. The projection A;,s — S admits two sections iy and i1, the zero and unit sections,
respectively.

One way to define the relevant morphisms

Sit] = S

is by induction along the Postnikov tower [Khal6, Prop. 2.7.5] (note that each truncation
(S[t])<n is canonically isomorphic to S¢,[t]).

4.2. Fibre-smoothness.

4.2.1. Let p:Y — X be a morphism of spectral schemes.
Definition 4.2.2. The morphism p is fibre-smooth if it satisfies the following conditions:

(i) The morphism p is flat.

(ii) The induced morphism pe : Yo — Xa on underlying classical schemes is smooth (in the
classical sense).

Note that we have:
Lemma 4.2.3.

(i) The set of fibre-smooth morphisms is stable under composition and base change.
(ii) Etale morphisms are fibre-smooth.

4Here we say that S is of characteristic zero if it admits a morphism S — Spec(HQ), or equivalently, if the
classical scheme S is of characteristic zero.
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4.2.4. The notion of fibre-smoothness has also been considered in [Lurl6b]. The following
lemma shows that our definition coincides with that of the latter, in view of Corollary 11.2.4.2
in loc. cit.

Lemma 4.2.5. A morphism p:Y — X of affine spectral schemes is fibre-smooth if and only if
it satisfies the following conditions:

(a) The morphism p is flat.
(b) The underlying morphism of classical schemes pe1 : Y — X is locally of finite presentation.

(c) Let R — R/ be a surjective homomorphism of ordinary commutative rings with nilpotent
kernel. For every commutative square of the form

r(X,0x) —— R

! J

rY,0y) — R/,

there exists a diagonal arrow T'(Y,Oy) — R and homotopies up to which both triangles commute.

Proof. According to [Gro67, § 17.3], the condition that p.; is smooth is equivalent (by definition)
to the condition that it is locally of finite presentation, and that we have the lifting condition of
(¢) for the morphism of ordinary rings m(T'(X, 0x)) — 7o(T(Y, Oy)). But since R and R’ are
ordinary rings, it follows by adjunction that this is equivalent to the lifting condition for the
morphism I'(X, Ox) — T'(Y, Oy). O

4.2.6. We also have the following characterization:

Proposition 4.2.7. A morphism p:Y — X is fibre-smooth if and only if, Zariski-locally on'Y,
there exists a factorization of p as a composite

(4.3) Y LXxA L X

for some integer n > 0, where q is étale and r is the canonical projection.
Proof. This follows from [Lurl6b, Rem. 11.2.3.5 and 11.2.4.1]. O

4.3. Flat homotopy invariance. In this paragraph we show that the category of A;—local
Sch®>-fibred spaces is a localization of the category of A'-local Sch®>-fibred spaces.

4.3.1. Let &LC,E{T (S) denote the full subcategory of Spc®=(S) spanned by Sch®>=-fibred spaces
b

T that satisfy homotopy invariance with respect to the flat affine line A!, i.e. for each afp
spectral S-scheme X, the canonical morphism

['(X,7) - T(X x A',F)
is invertible.

Let H’(S) denote the full subcategory of Spcée(S) spanned by Sch®>=-fibred spaces that
satisfy Nisnevich excision and A;—homotopy invariance.

We have, by the general results of [Khal6, § 3]:
Lemma 4.3.2.

(i) The category Spci"lo (S) is an accessible left localization of Spcé>=(S). The localization functor
b
F— LA; (F) commutes with finite products, and admits the following description: for every
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Schg‘x’-ﬁbred space F, there is a canonical isomorphism

(Y—X)e(Ay)oP

for each afp spectral S-scheme X. Here (A;)Op is a sifted small category, opposite to the full

subcategory of Sm?x spanned by compositions of A; -projections.

(ii) The category H’(S) is an accessible left localization of Spc®>=(S). Further, the localization

functor T+ L2 (F) can be described as the transfinite composite

(4.5) Linot(F) = lim (La: © Lis) " ().

n=0

(iii) The category H*(S) is generated under sifted colimits by objects of the form L’ hg(X),
where X is an affine spectral S-scheme.

4.3.3. Note that the canonical morphism of spectral schemes (see 4.1.4)

(4.6) Al —» A!

preserves the zero and unit sections as well as the multiplicative structures of both intervals.

It follows that any A'-homotopy gives rise to an A}-homotopy, which implies that A'-local
equivalences are A;—local equivalences. Thus we have:

Lemma 4.3.4. The category Spci"f(S) (resp. H*(S)) is a left localization of Spci"f(S) (resp.
b
HE(S)).

This means that the localization
Linot : Spc®=(S) — H’(S)
factors through the localization
Lot : Spe®=(S) — HE=(S)

and a further localization
Lap : H®=(S) = H'(S).

4.4. Sm’-fibred spaces.

4.4.1. Let Sm'}s denote the full subcategory of Schfs"" spanned by fibre-smooth spectral S-
schemes.

A Sm’ -fibred space over S is a presheaf of spaces on Smi}s.

We write Spcb(S) for the category of Sm’-fibred spaces.

4.4.2. Let i, : Sm?s - Schfs“’ denote the inclusion functor. This induces a canonical fully
faithful functor

(t8n)1 : SPC”(S) — Spcf=(8),

left adjoint to the restriction functor (Lgm)*. Its essential image can be described as the full

subcategory of Spcé~(S) generated under colimits by objects of the form hg(X), with X a
fibre-smooth spectral S-scheme.

We will abuse notation by identifying Spcb(S) with its essential image in Spcé=(S).
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4.4.3. Just as in [Khal6, § 4], we can form localizations Spci,(S), Spcl;(S), and H’(8) of the

category Spcb(S). To be more precise, the latter is obtained by left localization with respect to
Nisnevich covers and the canonical morphisms

hs(X x A}) — hg(X)
for all fibre-smooth spectral S-schemes X.
We have (same proof as Lemma 2.2.4):
Lemma 4.4.4.

(i) The functor (13, )1 preserves Nisnevich-local equivalences. Its right adjoint (1%, )* preserves
Nisnevich-local spaces and Nisnevich-local equivalences.

(i) The functor (1%, )1 preserves Al-local equivalences. Its right adjoint (:3,,)* preserves Al-local

spaces and A;—local equivalences.
4.4.5. It follows that the functor (¢} )* restricts to a well-defined functor
(t4m)" : HE=(S) — H'(S),
which is right adjoint to Ly, © (l,bsm)!. Further, we have (same proof as Proposition 2.2.6):

Lemma 4.4.6. The functor Liyoso (¢4, )1 : H?(S) — HE>=(S) is fully faithful. Its essential image

Sm

is generated under colimits by the objects Lot hs(X), for X a fibre-smooth spectral S-scheme.

4.4.7. A Sm’ -fibred S'-spectrum over S is a presheaf of spectra on Smi;s, or equivalently an
Sl-spectrum object in the category Spcb(S).. We write Sptb(S)sg for the category of Sm’-fibred
Sl-spectra.

Let Spt?\ﬁs(S)Sl, Sptil(S)Sg and SHb(S)Sl denote the respective localizations of Sptb(S).
Each of these categories is the S'-stabilization of its respective unstable counterpart.

Taking S!-stabilizations, Lemma 4.4.6 gives:

Lemma 4.4.8. The functor Lot 0 (12, )1 : SHb(S)Sl — SH®>(S)g:1 is fully faithful.

4.5. Sm-fibred vs. Sm’-fibred motivic spaces. In this paragraph we will show that there is
a canonical equivalence of categories

HE>(S) = H’(S).

4.5.1. Recall from Lemma 4.3.4 that the localization functor L?, . : Spct~(S) — H(S) factors
through an intermediate localization

(4.7) La; : H*=(S) - H'(S).

We have:

Lemma 4.5.2. The functor (4.7) sends Smg""—ﬁbred spaces to Smb—ﬁbred spaces, and restricts
to a localization functor

La; : H*=(S) - H’(S).

Proof. Since H®>=(S) is generated under colimits by objects of the form Ly, hg(X), where X is
a smooth spectral S-scheme, it suffices to show that L°  hg(X) is contained in H’(S) for each
such X.

By [Khal6, Prop. 2.9.10], there exists a Zariski cover (X, < X), such that each morphism
Xao — S may be factorized as a composite X, Loy Ag> — S, where p, is étale and n, > 0.
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Since X is isomorphic to the colimit of the Cech nerve C(X,/X), it suffices to assume that X
admits an étale morphism to some affine space Ag.

In this case, we may form the base change
X ——X
[ b
Aas — Ag
along the canonical morphism Aﬁs — Ag (4.1.4). This induces an isomorphism

Lot hS (Xb) =~ Lot hS (X) X Limot hS (Aas)a

and thus an isomorphism

Linot s (X") & Ly hs(X)
after application of L Al The spectral scheme X’ is fibre-smooth over S by Proposition 4.2.7, so
the claim follows. O

4.5.3. By definition, the functor v : Sch‘/gs°o — Schyg,, (Paragraph 3.1) sends fibre-smooth
spectral S-schemes to smooth classical S¢-schemes.

Therefore, exactly as in Lemma 3.2.11, we have:

Lemma 4.5.4. The functor v induces a left localization
(4.8) Lnotvr : H’(S) — H(Sy)).

By construction, this is compatible with the localization Ly,eivr : HE>(S) — H(S,) in the
sense that we have a commutative triangle of localizations

HE~ (§) ——==—— H'l(Sa)
H*(S).

Since the horizontal functor is an equivalence (Theorem 3.4.2), both intermediate localizations
must be equivalences. In particular:

Theorem 4.5.5. The canonical functors
La; : Ho=(S) = H'(S),
Lmoth! : Hb(S) — HCl(SCI)

are equivalences.

5. HOMOTOPY INVARIANT K-THEORY

In this section we will define a cohomology theory KH®> a brave new analogue of Weibel’s
homotopy invariant K-theory. We will show that it is representable as a motivic Smé=-fibred
Sl-spectrum. As an application of our comparison result (Theorem 3.4.2) we will deduce a
derived nilpotent invariance property for KHE.

We continue the convention that all spectral schemes are quasi-compact quasi-separated.

5.1. Algebraic K-theory. We recall a few standard facts about the algebraic K-theory of
spectral schemes.
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5.1.1.  Let S be a spectral scheme. Write Qcoh(S) for the stable co-category of quasi-coherent
sheaves on S, and Perf(S) for the full exact subcategory of perfect complexes (see [Lurl6b, Chap.

2)).
Recall:

Theorem 5.1.2. The assignments S — Qcoh(S) and S — Perf(S), viewed as presheaves of co-
categories on the oo-category of quasi-compact quasi-separated spectral schemes, satisfy descent
with respect to the fpqc topology.

Proof. The claim for Qcoh follows immediately from [Lurl6b, Thm. D.6.3.3]. The second claim
follows from the first in view of the fact that perfect complexes can be described as the dualizable
objects with respect to the canonical symmetric monoidal structure on Qcoh(S) [Lurl6b, Prop.
6.2.6.2], and taking dualizable objects commutes with taking limits of symmetric monoidal
oo-categories. O

5.1.3. Let j : U — X be a quasi-compact open immersion between spectral schemes. Let
Qcoh(X)y denote the full subcategory of Qcoh(X) spanned by quasi-coherent sheaves F which
vanish on U, i.e. j7*(F) = 0. Similarly let Perf(X)y denote the full subcategory of Perf(X)
spanned by perfect complexes which vanish on U.

Theorem 5.1.4. Let j: U — X be a quasi-compact open immersion between spectral schemes.
(i) An object of Qcoh(X)y is compact if and only if it is a perfect complex.
(ii) The category Qcoh(X)y is compactly generated (by a single object).
(iii) The sequence of small stable co-categories
Perf(X)y — Perf(X) L Perf(U),
is exact in the sense of [BGT13].

Proof. In the case U = @, claims (i) and (ii) are [Lurl6b, Thm. 9.6.1.1 and Cor. 9.6.3.2]; the
general case can be proved by an adaptation of these arguments. Alternatively, these claims
follow from [AG14, Prop. 6.9 and Thm. 6.11].

For claim (iii), it suffices by (i) and (ii) to pass to ind-completions and note that the sequence
Qcoh(X)y — Qeoh(X) 7, Qcoh(U)

is an exact sequence of stable compactly generated co-categories. O

5.1.5.  Given a spectral scheme X, let K(X) denote its (nonconnective) algebraic K-theory (i.e.
the nonconnective algebraic K-theory of the stable co-category Perf(X); see [BGT13]). More
generally, let K(X)y denote the nonconnective algebraic K-theory of Perf(X)y.

A celebrated result of [TT07] says that, in the classical setting, K(X)y can be identified with
the homotopy fibre of the map K(X) — K(U). This remains true in spectral algebraic geometry:

Theorem 5.1.6 (Thomason). Let j : U = X be a quasi-compact open immersion of spectral
schemes. There is a canonical exact triangle of spectra

K(X)y — K(X) — K(U).

Proof. According to [BGT13, Sect. 9], nonconnective K-theory sends exact sequence of stable
oo-categories to exact triangles. Hence the result follows from Theorem 5.1.4. O

We obtain the following as a consequence:
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Theorem 5.1.7 (Thomason). The presheaf of spectra S — K(S), on the category of quasi-
compact quasi-separated spectral schemes, satisfies Nisnevich descent.

Proof. According to [Khal6, Rem. 4.1.8], it suffices to show that it satisfies Nisnevich excision.
It is clear that K(&) = 0, since Perf(@) = 0. It remains to show that for every Nisnevich square

W——V

b

U—23+X
with j : U — X an open immersion and p : V — X étale, the induced commutative square of
spectra

%

K(X) —L— K(U)

i*

hS]

is cartesian.
This is equivalent to the invertibility of the induced morphism on fibres,
(5.1) Fib(K(X) — K(U)) — Fib(K(V) — K(W)).
By Theorem 5.1.6, this is identified with the canonical morphism
KX)y = K(V)w
which is induced by the canonical functor
Perf(X)y — Perf(V)w,
which is an equivalence by Nisnevich excision for the presheaf X +— Perf(X) (Theorem 5.1.2). O

5.2. Homotopy invariant K-theory.

5.2.1. For each spectral scheme S, the presheaf of spectra
K: (Sch?g")Op — Spt
defines a Sch®*=-fibred S!-spectrum over S, which by Theorem 5.1.7 is Nisnevich-local.

We will denote this object by Kq to emphasize that we consider it as a Sché>-fibred spectrum
over S.

5.2.2. Let @S‘X’ denote the A'-localization of the fibred spectrum Kg. According to Lemma 2.6.3,
this is a motivic S'-spectrum which can be computed by the formula

KH®=(X)=  lim  K(Y),
(Y—=X)e(Ax)or

for each smooth spectral S-scheme X (see loc. cit. for the notation Ax).

5.2.3. Let KHgoo denote the Smé=-fibred Sl-spectrum obtained by restriction of @é“ to the
site Smfsm7 ie.

KHE™ = (150" (KHE™),
in the notation of Paragraph 2.2.

By Lemma 2.2.4, this is a motivic Sm®*=-fibred S$'-spectrum.
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5.2.4. Let Kg denote the restriction (tgm)*(Kg). By Lemma 2.2.11, the Smé>~-fibred S!-
spectrum KHS‘>o can be described equivalently as the Al-localization of Kg, i.e.:

KHS> = L1 (Ks).
5.3. Nilpotent invariance.

5.3.1. Let K%ld denote the restriction of the K-theory presheaf
. oo \O
K: (Sch/Sd) P — Spt
to the site Sch /g, of classical S¢j-schemes. That is,
(5.2) K =" (Kg)

in the notation of Paragraph 3.1.

This defines a classical Sch-fibred S!-spectrum over S, which is Nisnevich-local by Lemma 3.2.6.

5.3.2. Let @gl i=Lay (K¢ denote the Al-localization of K. Here A, denotes the classical
affine line (over Spec(Z)).

This is a classical motivic S'-spectrum over S, which computes Weibel’s homotopy K-theory:
1 .
KHg,(X) = lim K(XxAZ,),
[n]eAcp

for any smooth classical S¢-scheme X, where A§c1 is the cosimplicial classical S¢j-scheme whose
nth term is the algebraic n-simplex over Sq. See [Cisl3, § 2].

5.3.3. Let KH§11 denote the restriction of the Sch-fibred motivic S'-spectrum KHE'  to the site
Sm/g,, of classical smooth S.j-schemes. This is a Smé=-fibred motivic S'-spectrum.

We have:

Theorem 5.3.4 (Nilpotent invariance). For each spectral scheme S, there is a canonical
isomorphism

KHE> = v*(KHE )

of Sm®= -fibred motivic S'-spectra over S. In particular, for each smooth spectral S-scheme X,
there are canonical functorial isomorphisms of spectra

KHE> (X) & KHE (Xa).

Proof. Since the functor vy = u* sends Kg — Kgld (5.2), this follows from Corollary 3.4.5. O

Remark 5.3.5. One can also consider the flat version KH% € H?(S). By Theorem 4.5.5 it follows
that it will also have nilpotent invariance.

This variant KH% has also been considered by Antieau—Gepner—Heller, who have an al-
ternative proof of nilpotent invariance, which applies to connective &;-ring spectra (private
communication).



[AG14]
[Bar15]
[BGT13]
[Cis13]
[Gro67]
[Hoy15)
[Khal6)

[Lur09]
[Lurl6a]

[Lurl6b]

[TTO07)

BRAVE NEW MOTIVIC HOMOTOPY THEORY II: HOMOTOPY INVARIANT K-THEORY 27

REFERENCES

Benjamin Antieau and David Gepner. Brauer groups and étale cohomology in derived algebraic geometry.
Geometry & Topology, 18(2):1149-1244, 2014.

Clark Barwick. On exact oo-categories and the theorem of the heart. Compositio Mathematica,
151(11):2160-2186, 2015.

Andrew J Blumberg, David Gepner, and Gongcalo Tabuada. A universal characterization of higher
algebraic K-theory. Geometry & Topology, 17(2):733-838, 2013.

Denis-Charles Cisinski. Descente par éclatements en K-théorie invariante par homotopie. Annals of
Mathematics, 177(2):425-448, 2013.

Alexandre Grothendieck. Eléments de géométrie algébrique : IV. Etude locale des schémas et des
morphismes de schémas, Quatriéme partie, volume 32. 1967.

Marc Hoyois. A quadratic refinement of the Grothendieck—Lefschetz—Verdier trace formula. Algebraic
& Geometric Topology, 14(6):3603-3658, 2015.

Adeel A. Khan. Brave new motivic homotopy theory I: The localization theorem. arXiv preprint
arXiw:1610.06871, 2016.

Jacob Lurie. Higher topos theory. Number 170. Princeton University Press, 2009.

Jacob Lurie. Higher algebra. Preprint, available at www.math. harvard. edu/ ~lurie/papers/
HigherAlgebra. pdf, 2016. Version of 2016-05-16.

Jacob Lurie. Spectral algebraic geometry. Preprint, available at www. math. harvard. edu/ ~lurie/
papers/SAG-rootfile. pdf, 2016. Version of 2016-10-13.

Robert W. Thomason and Thomas Trobaugh. Higher algebraic K-theory of schemes and of derived
categories. In The Grothendieck Festschrift Volume III, pages 247—435. Springer, 2007.

FAKULTAT FUR MATHEMATIK, UNIVERSITAT REGENSBURG, 93040 REGENSBURG, GERMANY

E-mail address: denis-charles.cisinski@mathematik.uni-regensburg.de

URL: http://www.mathematik.uni-regensburg.de/cisinski/

FAKULTAT FUR MATHEMATIK, UNIVERSITAT REGENSBURG, 93040 REGENSBURG, GERMANY

E-mail address: adeel.khan@mathematik.uni-regensburg.de

URL: http://www.preschema.com


www.math.harvard.edu/~lurie/papers/HigherAlgebra.pdf
www.math.harvard.edu/~lurie/papers/HigherAlgebra.pdf
www.math.harvard.edu/~lurie/papers/SAG-rootfile.pdf
www.math.harvard.edu/~lurie/papers/SAG-rootfile.pdf
mailto:denis-charles.cisinski@mathematik.uni-regensburg.de
http://www.mathematik.uni-regensburg.de/cisinski/
mailto:adeel.khan@mathematik.uni-regensburg.de
http://www.preschema.com

	1. Introduction
	1.1. Main results
	1.2. Why do we care?
	1.3. Contents
	1.4. Conventions and notation
	1.5. Acknowledgments

	2. Sch-fibred motivic homotopy theory
	2.1. Sch-fibred spaces
	2.2. Sm-fibred spaces
	2.3. Functoriality
	2.4. Direct image along closed immersions
	2.5. Continuity
	2.6. Sch-fibred spectra

	3. Nil-localization
	3.1. Nil-localization
	3.2. Nil-localization of motivic spaces
	3.3. Nil-descent of motivic spaces
	3.4. The comparison

	4. Smflat-fibred motivic homotopy theory
	4.1. Flat affine spaces
	4.2. Fibre-smoothness
	4.3. Flat homotopy invariance
	4.4. Smflat-fibred spaces
	4.5. Sm-fibred vs. Smflat-fibred motivic spaces

	5. Homotopy invariant K-theory
	5.1. Algebraic K-theory
	5.2. Homotopy invariant K-theory
	5.3. Nilpotent invariance

	References

