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f : IR" -> K

IFT
F : /" -> K



F(5) := Str)e-2i
.

5 da
IR"



f(x) = 1(
,
1)(x) F(5)=s

-

I T=
local

spread out



FT((f) = (ii ·3) · F(3)

differentiation m multiplication



T : translation - invariant linear operator

T
.

T (f) = TTr (f)

where Tuf(x) : = f(x-v) translation by
VEIRN



#T diagonalizes translation- invariant

linear operators :

FT(Tuf)(5) = e-2i5r

· (3)
↓

eigenvalue



diagonalization
->

nonabelian abelian

matrix multiplication scalar multiplication



the whole story arises
M .

C .
Escher's "Pegasus"

naturally by considering the
translational symmetry of

Euclidean space

Sist Tuf( = flor

translation operators



eigenbasis expansion

using To we decompose : V +

over characters x = Y = Hom(Y
,
S1) f(x) = )F(x) · x (dy

Cont

↑

every character X : -> S' is

f(x) = (F15) ·eiiof the form

f(x) = e2i
· <3

,
x)

for some +V*, so
Y = X

*



geometry : M smooth manifold

can we adapt Former duality
to help study M?



a manifold doesn't-
TcM

have translational symmetry

lobally ,
but it does

g↳ infinitesimally

TM = HTM -(x
,
v)

32

i



fibrewise Fourier transform

TM = T
*
M

this line of thought leads to

the field of microlocal analysis

Mikio Sato Lars Hormander



f(x) = 1(
,
1)(x) F(5)=s

FT
=

it
singular no rapid dezay

in any direction



in algebraic geometry ,
we study

algebraic varieties and regular maps

between them
,

defined by polynomial

equations :

X =Ey = x 42

Y = Syz = x2) [CIP2



algebraic varieties often do not

have many global regular functions

&

f&--

=--- K

8 KIPI



however
,
they do have an ample supply

of sheaves

Shr(X) = 5 sheaves on X]
<

a category

①,, ...

Shu(X) remembers much of the
Grothendieck

topology of X ,
2.g. H

+
(X)

,
H*(X)

,

and there is a very close analogy between

functions and sheaves



we can define a
Fourier transform

FT : Shr(V1 -> Shr(VY

v VV
fibrewise dual

↓ vector bundleth I
X



FT(F) : = pr (prF)es
* (2***)

VoV
PYev
vv V

Mikio Sato Kashiwara
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FT(f)(5) := (f(x) · e-z:<3, di
56//"

FT(F) : = pr ,(pri (F) s
* (2

*P)



just like
FT ou functions

,

this diagonalizes translation :

FT (T.
(F) = FT(F)2

↑ T

character
translation sheaves
operator



the sheaf-theoretic Fourier transform

was applied with great success in

geometric representation arithmetic geometry ,
theory ,

microlocal sheaf theory ,
symplectic geometry, ..



when X happens to be Smooth (nonsingular

we may apply this to

FT : Shr(TX)-> ShulT
*X)

m microlocal analysis on

smooth algebraic varieties



in the XXI century ,

we are often dealing with zero loci

moduli spaces which are

X = [f ,
=... = fr =03 "

inherently singular
↓

F :: Dr + & regular fris

Typical local structure
:

quotients

- X = V/G

V = D" a G-representation



both types of singularities can be

better understood by incorporating ideas

of homotopy theory

1959 1983 2004 2004



G Y group action on a set Y

in the quotient Y/G,
we collapse

any
two Y., 12 in the same orbit

y = g- yz

y =S,b) m y/ =50)
2/2



in homotopy theory , one remembers

Why y.
= Ye , by attacking a path

Y
wherever y, = g-yz

Y =(b) us (6)
2/2

stack quotient



tuugent complex :

deg I dego

T(y(a) = (g + TY]
Y

↑ fibres = Lie algebra y

cotangent complex :

+* (y/6] = (T+y g]
dego deg-1



similarly
,
if X = Ef ,

=... = fr= 0 ) = Y
,

regular functions on X are given by

E[X] = K(Y]/(f, , ...,fr) ·

i . e. f, =... = fr = 0 in $(X] .



instead ,
we may attach paths multiplicatively

to((4]

A
-

to get

C(*]> *

algebra geometry



Y =(
,
f(y) =y ,

X =Sy =0]

((x] = k(y)/(yz)
x[X] = D(y ,

c)

where a is a degree
element such that dx = ya



tangent complex :

TY =11fa

cotangent complex :

TNY = 1)



algebraic varieties

I 3
stacks

derived schemes

& I

derived stacks



-2 -1012
#

derived ↑ stacky

Smooth schemes



Example : if X is a smooth projective variety of dim. o,
-

the moduli space M/X) = S principal G-bundles on X3

is a derived stack which is I-stacky ,
(d-1)-derived

I

while the classical version of M(X) is singular



it turns out that we can extend

FT : Shr(v) - Sur(vu

to derived rector bundles V-X ,
e.g.

FT : Shr(TX) -> Shult*X)

for any
derived stack X



So we can try to apply methods of

Fourier analysis in the world of

derived algebraic geometry !

this is the beginning of the

emerging story of derived

microlocal sheaf theory...



so far, applying these ideas to various

modeli spaces of bundles (and sheaves) has

resulted in applications in various directions...

enerative representation arithmetic

geometry theory geometry
kk KKPS

KK I KKPS ( ↳ 1 Fk

Donaldson-Thomas theory cohomological Hall relative Langlands arithmetic theta

algebras duality series



[K] -

,

T
. Kinjo .

3d CHAs for local surfaces
.

(2023)

[FK] T- Feng, - Modularity of higher that series # . (2024)

[KKPS] - ,
T

- Kinjo ,
H .

Park
,

P
.

Safronov. Perverse pullbacks .
(2025)

,

Period sheares ... (2015)
,

Lagrangian classes . (soon)

still much more to explore !



it's never too early to start

learning microlocal sheaf theory


