REGULARITY OF SPECTRAL STACKS AND
DISCRETENESS OF WEIGHT-HEARTS
ADEEL A. KHAN AND VLADIMIR SOSNILO

Abstract. We study regularity in the context of connective ring spectra and spectral stacks.
Parallel to that, we construct a weight structure on the category of compact quasi-coherent
sheaves on spectral quotient stacks of the form X = [Spec R/G] defined over a field, where
R is a connective E∞ -k-algebra and G is a linearly reductive group acting on R. In this
context we show that regularity of X is equivalent to regularity of R. We also show that
if R is bounded, such a stack is discrete. This result can be interpreted in terms of weight
structures and suggests a general phenomenon: for a symmetric monoidal stable ∞-category
with a compatible bounded weight structure, the existence of an adjacent t-structure satisfying
a strong boundedness condition should imply discreteness of the weight-heart.
We also prove a gluing result for weight structures and adjacent t-structures, in the setting
of a semi-orthogonal decomposition of stable ∞-categories.
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1. Introduction
Let C be a stable ∞-category. The question of existence of a bounded t-structure on C has
been studied recently by several authors. In [1] it was proved that if such a t-structure exists, the
negative K-group K−1 (C) must vanish. In this paper, we are interested in this question under
the additional assumption that C is equipped with a bounded weight structure. In this case the
vanishing of K−1 (C) is equivalent to the vanishing of K−1 of the heart of the weight structure,
by [17]. Moreover, any bounded weight structure on C gives rise to a natural t-structure on its
ind-completion Ind(C). We may thus ask when this t-structure restricts to C. When this is the
case, we say the restricted t-structure is adjacent to the weight structure. The simplest example
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of this phenomenon is for the ∞-category of perfect complexes over a regular ring, which admits
a natural weight structure whose non-negative part is given by the full subcategory of complexes
of finitely generated projective modules concentrated in non-negative degrees.
If the heart of the bounded weight structure on C is generated by a single object whose
endomorphism ring spectrum R is noetherian, then C admits an adjacent t-structure if and only
if the ring spectrum R is regular. The latter property was studied in [4] and [5] (under the name
“almost regular”), and many examples such as ko, ku, BP⟨n⟩, and tmf were introduced. Returning
to the original question, one might also wonder whether the adjacent t-structure ever happens
to be bounded. It turns out this can only happen either if R is not quasi-commutative or if
R ≃ π0 (R) is a discrete regular ring (Theorem 2.2.1).
Further examples of adjacent t-structures arise by considering certain spectral stacks. Namely,
consider the stable ∞-category C of quasi-coherent sheaves on the spectral quotient stack
[Spec(R)/G], where R is a noetherian E∞ -ring spectrum over a field k with π0 (R) of finite
type, and G is a linearly reductive algebraic group over k acting on R. We show that C admits a weight structure whose heart is generated by the pullbacks of representations from BG
(Theorem 3.4.3). We define a notion of homological regularity of spectral stacks that generalizes
regularity of ring spectra, and for spectral quotient stacks as above it captures precisely whether an
adjacent t-structure exists on the subcategory of compact objects in C. We prove that homological
regularity of [Spec(R)/G] is equivalent to regularity of R (Theorem 2.4.3). In particular, if R
is bounded, then the stack is automatically a discrete quotient stack (Corollary 2.4.4). The
boundedness of R here corresponds to a strengthening of the boundedness assumption on the
adjacent t-structure on C, namely, that all objects of the heart of the weight structure on C are
N -truncated for some large enough N .
According to the Tannakian formalism developed in [11], any symmetric monoidal stable ∞category C⊗ satisfying certain assumptions is symmetric monoidally equivalent to the ∞-category
of quasi-coherent sheaves on a spectral quotient stack. This leads us to conjecture that if C⊗ is
any symmetric monoidal stable ∞-category with a compatible weight structure, then existence of
a bounded adjacent t-structure, satisfying the strong boundedness condition mentioned above,
implies discreteness of the heart of the weight structure (Conjecture 3.3.6). In particular, this
implies C is equivalent both to the derived ∞-category of its t-heart, and to the ∞-category of
bounded complexes over its weight-heart. Our results on spectral stacks verify this conjecture
under certain conditions on C (Remark 3.4.6).
We end the paper by discussing the “non-commutative” examples of stable ∞-categories where
an adjacent t-structure does exist. Under appropriate necessary compatibility conditions we
prove that one can glue together a weight structure from weight structures on a semi-orthogonal
decomposition, as well as an adjacent t-structure from adjacent t-structures on the semi-orthogonal
decomposition.
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2. Regular ring spectra
2.1. Preliminaries. Let R be a connective E1 -ring, and write ModR for the ∞-category of left
R-modules. We recall a few finiteness conditions from [12, § 7.2.4].
2.1.1. The perfect left R-modules are those built out of R under finite (co)limits and direct
summands. These span a thick subcategory Modperf
⊂ ModR .
R
2.1.2. Suppose that R is left noetherian, i.e. that π0 (R) is left noetherian as an ordinary ring
and the homotopy groups πi (R) are finitely generated as left π0 (R)-modules. A left R-module
M is almost perfect if it is bounded below and each πi (M ) is finitely generated as a left π0 (R)module [12, Prop. 7.2.4.17], and coherent if it is almost perfect and bounded above. By [13,
Prop. 8.2.5.23(4)], an almost perfect R-module is perfect if and only if it is of finite tor-amplitude.
We write Modcoh
R for the full subcategory of ModR spanned by coherent left R-modules; this is
also a thick subcategory by [12, Prop. 7.2.4.11].
Remark 2.1.3. Note that the noetherian hypothesis guarantees that R is almost perfect as a left
R-module. Thus if R is bounded above, then it is moreover coherent as a left R-module. It follows
then that every perfect left R-module is coherent, i.e., that there is an inclusion Modperf
⊂ Modcoh
R
R
when R is bounded above.
The following definition can be found in [5], where it is called “almost regularity”.
Definition 2.1.4. Let R be a left noetherian E1 -ring. We will say that R is regular if every
coherent left R-module is perfect.
It suffices to require that every discrete coherent left R-module is perfect, in view of the exact
triangles
Σi πi (M ) → τ⩽i (M ) → τ⩽i−1 (M )
for M ∈ ModR and i ∈ Z. Moreover, one has the following useful criterion (see [5, Prop. 1.3]):
Proposition 2.1.5. Let R be a left noetherian E1 -ring such that π0 (R) is a regular commutative
ring. Then R is regular if and only if π0 (R) is perfect as an R-module.
Lemma 2.1.6. Let R be a left noetherian E1 -ring such that π0 (R) is a local commutative ring.
Suppose that for every discrete coherent right R-module M , the tensor product M ⊗R π0 (R)/m is
bounded. Then R is regular.
Proof. Assume R is not regular. Then there exist discrete coherent right and left R-modules M
and N , respectively, such that M ⊗R N is unbounded. The R-module N has a filtration
0 = N0 ⊂ ⋯ ⊂ Nn = N
such that the associated graded modules Ni /Ni−1 are of the form π0 (R)/pi for some prime ideals
pi . Considering the exact triangles
Ni−1 → Ni → π0 (R)/pi
we deduce that Mi ∶= M ⊗R π0 (R)/pi is unbounded for some i. By [15, Theorem 2.4] (cf. [16,
Appendix I, Prop. 1(a)]) there exists a minimal free resolution of the π0 (R)/pi -module Mi . That
is, there is a quasi-isomorphism F → Mi (where we regard Mi as a chain complex of π0 (R)/pi modules), where F is a complex of finite free π0 (R)/pi -modules whose differentials are defined
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by matrices with coefficients in m. Note that since Mi is unbounded, the same holds for F . In
particular, the homotopy groups
πj (F ⊗π0 (R)/pi π0 (R)/m) = πj (Mi ⊗π0 (R)/pi π0 (R)/m) = πj (M ⊗R π0 (R)/m)
are nonzero for infinitely many j, whence the desired contradiction.



Remark 2.1.7. Let R be a connective E1 -ring. The ∞-category ModR admits a canonical
t-structure, where the non-negative part (ModR )t⩾0 is spanned by the connective modules. If R
is left noetherian this always restricts to the full subcategories of almost perfect and coherent
modules [12, Prop. 7.2.4.18]. One might ask whether it also restricts to the full subcategory
Modperf
of perfect R-modules. This is the case if and only if πi (M ) belongs to Modperf
for any
R
R
M ∈ Modperf
.
When
R
is
left
noetherian
this
is
equivalent
to
R
being
regular.
R
Remark 2.1.8. For every M ∈ Modperf
and N ∈ Modcoh
R , there exists an integer n such that
R
n
the mapping space ModR (Σ M, N ) is contractible. Indeed, this is true for M = Σj R since N is
bounded above, and therefore for an arbitary M , since it is built out of Σj R using finite colimits
and retracts. For regular R, this says that the space ModR (M, N ) has finitely many non-zero
homotopy groups, for any M, N ∈ Modperf
R .
Examples 2.1.9. (i) If R is discrete, then it is regular if and only if it is regular in the sense of
ordinary commutative algebra. This follows from Serre’s criterion.
(ii) Let k be a regular commutative ring and R = k[T ] with T in degree 2. Then R is regular.
(iii) The E∞ -ring spectra ku, ko, and tmf are regular [5].
2.1.10. We say that R is quasi-commutative if, for every x ∈ π0 (R) and y ∈ πn (R), the equality
xy = yx holds in πn (R). Under this assumption, we can show that regularity is stable under
localizations:
Lemma 2.1.11. Let R be a quasi-commutative connective E1 -ring spectrum which is left noetherian.
(i) If R is regular, then for any set S ⊂ π0 (R), the localization S −1 R is also regular.
(ii) If the localization Rm is regular for every maximal ideal m ⊂ π0 (R), then R is regular.
Proof. (i) It will suffice to show that, for every perfect S −1 R-module N , we have π0 (N ) ∈ Modperf
.
S −1 R
perf
perf
−1
Denote by L the extension of scalars functor ModR → ModS −1 R . Since any perfect S R-module
N is a retract of an object of the form L(M ) for some M ∈ Modperf
R , we may restrict our attention
to N = L(M ). For M ∈ Modperf
,
it
follows
from
[12,
Prop.
7.2.3.20]
that we have
R
πn (L(M )) ≃ S −1 πn (M ) ≃ πn (M ) ⊗π0 (R) S −1 π0 (R).
This implies in particular that π0 (L(M )) ≃ L(π0 (M )) belongs to Modperf
, as claimed.
S −1 R
(ii) Let M be a discrete coherent R-module. To show it is of finite tor-amplitude (hence perfect), it
suffices to show that every localization Mm ∶= M ⊗R Rm is of finite tor-amplitude as an Rm -module
(by [3, Prop. 3.8]). But each Mm is coherent and therefore perfect by assumption, whence the
claim.

2.2. Bounded regular ring spectra. This subsection is dedicated to the following result, due
to J. Lurie; see [13, Lemma 11.3.3.3], where it is proven for E∞ -ring spectra. Here we only note
that the same proof works more generally for quasi-commutative E1 -ring spectra. Note that this
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is optimal in the sense that the statement is false without the quasi-commutativity assumption
(see Subsect. 2.3).
Theorem 2.2.1. Let R be a quasi-commutative connective E1 -ring spectrum which is left noetherian. If R is regular and has only finitely many nontrivial homotopy groups, then R is
discrete.
Proof. We can clearly assume that R is nonzero. To show that R is discrete, it will suffice to
show that its localization Rp , at any prime ideal p ⊂ π0 (R), is discrete. Since Rp is regular by
Lemma 2.1.11, we may replace R by Rp and thereby assume that π0 (R) is local. Denote by
m ⊂ π0 (R) the maximal ideal, and κ the residue field. Let n ⩾ 0 be the largest integer such that
πn (R) ≠ 0. For the sake of contradiction, we will assume that n > 0.
Since R is noetherian, the π0 (R)-module πn (R) is finitely generated. Let p ⊂ π0 (R) be a
minimal prime ideal such that p ∈ Suppπ0 (R) (πn (R)). By Lemma 2.1.11, the localization Rp is
regular. Therefore, replacing R by Rp , we may assume that πn (R) is supported at m, so that in
particular m ⊂ π0 (R) is an associated prime ideal of πn (R).
Since R is regular, the coherent left R-module κ is perfect. Therefore, the following claim will
yield the desired contradiction:
(∗) Let N be a nonzero connective perfect left R-module. Let k ⩾ 0 be the smallest natural
number such that N is of tor-amplitude ⩽ k. Then we have πn+k (N ) ≠ 0.
To prove (∗) we argue by induction. In the case k = 0, N is flat with π0 (N ) ≠ 0, so that
πn (N ) ≃ πn (R) ⊗π0 (R) π0 (N ) ≠ 0. Assume therefore that k > 0. Choose elements of π0 (N )
that induce a basis of the κ-vector space π0 (N ) ⊗π0 (R) κ and consider the surjective R-module
morphism u ∶ R⊕m → N they determine. Its fiber, which we denote N ′ , is a connective perfect
left R-module fitting in an exact triangle
N′ Ð
→ R⊕m Ð
→ N.
v

u

Considering the induced exact sequence of abelian groups
0 = πn+k (R⊕m ) → πn+k (N ) → πn+k−1 (N ′ ) Ð
→ πn+k−1 (R⊕m ),
ϕ

it will suffice to show that ϕ is not injective.
Since N is of tor-amplitude ⩽ k, with k minimal and > 0, it follows that N ′ is nonzero and
of tor-amplitude ⩽ k − 1. Therefore by the inductive hypothesis, πn+k−1 (N ′ ) ≠ 0. If k > 1, then
πn+k−1 (R⊕m ) = 0, so ϕ is not injective. It remains to consider the case k = 1. In this case,
the perfect left R-module N ′ is flat, and hence free of finite rank r ⩾ 0, since π0 (R) is local.
Therefore the map v ∶ N ′ → R⊕m is determined up to homotopy by a matrix {vi,j }1⩽i⩽r,1⩽j⩽m
of elements vi,j ∈ π0 (R). Since m ⊂ π0 (R) is an associated prime of πn (R), we may choose a
nonzero element x ∈ πn (R) such that multiplication by x kills m. We claim that the element
(x, x, . . . , x) ∈ πn (R)⊕r ≃ πn (N ′ ) is sent by ϕ to zero in πn (R⊕m ). For this purpose it will suffice
to show that the elements vi,j ∈ π0 (R) all belong to m. Consider the exact sequence
π0 (N ′ )/m Ð
→ π0 (R⊕m )/m Ð
→ π0 (N )/m → 0.
v

u

Since the map u ∶ π0 (R⊕m )/m → π0 (N )/m is injective, it follows that v ∶ π0 (N ′ )/m → π0 (R⊕m )/m
is the zero map. In other words, the image of v ∶ π0 (N ′ ) → π0 (R⊕m ) lands in m⊕m ⊂ π0 (R)⊕m ,
as desired.
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2.3. A noncommutative counterexample. We now give an example of a noncommutative
regular ring spectrum that is bounded but not discrete. This shows that the quasi-commutativity
hypothesis in Theorem 2.2.1 is necessary.
Construction 2.3.1. Let k be a field. Consider the graded ring R, concentrated in degrees 0
and 1, where R0 = k × k and R1 = k with multiplication defined by formulas
(a, b) ⋅ (c, d) = (ac, bd)
x ⋅ (a, b) = bx
(a, b) ⋅ x = ax,
where (a, b), (c, d) ∈ R0 , x ∈ R1 .
The graded ring R is associative but not commutative, and gives rise to a connective E1 -ring
spectrum, which we denote again by R, that is not quasi-commutative. However, it has regular
π0 , and is also itself regular:
Proposition 2.3.2. Let R be the E1 -ring spectrum defined by Construction 2.3.1. Then R is
regular.
Proof. By Proposition 2.1.5 it suffices to show that π0 (R) is perfect.
Denote by X the direct summand of the free R-module R corresponding to the projector
(0, 1) ∈ π0 (R) = k × k. We first note that X ≃ k is discrete. Indeed we have by definition π0 (X) = k
and πi (X) = 0 for i ≠ 0, 1. The only x ∈ k satisfying (0, 1) ⋅ x = x is zero, so π1 (X) is also zero.
1

Since x ⋅ (0, 1) = x ∈ π1 (R), the element 1 ∈ k ≃ π1 (R) gives rise to a map X[1] Ð
→ R. This map
induces an isomorphism π0 (X) → π1 (R), and therefore exhibits X[1] as the 1-connective cover
τ⩾1 R. It follows that its cofiber is an object of Modperf
equivalent to τ⩽0 R = π0 (R).

R
Remark 2.3.3. In fact it is easy to see using the Künneth spectral sequence that any E1 -ring
spectrum R is regular as soon as the ring π∗ (R) = ⊕n πn (R) is regular. In the example above,
the ring π∗ (R) is isomorphic to the ring of triangular matrices, which is regular.
2.4. Regular spectral stacks. In this section we study regularity for spectral stacks. In
particular we show an analogue of Theorem 2.2.1 for quotient stacks.
Let Qcoh(X) denote the ∞-category of quasi-coherent sheaves over a spectral algebraic stack
X. Recall that Qcoh(X) admits a t-structure (see [13, Corollary 9.1.3.2]), where the nonnegative
part is the full subcategory of connective objects (i.e., those becoming connective after pullback
to a smooth atlas).
Definition 2.4.1.
(i) We say that X is homologically regular if the t-structure on Qcoh(X) restricts to the subcategory
of compact objects.
(ii) We say that X is regular if there exists a smooth, faithfully flat morphism Spec(R) → X with
R a regular connective E∞ -ring spectrum.
The two definitions are not equivalent because homological regularity is not local (even in the
étale topology). Indeed, for a field of positive characteristic k and a finite discrete group G of
order p, the quotient stack [Spec(k)/G] is not homologically regular.
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The main theorem of this section is:

Theorem 2.4.3. Let k be a field and G an affine group scheme of finite type over k. Assume
that either k is of characteristic zero or G is linearly reductive. Let R be a noetherian E∞ -ring
spectrum over k with a G-action such that π0 (R) is a finite type k-algebra. Then the spectral
stack [Spec(R)/G] is homologically regular if and only if R is regular.
In particular, we see that for the spectral stack [Spec(R)/G], homological regularity coincides
with regularity. Combining this with Theorem 2.2.1, we get:
Corollary 2.4.4. Let k, R and G be as in Theorem 2.4.3. If R is bounded and the spectral stack
[Spec(R)/G] is homologically regular, then R is discrete.
For the rest of the section, we fix k, R and G as in Theorem 2.4.3. We also write X =
[Spec(R)/G] and f ∶ X → BG = [Spec(k)/G] for the canonical morphism.
Under the assumptions, the ∞-category Qcoh(X) is canonically equivalent to ModR (Qcoh(BG))
by [11, Proposition 2.7], and the functor f ∗ ∶ Qcoh(BG) → Qcoh(X) is identified with V ↦
V ⊗BG R. Alternatively, we may identify the ∞-category Qcoh(X) with G-equivariant R-modules.
In this case the inverse image functor
p∗ ∶ Qcoh(X) → ModR ,
induced by the projection p ∶ Spec(R) → X, is identified with the functor of forgetting the action.
Proposition 2.4.5. The stable ∞-category Qcoh(X) is compactly generated by the inverse images
f ∗ (V ) ∈ Qcoh(X), for all irreducible k-representations V ∈ Qcoh(BG).
Proof. By [10, Thm. A(b)], the ∞-category Qcoh(BG) is compactly generated by the irreducible
k-representations of G. Thus the claim follows from Lemma 2.4.6 below.

Lemma 2.4.6. Let C⊗ be a stable symmetric monoidal ∞-category whose underlying ∞-category
is compactly generated by {Xi } and the unit is compact. Then for any E1 -algebra object A in C⊗
the ∞-category of left A-modules ModA (C) is compactly generated by {A ⊗ Xi }.
Proof. Let U ∶ ModA (C) → C be the forgetful functor, right adjoint to Y ↦ A ⊗ Y . By Corollaries 4.2.3.7(2) and 4.2.3.2 of [12], U preserves colimits and is conservative. This implies that the
objects A ⊗ Xi are compact. It remains to show that they form a set of generators. If Y ∈ C is an
object such that the mapping space MapsA (A ⊗ Xi , Y [j]) = MapsC (Xi , U (Y )[j]) is contractible
for all i and all j ∈ Z, then U (Y ) = 0. This implies that Y = 0, whence the claim.

Proof of Theorem 2.4.3. First, assume that R is regular. To show X is homologically regular it
suffices to show that for each of the compact generators f ∗ (V ) from Proposition 2.4.5, πn (f ∗ (V ))
is compact for all n. By t-exactness of p∗ (see [13, Remark 9.1.3.4]), we have p∗ πn (f ∗ (V )) =
πn (p∗ f ∗ (V )). Since p∗ f ∗ (V ) = R ⊗k V is a free R-module, it is a compact object of ModR . If R
is regular, then πn (p∗ f ∗ (V )) is compact, so it follows from [13, Prop. 9.1.5.3] and compactness
of OX = f ∗ (k) that πn (f ∗ (V )) is also compact. Thus X is homologically regular.
Now assume R is not regular. We will argue by contradiction that X cannot be homologically
regular. By Lemma 2.1.11 we know that Rm is not regular for some maximal ideal m ⊂ π0 (R).
By Lemma 2.1.6 there exists a discrete coherent R-module M such that Mm ⊗Rm π0 (Rm )/m has
infinitely many nonzero homotopy groups. It follows that M ⊗R π0 (R)/m is also unbounded.
By [14, Prop. 9.7] the G-orbit of the point of Spec(π0 (R)) corresponding to the ideal m is
regular. Therefore, if I ⊂ π0 (R) denotes the ideal corresponding to the closure of the orbit, then
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there is an element f ∈/ m such that (π0 (R)/I)f is regular. Now π0 (R)/m has a structure of a
(π0 (R)/I)f -module and we have an equivalence
M ⊗R π0 (R)/m ≅ (M ⊗R (π0 (R)/I)f ) ⊗(π0 (R)/I)f π0 (R)/m.
In particular, the right-hand side is unbounded. But since (π0 (R)/I)f is regular, this implies
that the (π0 (R)/I)f -module
M ⊗R (π0 (R)/I)f ≃ (M ⊗R π0 (R)/I)f
is unbounded and hence so is M ⊗R π0 (R)/I. In particular, π0 (R)/I cannot be perfect as an
R-module.
Since the ideal I is G-invariant, π0 (R)/I admits a structure of a G-equivariant R-module.
It follows from Proposition 2.4.5 that R, with its canonical G-action, is a compact object of
Qcoh(X), as it is f ∗ applied to the trivial representation. If X is homologically regular, π0 (R) is
then also a compact object in Qcoh(X). The same holds for π0 (R)/I, since it can be written as
π0 of the homotopy cofibre of a G-equivariant R-linear map ϕ ∶ π0 (R)N → π0 (R) (induced by a
set of generators of I). But then the R-module π0 (R)/I is compact (= perfect), since the functor
p∗ preserves compact objects, whence the desired contradiction.

3. Weight structures
In this section we recall the notion of adjacent structures and show its relation to regularity.
An adjacent structure consists of a pair of a t-structure and a weight structure compatible in a
strict sense. We begin by recalling what a weight structure is.
3.1. Definitions and basic properties.
Definition 3.1.1. A weight structure w on a stable ∞-category C is the data of two Karoubi
closed full subcategories Cw⩾0 , Cw⩽0 satisfying the following axioms.
(i)

Semi-invariance with respect to translations. We have the inclusions
ΣCw⩾0 ⊂ Cw⩾0 ,

(ii)

ΩCw⩽0 ⊂ Cw⩽0 .

Orthogonality. For any X ∈ Cw⩽0 , Y ∈ Cw⩾0 , we have
π0 MapsC (X, ΣY ) = 0.

(iii)

Weight decompositions. For any X ∈ C, there exists an exact triangle
w⩽0 X → X → w⩾1 X,
where w⩽0 X ∈ Cw⩽0 and w⩾1 X ∈ ΣC⩾0 .

Morally one may think of the objects of Cw⩾0 and Cw⩽0 as of those built out of non-negative and
non-positive cells, respectively. Then the orthogonality condition corresponds to the vanishing of
negative homotopy groups and the weight decompositions are the skeletal filtrations.
3.1.2. The heart Hw of a weight structure is the full subcategory whose objects belong to both
Cw⩾0 and Cw⩽0 . A weight structure is bounded if any object X is an object of Σn Cw⩽0 and of
Ωn Cw⩾0 for some n. A functor between stable ∞-categories with weight structures is weight-exact
if it preserves both classes.
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3.1.3. We also adopt the following notation. For any X ∈ C and a weight decomposition of X[n]
w⩽0 (Ωn X) → Ωn X → w⩾1 (Ωn X),
the n-th suspension of the triangle will be denoted by w⩽n X → X → w⩾n+1 X and will be also
called a weight decomposition of X.
The following construction gives rise to a variety of examples of weight structures:
̂ the stable ∞-category
Proposition 3.1.4. Let A be an additive ∞-category. Denote by A
op
̂c of compact
Funadd (A , Spt) of additive presheaves of spectra on A. Then the full subcategory A
objects admits a bounded weight structure w with the following properties:
(i)

̂c )w⩾0 is spanned by presheaves with values in connective spectra.
The full subcategory (A

(ii)

̂ factors through a canonical functor A → Hw which exhibits
The Yoneda embedding A → A
the heart Hw as the idempotent completion of A.

In fact, this is essentially the only example of a bounded weight structure, as the following
proposition shows.
Proposition 3.1.5. Let C be a idempotent complete stable ∞-category endowed with a bounded
̂ denotes the
̂ c , where Hw
weight structure. Then there is an equivalence of ∞-categories C → Hw
construction of Proposition 3.1.4.
Both Propositions 3.1.4 and 3.1.5 follow from [17, Cor. 3.4]. The following example will be of
special interest for us:
Example 3.1.6. Let R be a connective E1 -ring spectrum and let A be the additive ∞-category
̂c of Proposition 3.1.4
Modfree
of finitely generated free R-modules. Then the construction A
R
perf
is canonically equivalent to the stable ∞-category ModR . It follows that Modperf
admits a
R
perf
canonical bounded weight structure w such that the non-negative part (ModR )w⩾0 is spanned
by the connective perfect R-modules.
3.2. Weight structures compatible with the symmetric monoidal structure.
Definition 3.2.1. Let C⊗ be a stable symmetric monoidal ∞-category such that the underlying
∞-category is endowed with a weight structure w. We say that the weight structure is compatible
with the symmetric monoidal structure if Cw⩾0 and Cw⩽0 are closed under the tensor product
operaions.
In this situation the symmetric monoidal structure restricts to the subcategory Hw. We denote
the corresponding symmetric monoidal ∞-category by Hw⊗ .
3.2.2. We already know from Propositions 3.1.4 and 3.1.5 that stable ∞-categories together with
a bounded weight structure correspond to additive ∞-categories. It was shown in [2, Lemma 4.2]
that compatible weight structures correspond to symmetric monoidal additive ∞-categories in
the same fashion:
Proposition 3.2.3. Let C⊗ be a stable symmetric monoidal ∞-category whose underlying ∞category is endowed with a bounded compatible weight structure. Then there is an equivalence
c
⊗
⊗
̂
̂
of symmetric monoidal categories C⊗ ≅ Hw
, where Hw
is a natural symmetric monoidal
̂ from Proposition 3.1.4.
refinement of the construction Hw
Example 3.2.4. Let R be a connective E∞ -ring spectrum and let A be the additive ∞-category
Modfree
of finitely generated free R-modules. The weight structure from Example 3.1.6 is
R
compatible with the canonical symmetric monoidal structure.
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3.3. Adjacent structures. The definitions of weight structure and t-structure appear formally
quite similar at first glance, but they behave completely differently. For instance, there is no
simple characterization of t-structures analogous to Proposition 3.1.5. An actual mathematical
relation between the two notions is given by the following result of Bondarko [9, Thm. 0.1].
Theorem 3.3.1. Let C be a stable ∞-category having all coproducts and satisfying the Brown
representability theorem (e.g., compactly generated). Suppose (Cw⩾0 , Cw⩽0 ) is a weight structure
such that Cw⩾0 is closed under arbitrary coproducts. Then there exists a t-structure on C such
that Ct⩾0 = Cw⩾0 .
When C does not have all coproducts, such a t-structure may not exist. When it does, it is
called an adjacent t-structure:
Definition 3.3.2. Let C be a stable ∞-category. Given a weight structure (Cw⩾0 , Cw⩽0 ) and a
t-structure (Ct⩾0 , Ct⩽0 ), we say that they are adjacent if the equality Ct⩾0 = Cw⩾0 holds.
We write Ht for the heart of the t-structure.
Remark 3.3.3. Let C be a stable ∞-category with a weight structure. If an adjacent t-structure
exists, then it is completely determined as follows: Ct⩾0 = Cw⩾0 , and Ct⩽0 is the full subcategory
of objects X ∈ C such that π0 MapsC (ΣY, X) = 0 for all Y ∈ Cw⩾0 . In other words, the existence of
an adjacent t-structure is a property (as opposed to additional structure).
Example 3.3.4. Let R be a regular E1 -ring spectrum and consider the ∞-category Modperf
R . Its
canonical t- and weight structures (Remark 2.1.7 and Example 3.1.6) are adjacent. Conversely,
any non-regular R provides an example of a weight structure with no adjacent t-structure.
3.3.5. Let C be a monoidal stable ∞-category with a bounded weight structure. We think of C
as a ring spectrum with “many objects”. In view of Example 3.3.4, the existence of an adjacent
t-structure can be viewed as a regularity condition on C. If C is moreover symmetric monoidal, in
a way compatible with the weight structure (in the sense of Definition 3.2.1), then we think of C
as a commutative regular ring spectrum with many objects.
With this in mind we expect the following generalization of Theorem 2.2.1:
Conjecture 3.3.6. Let C⊗ be a stable symmetric monoidal ∞-category with a compatible bounded
weight structure w (in the sense of Definition 3.2.1). Suppose there exists a natural number N
such that πn Hw(X, Y ) = 0 for all n ⩾ N and X, Y ∈ Hw. If w admits an adjacent t-structure,
then Hw is discrete.
In particular the conjecture implies that under the conditions, C is equivalent to the ∞-category
of bounded complexes over Hw and also to the derived ∞-category of Ht.
In fact, we will see that this conjecture not only generalizes Theorem 2.2.1 but also Corollary 2.4.4.
3.4. Weight structures on stacks.
Lemma 3.4.1. Let C⊗ be a stable symmetric monoidal category whose underlying ∞-category is
compactly generated by {Xi } and the unit is compact. Assume also that C admits a compatible
weight structure and the compact generators belong to the heart of the weight structure. Then for
any weight-positive E1 -algebra object A in C⊗ , the ∞-category ModA (C) admits a weight structure
such that the following hold:
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(i)

The full subcategory ModA (C)w⩾0 is the closure of the set {A ⊗ Xi } under small colimits.
More explicitly, it is spanned by the objects X ∈ C such that π0 MapsA (A ⊗ Xi , Σn X) = 0
for all i and all n > 0.

(ii)

The weight structure restricts to the subcategory of compact objects.

Proof. By 2.4.6 the set {A ⊗ Xi } compactly generates C. Applying [8, Theorem 4.5.1(I.2)], it
suffices to show that it is negative in the sense of [8, Definition 4.3.1], i.e., that π0 MapsA (A ⊗
Xi , Σn A ⊗ Xj ) = 0 for all i, j and n > 0. By adjunction we see that
π0 MapsA (A ⊗ Xi , Σn A ⊗ Xj ) = π0 MapsC (Xi , Σn A ⊗ Xj ).
The latter group is trivial since Xi ∈ Hw and Σn A ⊗ Xj ∈ Cw⩾1 . The first assertion follows by
construction, and the second follows from [8, Theorem 4.3.2(II.2)].

3.4.2. Let k be a field and G a linearly reductive group scheme of finite type over k. Let R be a
noetherian E∞ -ring spectrum over k with a G-action, such that π0 (R) is a finite type k-algebra.
We denote by X = [Spec(R)/G] the corresponding quotient stack and by p ∶ Spec(R) → X the
canonical morphism.
Theorem 3.4.3. The ∞-category Qcoh(X) admits a unique weight structure such that Qcoh(X)w⩾0
is spanned by objects M ∈ Qcoh(X) whose underlying R-module p∗ (M ) is connective. Moreover,
the weight structure restricts to the subcategory of compact objects.
Proof. By [10, Theorem A(c)] the ∞-category Qcoh(BG) admits a set of compact generators given
by irreducible G-representations. Since G is linearly reductive the category of representations of
G is semisimple. In particular, π0 MapsQcoh(BG) (P1 , Σi P2 ) = ExtiG (P1 , P2 ) = 0 for all i > 0 and all
irreducible representations P1 , P2 . Hence, the set of irreducible representations is negative in the
sense of [8, Definition 4.3.1] and, by [8, Theorem 4.5.2(I.2)], gives rise to a weight structure on
Qcoh(BG) such that all irreducible representations belong to its heart. It is clearly compatible
with the symmetric monoidal structure.
The G-equivariant ring spectrum R, considered as an object of Qcoh(BG), is weight-positive.
Therefore by Lemma 3.4.1 we obtain a weight structure on ModR (Qcoh(BG)) that restricts to
the subcategory of compact objects. Under the equivalence Qcoh(X) ≃ ModR (Qcoh(BG)) (see
[11, Proposition 2.7]), this induces the desired weight structure on Qcoh(BG).
It remains to show that Qcoh(X)⩾0 has the claimed description. Any object of Qcoh(X)w⩾0 is
a colimit of objects of the form R ⊗ Vi , so is connective. Conversely, for any connective object
M ∈ Qcoh(X), any n > 0, and any i, we have
π0 MapsQcoh(X) (R ⊗ Vi , Σn M ) = π0 MapsQcoh(X) (Vi , Σn M ) = H −n (G, Homk (Vi , M )) = 0,
so M belongs to Qcoh(X)w⩾0 .



Remark 3.4.4. Since Qcoh(X)w⩾0 is spanned by the connective objects, the weight structure
is adjacent to the canonical t-structure. The induced weight structure on the subcategory of
compact objects admits an adjacent t-structure if and only if the canonical t-structure restricts
to the subcategory of compact objects, in other words, if and only if X is homologically regular
(see Definition 2.4.1). Moreover, R is bounded if and only if there exists an N > 0 such that
πn MapsQcoh(X) (P, Q) = 0 for all n ⩾ N and all P, Q from the heart of the weight structure.
Indeed, if R is bounded then for all irreducible G-representations Vi , Vj we see that
MapsQcoh(X) (R ⊗ Vi , R ⊗ Vj ) = MapsQcoh(BG) (Vi , R ⊗ Vj ) = Homk (Vi , R ⊗k Vj )G
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is bounded, since the functor of G-invariants is exact. Since R ⊗ Vi generate the heart of the
weight structure, the same holds for MapsQcoh(X) (P, Q) with P, Q arbitrary objects in the heart
of the weight structure. Conversely, suppose there is an integer N such that for all n ⩾ N ,
πn MapsQcoh(X) (R ⊗ Vi , R ⊗ k) = 0 for all irreducible representations Vi , where k is the trivial
representation. Then by adjunction it follows that R ∈ Qcoh(BG) is bounded (with respect to
the canonical t-structure). In particular, its underlying k-module is bounded.
By Remark 3.4.4, the conditions of Conjecture 3.3.6 are satisfied for Qcoh(X). In this case,
the conjecture is verified by Corollary 2.4.4. That is, we have:
Example 3.4.5. Conjecture 3.3.6 holds for C under the following additional assumption:
(∗)

There is a symmetric monoidal weight-exact equivalence of stable ∞-categories
C ≃ Qcoh([Spec(R)/G]),
where G is a linearly reductive group scheme of finite type over a field k, and R is a
noetherian E∞ -k-algebra with G-action such that π0 (R) is a finite type k-algebra.

Remark 3.4.6. In characteristic zero, the Tannakian formalism of Iwanari [11, Thm. 4.1,
Prop. 4.9] gives an intrinsic characterization of C satisfying the condition (∗). Namely, it is
equivalent to the following two conditions:
(i)

Hw is additively generated by a wedge-finite1 object C of dimension d and its dual C ∨ .

(ii)

The E∞ -ring spectrum

A = ⊕ Hw(Sλ C, 1) ⊗k Sλ K
λ∈Zd
⋆

is noetherian and π0 (A) is of finite type over k. Here Zd⋆ is the set of d-tuples (λ1 , ⋯, λd ) ∈ Zd
such that λ1 ⩾ ⋯ ⩾ λd , Sλ is the Schur functor corresponding to λ, and K is the regular
representation of GLd .
3.5. Gluing weight structures. As we have seen in Sect. 2.3 there exist bounded regular
E1 -rings that are not discrete, given by triangular matrix rings. This can be viewed as a certain
statement about gluing of t-structures. Here we prove a general version of the statement.
Recall the following definition from [7]:
Definition 3.5.1. A split short exact sequence (or semi-orthogonal decomposition) of stable
∞-categories is a diagram
C

iC
LC

E

LD
iD

D

satisfying the following conditions:
(i)

The functors iC and iD are fully faithful.

(ii)

The functor LC is right adjoint to iC , and iD is right adjoint to LD .

(iii)

The essential image of iD is the right orthogonal to the essential image of iC .

Lemma 3.5.2. Given a split short exact sequence of stable ∞-categories as above, the unit and
counit maps of the adjunctions form an exact triangle
iC LC (X) → X → iD LD (X).
1Recall that C is wedge-finite of dimension d ⩾ 0 if Λd+1 (C) = 0 and Λd (C) is ⊗-invertible. Any wedge-finite
object C is dualizable, and we write C ∨ for its dual. See [11, Def. 1.1, Rem. 1.4].
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Proof. Condition (iii) of the definition implies that the fiber of the map X → iD LD has the form
iC Y for some Y . Now Y ≃ LC iC Y → LC X is an equivalence.

The main result of this section is as follows:
Theorem 3.5.3. Suppose given a split short exact sequence of stable ∞-categories:
C

iC
LC

E

LD
iD

D.

Assume that C and D admit weight structures such that π0 E(iD X, iC Y ) = 0 for any X ∈ Dw⩽0
and Y ∈ ΣCw⩾0 . Then there exists a unique weight structure on E such that all the functors in the
diagram are weight-exact. Moreover, if iD has a right adjoint RD and the weight structures on C
and D admit adjacent t-structures, then so does the weight structure on E.
The first part of the statement is related to [8, 8.2]. Note, however, it’s not directly applicable
here since the gluing there requires two extra functors and does not require the extra orthogonality
condition.
3.6. Proof of Theorem 3.5.3.
3.6.1. Weight structure. We set Ew⩾0 and Ew⩽0 to be the extension-closures of the unions iC Cw⩾0 ∪
iD Dw⩾0 and iC Cw⩽0 ∪ iD Dw⩽0 , respectively. These classes are semi-invariant with respect to
translations, and the orthogonality axiom follows from fully faithfulness of iC and iD and from
the extra condition in the statement. It suffices to construct a weight decomposition for an object
X ∈ E.
By Lemma 3.5.2 we have an exact triangle iC LC X → X → iD LD . Take any weight decompositions of LC X and LD X. Since there are no non-zero maps ΩiC w⩽0 LD X → iC w⩾1 LC X we obtain
a homotopy commutative square
iC w⩽0 LD ΩX

iC w⩽0 LC X

iC LD ΩX

iC Y

Using Lemma 1.1.11 of [6] we get a commutative diagram
iC w⩽0 LC X

X′

iD w⩽0 LD X

iC Y

X

iD LD X

iC w⩾1 LC X

X ′′

iD w⩾1 LD X

in the homotopy category of E, whose rows and columns come from exact triangles. In particular,
X ′ ∈ Ew⩽0 and X ′′ ∈ ΣEw⩾0 , so the exact triangle X ′ → X → X ′′ is a weight decomposition.
3.6.2. Adjacent t-structure. We now assume that the weight structures on C and D admit adjacent
t-structures, and that iD admits a right adjoint RD . In this case we will show that the weight
structure on E constructed above also admits an adjacent t-structure.
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It suffices to construct maps τ ∶ τ⩾0 X → X for all X where τ⩾0 X ∈ Ew⩾0 and π0 E(Y, Cofib(τ )) = 0
for any Y ∈ Ew⩾0 . First consider the case X = iD Y . Then the map iD τ ∶ iD τ⩾0 Y → iD Y satisfies
the conditions. Indeed,
π0 E(iD Z, Cofib(iD τ )) = π0 E(iD Z, iD Cofib(τ )) = π0 D(Z, Cofib(τ )) = 0
for any Z ∈ Dw⩾0 and
π0 E(iC Z, Cofib(iD τ )) = π0 E(iC Z, iD Cofib(τ )) = π0 C(Z, LC iD Cofib(τ )) = 0
for any Z ∈ C. So, π0 E(Z, Cofib(iD τ )) = 0 for any Z from the extension-closure of iC Cw⩾0 ∪iD Dw⩾0 .
Next consider the case X = iC Y . The cofiber Y ′ of the map iC τ ∶ iC τ⩾0 Y → iC Y satisfies
π0 E(iC Z, Y ′ ) = π0 C(Z, Cofib(τ )) = 0.

for any Z ∈ Cw⩾0 . This orthogonality property is also satisfied by the cofiber Y ′′ of the map
iD τ⩾0 RD Y ′ → iD RD Y ′ → Y ′ since
π0 E(iC Z, iD τ⩾0 RD Y ′ ) = π0 E(Z, LC iD τ⩾0 RD Y ′ ) = 0

for any Z ∈ C. The map

π0 E(iD Z, iD τ⩾0 RD Y ′ ) ≃ π0 D(Z, iD τ⩾0 RD Y ′ ) → π0 D(Z, RD Y ′ ) ≃ π0 E(iD Z, Y ′ )

is an isomorphism for Z ∈ Dw⩾0 and an injection for Z ∈ ΩDw⩾0 by orthogonality properties of
the t-structure on D. Therefore from the long exact sequence associated to an exact triangle we
see that π0 E(iD Z, Y ′′ ) = 0 for any Z ∈ Dw⩾0 . The fiber F of the map X → Y ′′ is an extension of
iD τ⩾0 RD Y ′ = Cofib(Y ′ → Y ′′ ) by iC τ⩾0 Y = Cofib(X → Y ′ ), so it belongs to Ew⩾0 and the map
F → X satisfies the desired conditions.
p

Finally let X be arbitrary. By Lemma 3.5.2 there is an exact triangle ΩiD LD X → iC LC X →
X. The already constructed maps τ⩾0 ΩiD LD → ΩiD LD X and τ⩾0 iC LC X → iC LC X fit into a
homotopy commutative diagram
τ⩾0 ΩiD LD X

τ⩾0 p

τ⩾0 iC LC X

τD

τC
p

ΩiD LD X

iC LC X.

Applying Lemma 1.1.11 of [6] we get a homotopy commutative diagram
τ⩾0 ΩiD LD X

τ⩾0 p

τD

ΩiD LD X
τ⩽−1 ΩiD LD X

τ⩾0 iC LC X

P

τC
p

iC LC X

X

τ⩽−1 iC LC X

N

whose rows and columns are exact triangles. We note that P belongs to Ew⩾0 and π0 E(Y, N ) = 0 for
any Y ∈ Ew⩾1 . Moreover, τ⩽−1 ΩiD LD X = iD τ⩽−1 ΩLD X by construction of τD , so π0 E(Y, N ) = 0
for any Y ∈ iC Cw⩾0 . However, the group π0 E(iD Y, N ) might be non-zero for Y ∈ HwD . The issue
is fixed using the following.
Claim. There exists an object I ∈ HtD and a map τ0 ∶ iD I → N such that the map π0 E(iD Y, τ0 )
is an isomorphism for any Y ∈ HwD .
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Indeed, assume the claim is proven. Then it implies the vanishing of π0 E(iD Y, Cofib(τ0 )) for
any Y ∈ Dw⩾0 . Moreover, π0 E(iC Y, Cofib(τ0 )) is just isomorphic to π0 E(iC Y, N ) for Y ∈ C, so
π0 (Y, Cofib(τ0 )) = 0 for any Y ∈ Ew⩾0 . The fiber τ⩾0 X of the map X → Cofib(τ0 ) belongs to Ew⩾0
as it is an extension of iD I by P . So τ⩾0 X → X gives us the desired map. It suffices to prove the
claim.
From the bottom and the middle exact triangles in the diagram above we see that for Y ∈ HwD
u

π0 E(iD Y, N ) ≃ im(π0 E(iD Y, X) → π0 E(iD Y, Στ⩽−1 ΩiD LD X))
and the isomorphism is induced by the map N → Στ⩽−1 ΩiD LD X.
Since iD is fully faithful, the composition of the unit and the counit iD RD X → X → iD LD X
defines a map γ∶ RD X → LD X. We define I to be the image in the abelian category HtD of the
map π0 γ∶ π0 RD X → π0 LD X. There is an obvious map f from iD I to Στ⩽−1 ΩiD LD X = iD τ⩽0 LD X.
The following commutative diagram shows that f maps π0 E(iD Y, iD I) isomorphically to the
subset of π0 E(iD Y, iD τ⩽0 LD X) isomorphic to π0 E(iD Y, N ).

π0 E(iD Y, iD π0 RD X)

π0 E(iD Y, iD I)

π0 E(iD Y, iD π0 LD X)
f

(1)

π0 E(iD Y, iD τ⩽0 RD X)

π0 E(iD Y, iD τ⩽0 LD X)

(3)

π0 E(iD Y, iD RD X)

(2)

=

u
(4)

π0 E(iD Y, X)

π0 E(iD Y, iD τ⩽0 LD X)

Indeed, considering the long exact sequences the maps (1) and (2) fit into, we see that they are
isomorphisms by the orthogonality axiom for weight structures. The map (3) is a surjection for
the same reason. The map (4) becomes the map π0 D(Y, RD iD RD X) → π0 D(Y, RD X) under the
adjunction isomorphism for iD and RD . The latter map is an isomorphism because idD → RD iD
is an equivalence. Therefore we see that the images of π0 E(iD Y, iD I) and of π0 E(iD Y, X) in
π0 E(iD Y, iD τ⩽0 LD X) coincide and the former maps injectively onto the image.
Now it suffices to construct a map iD I → N that makes the triangle

iD τ⩽0 LD X

N
f

iD I

commute. Since N is a fiber of the map iD τ⩽0 LD X → Στ⩽−1 iC LC X, it suffices to prove that
the composite map iD I → Στ⩽−1 iC LC X is null-homotopic. We will show that the element f in
the upper left corner of the following commutative diagram becomes trivial after applying the
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horizontal map.
π0 E(iD I, iD τ⩽0 LD X)

π0 E(iD I, Στ⩽−1 iC LC X)

(1)

(2)

π0 E(iD π0 RD X, iD τ⩽0 LD X)

π0 E(iD π0 RD X, Στ⩽−1 iC LC X)

(3)

π0 E(iD τ⩽0 RD X, iD τ⩽0 LD X)

π0 E(iD τ⩽0 RD X, Στ⩽−1 iC LC X)

(4)

(5)

π0 E(iD RD X, iD τ⩽0 LD X)

π0 E(iD RD X, Στ⩽−1 iC LC X)

The long exact sequence associated to the exact triangle
iD K → iD π0 RD X → iD I
where K denotes the kernel of the surjection π0 RD X → I in the abelian category HtD , together
with the vanishing property in the definition of τC and τD , yields injectivity of the maps (1) and
(2). So it suffices to show that the image of f in π0 E(iD π0 RD X, iD τ⩽0 LD X) is mapped to zero
via the horizontal map. By definition of f the image lifts via (3) to a map f˜ = iD τ⩽0 (γ). The
long exact sequence associated with the exact triangle
iD τ⩾1 RD X → iD RD X → iD τ⩽0 RD X
together with the vanishing property in the definition of τC and τD implies that the maps (4)
and (5) are isomorphisms. So it suffices to show that the image of f˜ via (4) is mapped to zero via
the horizontal map. The image of f˜ is the composite iD RD X → iD τ⩽0 RD X → iD τ⩽0 LD X. This
factorizes as iD RD X → iD LD X → iD τ⩽0 LD X. Therefore, the result follows from the fact that
the composite of the two maps in an exact triangle is null-homotopic.
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