THE CDH-LOCAL MOTIVIC HOMOTOPY CATEGORY
(AFTER CISINSKI)
ADEEL A. KHAN

In this brief expository note, we construct a cdh-local motivic homotopy
category SHcdh (S) over an arbitrary base scheme S, and show that there is
a canonical equivalence SHcdh (S) ≃ SH(S). This result is well-known to the
experts (we learned it from D.-C. Cisinski) and this note serves to provide a
written account of the proof.
1. Sm-fibred and Sch-fibred motivic spectra
Let F ∈ SH(S) be a motivic spectrum over a scheme S. Recall that F
defines a cohomology theory on smooth S-schemes by the formula
Γ(X, F) = MapsSH(S) (Σ∞
T (X+ ), F).
∗
In terms of the six operations, we can write Σ∞
T (X+ ) ≃ f♯ f (1S ), where
f ∶ X → S is the structural morphism and 1S ∈ SH(S) is the monoidal unit,
and thus by adjunction

Γ(X, F) ≃ MapsSH(S) (1S , f∗ f ∗ (F)).
Note that the right-hand side makes sense even when X is not smooth. Thus
the cohomology theory X ↦ Γ(X, F) naturally extends to arbitrary S-schemes.
The language of “Sch-fibred motivic spectra” gives a more concrete way to
describe this extension that doesn’t use the six operations (see Proposition 5).
1.1. Let S be a qcqs scheme1. A Sch-fibred space over S is a presheaf of spaces
on the category Sch/S of S-schemes of finite presentation. We say that a Schfibred space F is A1 -invariant if the canonical map Γ(X, F) → Γ(X × A1 , F)
is invertible for every X ∈ Sch/S . It is Nisnevich-local if it satisfies Čech
descent with respect to the topology generated by Nisnevich squares in
Sch/S . By a theorem of Voevodsky [AHW, Thm. 3.2.5], a Sch-fibred space is
Nisnevich-local iff it is reduced, i.e., Γ(∅, F) is contractible, and if it sends
every Nisnevich square Q to a cartesian square of spaces Γ(Q, F).
1.2. A Sm-fibred space over S is a presheaf of spaces on the category Sm/S
of smooth S-schemes of finite presentation. We say a Sm-fibred space F is
A1 -local if the canonical map Γ(X, F) → Γ(X × A1 , F) is invertible for every
X ∈ Sm/S . It is Nisnevich-local if it satisfies Čech descent with respect to the
topology generated by Nisnevich squares in Sm/S .
Date: 2019-10-08.
1One can replace “scheme” by “algebraic space” throughout the note.
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1.3. Let H(S) denote the ∞-category of A1 -local Nisnevich-local Sch-fibred
spaces over S. This is the left Bousfield localization of the ∞-category
of Sch-fibred spaces at the class of (A1 , Nis)-local equivalences. By [HTT,
Prop. 5.5.4.15(4)] the latter class is the strongly saturated closure of the class
of A1 -projections and Čech nerves of Nisnevich coverings. We denote the
localization functor by LA1 ,Nis , or sometimes simply L when there is no risk
of confusion. Similarly for the ∞-category H(S) of A1 -local Nisnevich-local
Sm-fibred spaces over S.
1.4. Denote by ι ∶ Sm/S ↪ Sch/S the inclusion functor. Restriction of
presheaves along ι, which we denote F ↦ ι∗ (F), admits a fully faithful
left adjoint F ↦ ι! (F) given by left Kan extension. The latter commutes
with colimits and satisfies ι! hS (X) = hS (X) for every X ∈ Sm/S , where hS (−)
denotes the Yoneda embedding.
Lemma 1. Both functors ι∗ and ι! preserve Nisnevich-local and A1 -local
equivalences.
Proof. Since ι preserves A1 -projections, it follows that ι! preserves A1 -local
equivalences. Since it is continuous with respect to the Nisnevich topology
(i.e., preserves Nisnevich coverings), it follows also that ι! preserves Nisnevichlocal equivalences.
Note that ι is also cocontinuous with respect to the Nisnevich topology,
in the sense of [SGA4, Exp. III]: that is, any Nisnevich square in Sch/S over
a smooth scheme X ∈ Sm/S actually lies in Sm/S . This implies by [SGA4,
Exp. III, Prop. 2.2] that ι∗ also preserves Nisnevich-local equivalences. The
proof that ι∗ preserves A1 -local equivalences is similar, but let’s spell it out.
It suffices to show that, for any X ∈ Sch/S , the canonical morphism
ι∗ hS (X × A1 ) → ι∗ hS (X)
is an A1 -local equivalence of Sm-fibred spaces. By universality of colimits
it suffices to show that, for any Y ∈ Sm/S and any morphism ϕ ∶ hS (Y) →
ι∗ hS (X) (corresponding to a morphism Y → X in Sch/S ), the base change
ι∗ hS (X × A1 )

×
ι∗ hS (X)

hS (Y) → hS (Y)

is an A1 -local equivalence. Since the morphism ϕ factors as hS (Y) →
ι∗ hS (Y) → ι∗ hS (X), the morphism in question is a base change of the
morphism
ι∗ hS (X × A1 ) × ι∗ hS (Y) → ι∗ hS (Y),
ι∗ hS (X)

which itself is identified with the canonical morphism hS (Y × A1 ) → hS (Y),
because ι∗ and hS commute with limits and because ι∗ ι! = id. But this is an
A1 -local equivalence.

Proposition 2. The functor F ↦ LA1 ,Nis ι! (F) defines a fully faithful embedding H(S) ↪ H(S). Its essential image is generated under small colimits
by (A1 , Nis)-localizations of representables hS (X), for X ∈ Sm/S .
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Proof. The fact that ι∗ preserves (A1 , Nis)-equivalences implies that its
right adjoint ι∗ (right Kan extension) preserves A1 -invariant Nisnevich-local
spaces, and restricts to a functor ι∗ ∶ H(S) → H(S). Similarly, the fact that
ι! preserves (A1 , Nis)-equivalences implies that its right adjoint ι∗ restricts
to a functor ι∗ ∶ H(S) → H(S), right adjoint to Lι! . Now ι∗ ∶ H(S) → H(S)
is a functor whose right adjoint is fully faithful, so by abstract nonsense its
left adjoint Lι! is also fully faithful.

1.5. We now consider the stable versions of our categories. Let T denote
the Thom space A1S /(A1S ∖ S) of the trivial line bundle over S. We let SH(S),
denote the ∞-category of T-spectra in the symmetric monoidal ∞-category
H(S)● ; we refer to these simply as Sch-fibred motivic spectra. By construction,
SH(S) is generated under small colimits by objects of the form ΩnT Σ∞
T (X+ ),
for X ∈ Sch/S and n ⩾ 0.
Note that SH(S) can alternatively be realized as the left Bousfield localization of the ∞-category of T-spectra in pointed Sch-fibred spaces. For
example, a T-spectrum F of pointed Sch-fibred spaces is A1 -invariant or
Nisnevich-local iff for every integer n ⩾ 0, the pointed Sch-fibred space
n
Ω∞
T ΣT (F) has the respective property.
Similarly, we have the ∞-category SH(S) of Sm-fibred motivic spectra,
i.e., T-spectra in the symmetric monoidal ∞-category H(S)● . It is generated
under small colimits by objects of the form ΩnT Σ∞
T (X+ ), for X ∈ Sm/S and
n ⩾ 0.
1.6. Just like in the unstable case (Proposition 2), SH(S) can be described
as a full subcategory of SH(S). Since ι∗ ∶ H(S) → H(S) commutes with ΩT ,
it admits a unique extension ι∗ ∶ SH(S) → SH(S) that commutes with Ω∞
T.
Its fully faithful right adjoint ι∗ ∶ H(S) → H(S) similarly extends uniquely to
a fully faithful functor ι∗ ∶ SH(S) → SH(S) that commutes with Ω∞
T . The
left adjoint Lι! also extends uniquely to a functor
(3)
that commutes with

Lι! ∶ SH(S) → SH(S)
Σ∞
T.

Proposition 4. The functor (3) is fully faithful, with essential image generated under small colimits by objects of the form ΩnT Σ∞
T (X+ ), for X ∈ Sm/S
and n ⩾ 0.
Proof. Same trick as before: fully faithfulness of Lι! is equivalent to fully
faithfulness of ι∗ .

1.7. Before arriving at the main point of this section, we also need to discuss
the functoriality of Sch-fibred motivic spectra. For a morphism f ∶ T → S,
there is a base change functor Sch/S → Sch/T which restricts to Sm/S → Sm/T .
If f is of finite presentation, there is a left adjoint Sch/T → Sch/S , the forgetful
functor (X → T) ↦ (X → T → S), which does not restrict to Sm/S → Sm/T
unless f is smooth. All these functors preserve both A1 -local and Nisnevichlocal equivalences, and commute with the inclusions ι ∶ Sm/? → Sch/? , so we
get the following operations on the unstable categories H(−):
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(a) For every morphism f ∶ T → S, there are direct image functors f∗ ∶ H(T) →
H(S) and f∗ ∶ H(T) → H(S), given by restriction of presheaves along the base
change functors Sch/S → Sch/T and Sm/S → Sm/T , respectively. Moreover,
we have ι∗ f∗ = f∗ ι∗ .
(b) For every morphism f ∶ T → S, there are inverse image functors f ∗ ∶ H(S) →
H(T) and f ∗ ∶ H(S) → H(T), left adjoint to f∗ . They are given by (A1 , Nis)localizing the left Kan extensions along the respective base change functors.
Moreover, we have Lι! ○ f ∗ = f ∗ ○ Lι! .
(c) If f is of finite presentation (resp. smooth), then f ∗ admits a left adjoint
f♯ ∶ H(T) → H(S) (resp. f♯ ∶ H(T) → H(S)), given by (A1 , Nis)-localizing
the left Kan extension along the forgetful functor. In fact, in this case f ∗
coincides with restriction along the forgetful functor Sch/T → Sch/S (resp.
Sm/T → Sm/S ). Moreover, we have ι∗ f ∗ = f ∗ ι∗ and Lι! ○ f♯ = f♯ ○ Lι! in this
case.
1.8.

Finally, we have:

Proposition 5. Let F ∈ SH(S) be a Sm-fibred motivic spectrum over S.
Then there is a canonical isomorphism
Γ(X, Lι! (F)) ≃ MapsSH(S) (1S , f∗ f ∗ (F))
for every morphism f ∶ X → S of finite presentation.
Proof. By Proposition 4 and the various compatibilities listed above, we have
canonical isomorphisms
MapsSH(S) (1S , f∗ f ∗ (F)) ≃ MapsSH(X) (1X , f ∗ (F))
≃ MapsSH(X) (1X , Lι! f ∗ (F))
≃ MapsSH(X) (1X , f ∗ Lι! (F))
≃ MapsSH(X) (f♯ (1X ), Lι! (F))
≃ MapsSH(S) (Σ∞
T (X+ ), Lι! (F))
≃ Γ(X, Lι! (F))
as claimed.


2. Cisinski’s theorem

2.1.

Recall the following theorem [Ci, Prop. 3.7]:

Theorem 6 (Cisinski). Let F ∈ SH(S) be a Sm-fibred motivic spectrum over
S. Then for every abstract blow-up square of schemes
Z′

k
r

q

Z

S′

i

p

S,
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the induced square in SH(S)
F

i∗ i∗ (F)

p∗ p∗ (F)

r∗ r∗ (F)

is cartesian.
The theorem is stated in [Ci] for noetherian schemes of finite dimension,
but the proof only uses the formalism of the six operations (namely, the
proper base change and localization theorems), which have been extended to
arbitrary bases by Hoyois [Ho, App. C].
2.2. Let F ∈ SH(S) be a Sm-fibred motivic spectrum. Let X ∈ Sch/S with
structural morphism f ∶ X → S, and suppose we have an abstract blow-up
square
Z′
q

k

X′
r

p

i
Z
X.
It follows from Theorem 6 that we have an induced cartesian square

f∗ f ∗ (F)

f∗ i∗ i∗ f ∗ (F)

f∗ p∗ p∗ f∗ (F)

f∗ r∗ r∗ f∗ (F)

in SH(S). Applying the left-exact functor MapsSH(S) (1S , −) and using the
identifications of Proposition 5, we get a cartesian square
Γ(X, Lι! (F))

Γ(Z, Lι! (F))

Γ(X′ , Lι! (F))

Γ(Z′ , Lι! (F)).

Since F was arbitrary, we have just shown:
Corollary 7. For every Sm-fibred motivic spectrum F ∈ SH(S), the Schfibred spaces
n
∞ n
Ω∞
T Lι! ΣT (F) ≃ ΩT ΣT Lι! (F)
send abstract blow-up squares to cartesian squares, for all n ⩾ 0.
3. Cdh-local motivic spectra
3.1. A Sch-fibred motivic spectrum is cdh-local if it is Nisnevich-local and
moreover satisfies Čech descent with respect to the topology generated
by abstract blow-up squares in Sch/S . Like for the Nisnevich topology,
Voevodsky’s theorem [AHW, Thm. 3.2.5] implies that it is equivalent to
require that every abstract blow-up square Q is sent to a cartesian square of
spaces Γ(Q, F).
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We write Hcdh (S) for the ∞-category of A1 -local cdh-local Sch-fibred
spaces, by definition a full subcategory of H(S). We write SHcdh (S) for
the ∞-category of A1 -local cdh-local Sch-fibred spectra, by definition a
full subcategory of SH(S). That is, its objects are T-spectra of pointed
Sch-fibred spaces that are A1 -invariant and cdh-local.
3.2. Consider the restriction of the cdh topology to Sm/S . Since cdh coverings of a smooth scheme are not necessarily smooth themselves, the inclusion
ι ∶ Sm/S ↪ Sch/S will fail to be cocontinuous for the cdh topology. In particular, the analogue of Proposition 4 for cdh-local spaces does not hold.
Instead, we can define SHcdh (S) differently so that Proposition 4 holds
tautologically. Namely, simply take SHcdh (S) to be the full subcategory of
SHcdh (S) generated under small colimits by objects of the form ΩnT Σ∞
T (X+ ),
for X ∈ Sm/S and n ⩾ 0.
3.3.

Consider the canonical functor

(8)

LA1 ,cdh ι! ∶ SH(S) → SHcdh (S).

We now state the main result, a reformulation of Theorem 6:
Theorem 9 (Cisinski). For every qcqs scheme S, the canonical functor (8)
is fully faithful, and induces an equivalence
SH(S) → SHcdh (S).
Proof. Corollary 7 says that, for every F ∈ SH(S), the Sch-fibred motivic
spectrum LA1 ,Nis ι! (F) is cdh-local. In other words, we have LA1 ,Nis ι! (F) ≃
LA1 ,cdh ι! (F) for all F. Thus the fully faithfulness of (8) follows from Proposition 4. Its essential image is exactly SHcdh (S) by construction.

References
[AHW]
[Ci]
[Ho]
[HTT]
[SGA4]

A. Asok, M. Hoyois, M. Wendt, Affine representability results in A1 -homotopy
theory, I: vector bundles. Duke Math. J. 166 (2017), no. 10, 1923–1953.
D.-C. Cisinski, Descente par éclatements en K-théorie invariante par homotopie.
Ann. of Math. (2) 177 (2013), no. 2, 425–448.
M. Hoyois, A quadratic refinement of the Grothendieck-Lefschetz-Verdier trace
formula. Algebr. Geom. Topol. 14 (2014), no. 6, 3603–3658.
J. Lurie, Higher topos theory.
M. Artin, A. Grothendieck, J.-L. Verdier, Théorie des topos et cohomologie étale
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