SHEAVES AND LOCAL SYSTEMS

1. SHEAVES AND LOCALLY CONSTANT SHEAVES

Let 7" be a presentable oco-category. Our main examples will be the category
Set of sets, the oo-category H of homotopy types, and the oo-category D(A)
of complexes of modules over a commutative ring A. We first recall sheaves
on topological spaces, following [Kha, §§2.2-2.3|.

1.1. Sheaves on topological spaces.

Definition 1.1.1. Let X be a topological space. Let Op(X) denote the set
of open subsets U ¢ X, ordered by inclusion. A presheaf on X with values in
7 is a presheaf on Op(X) with values in 7. We denote by

PShv(X;7") := Fun(Op(X)°?, 7")
the oo-category of 7"-valued presheaves on X. For 7" = D(A), we also write
PShv(X;A) :=PShv(X;D(A)).

Definition 1.1.2. Let # be a 7"-valued presheaf on X. We say that & is
a sheaf if for every open U ¢ X and every collection of opens {V,}, with
U = Uq Va, the canonical map

DU, %) - Tot(I'(Ve, F))
is invertible. Here V, is the Cech nerve of the cover, with
LV, F) := H F(Vayn-onVy, , F).

The notation Tot(C*) := Liil[n]eA C™ indicates the totalization of a cosimpli-
cial object C*.
Notation 1.1.3. We denote by Shv(X;7") ¢ PShv(X;7") the full sub-

category spanned by 7 -valued sheaves. For 7" = D(A) we also write
Shv(X;A) := Shv(X;D(A)).

Definition 1.1.4. Let X € Schc. Recall that its analytification X*" is X (C)
with the analytic topology, a locally compact, second countable Hausdorff
space with a basis of contractible opens. We define

Shv(X;7) := Shv(X*"; 7).
In particular, Shv(X;A) := Shv(X®"; A). These are also called Betti sheaves.

Date: Lecture 1 prenotes, 2026-10-01.

These prenotes were compiled from the cited literature by an Al assistant. While they
were substantially revised by the organizers, we recommend reading with caution and do
not take full responsibility for their contents.
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Construction 1.1.5. If f:Y — X is a continuous map, denote by

f5:Shv(X;7) - Shv(Y;7)
the *-pullback functor, obtained by sheafifying the presheaf

U~ lim I'(W, %),
—_
Waf(U)

where W runs through the open neighbourhoods of f(U), ordered by reverse
inclusion. For the inclusion x : pt > X of a point, the stalk of F at x is

Fp =2 (F) = IimI'(U, F).

Usx

1.2. Locally constant sheaves.

Definition/Theorem 1.2.1. The inclusion ¢ : Shv(X;7") = PShv(X;7")
admits a left adjoint
L:PShv(X;7") - Shv(X;7"),
called the sheafification functor. For K € 7, the constant sheaf on X with
value K 1is the sheafification of the constant presheaf,
KX = L(Kcst)-

Definition 1.2.2.

(i) A sheaf & e Shv(X;7") is called constant if there exists an object
K € 7" and an isomorphism # ~ K y in Shv(X; 7).

(ii) A sheaf F e Shv(X;7") is locally constant if there exists an open cover
X =Uq U, such that each F|y, € Shv(U,;7") is constant.

Remark 1.2.3. Locally constant sheaves are also called local systems.

Definition 1.2.4. We say & € Shv(X;A) is a constant sheaf of finite type
if it is isomorphic to Ky for some perfect complex K € D(A). Similarly, &
is a locally constant sheaf of finite type if there is an open cover X =, Uy
such that each F|y, is constant of finite type.

Notation 1.2.5. We denote by Loc(X;7") ¢ Shv(X;7") the full subcategory
of locally constant sheaves. We write Loc(X;A) := Loc(X;D(A)). We denote
by Locg (X;A) € Loc(X; A) the full subcategory of locally constant sheaves
of finite type.

2. MONODROMY REPRESENTATIONS

From now on we adopt the standing conventions that topological spaces are
locally compact Hausdorff, second countable, of finite covering dimension!,
and have a basis of contractible opens. For example, this includes manifolds

and analytifications of separated finite type C-schemes.

IFinite covering dimension guarantees that the co-topos Shv(X;H) is hypercomplete
(see [HTT, Thm. 7.2.3.6, Cor. 7.2.1.12]).
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2.1. The fundamental groupoid. Tautologically, any topological space
X has an underlying homotopy type in H. One can regard this as a higher
version of the fundamental groupoid IT; (X'), whence the following notation.

Construction 2.1.1. Let X be a topological space. The fundamental oo-
groupoid Tl (X) € H is defined as follows.

e Objects are points x € X.

e l-morphisms x — y are paths v : [0,1] > X from 7(0) =z to v(1) = .

e 2-morphisms y; - 72 are endpoint-preserving homotopies, i.e., mor-
phisms h : [0,1] x [0,1] — X satisfying the appropriate boundary
conditions.

e n-morphisms are morphisms [0,1]*" — X satisfying appropriate
boundary conditions.

e Composition of morphisms is defined by concatenation of paths.

e Inverses are defined by reversing paths and (higher) homotopies.

Notation 2.1.2. We write
I (X) :==hIl(X), 71 (X, x) = Autyy, (x) (7).
Proposition 2.1.3. The homotopy type o (X) is uniquely determined by
canonical isomorphisms
Mapsg (e (X), H) = I'(X, H),

natural in H ¢ H.

Proof. See |[HPT, Prop. 2.5] (with S = pt). Uniqueness follows from the
Yoneda lemma. (Cf. [HA, Ex. A.4.18].) O

2.2. Monodromy representations.

Theorem 2.2.1. Suppose that X is contractible, and denote by a: X — pt
the projection. Then the functor

a*: 7 ~Shv(pt; 7)) > Shv(X;7")

is fully faithful, with essential image Loc(X;7"). In particular, every locally
constant sheaf on X is constant.

Proof. See [HPT, Cor. 2.16] (cf. [HA, Prop. A.2.1, Lem. A.2.2|). O

Construction 2.2.2. Let # be a locally constant sheaf on X. Let v:[0,1] »
X be a path from a point 2 =(0) to y =y(1). Consider the *-pullback

v (F) € Shv([0,1]; 7).

Since the interval [0, 1] is contractible, Theorem 2.2.1 implies that v* (%) ~
K17, where K = I'([0,1],7"(#)) € 7". Denote by ig, i1 : pt - [0,1] the
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inclusions of the endpoints 0 and 1, respectively, and consider the diagram:
eN(F) == i7" (F) =— ig(K) —= K
|
= |
\
v (F) iy (F) ii(K) =—= K,
where the right-hand vertical identification is the identity map, and we write

x,y : pt > X for the inclusions of the respective points. We find that there
exists an essentially unique isomorphism in 7"

p7(7): 2 (F) > y" (F)

making the diagram above commute. We call pg(v) the parallel transport
associated with the path ~.

Remark 2.2.3. Suppose given an endpoint-preserving homotopy h: [0,1] x
[0,1] = X between two paths v; and 2 from = to y. Then, using the
contractibility of [0,1] x[0,1] one can imitate Construction 2.2.2 to construct
an invertible 2-morphism pg(h) between pg(71) and pg(y2). We may
visualize h and pg(h) as homotopies witnessing the commutativity of the
squares

p(71)

ptey () L ()
| . |
T () (),

respectively.

Construction 2.2.4. More generally, one can use the contractibility of
[0,1]*™ to construct the parallel transport pg(€) for all n-morphisms 6 of
[T (X). That is, one may construct a functor

pg o(X) > 7, (2.2.5)

naturally in &, which we call the monodromy representation of the locally
constant sheaf & € Loc(X; 7).

The following theorem asserts that locally constant sheaves are completely
determined by their monodromy representations.

Theorem 2.2.6. The functor
Loc(X;7") » Fun(Ile (X)), 7), F > pg,
is an equivalence of co-categories. For 7" = D(A), it restricts to an equivalence
Locg (X;A) ~ Fun(Ile (X), Perf(A)).
Moreover, these equivalences are natural in X.
Proof. See [HPT, Cor. 3.7, Obss. 3.9 and 3.11| (cf. [HA, Thm. A.4.19]). We

briefly sketch the inverse construction. Given a functor p: e (X) = 77, we
define a presheaf %, whose sections over an open U ¢ X are given by

D(U, %,) = lim (Moo (U) - Meo (X) 5 7).
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One checks that it is a sheaf, that it is locally constant, and that p — %, is
inverse to F — pg. O

Example 2.2.7. Take the space X = C*. Since C* is connected, with
m(C*,1) ~ Z and m;(C*,1) ~ 0 for i > 2, we may identify ITo,(C*) with
the groupoid BZ. Thus any functor p : Il (C*) - 7" is determined by
its image on the positive generator v(t) := exp(2mit) of m1(C*,1); that is,
p amounts to the object V := p(1) of 7" together with the automorphism
T:=p(y):V S V. By Theorem 2.2.6, a locally constant sheaf % on C* thus
amounts to the pair

(Vz, Tg), Vg =F1, Tz:=pz(y): Vg > Vg,

where & is the stalk at 1 € C* and T is parallel transport along . We call
Tg the monodromy operator of F around 0.

We now specialize to 7" = D(A) and fix a perfect complex K € Perf(A).

Notation 2.2.8. Denote by Perf(A)* the maximal co-groupoid in Perf(A),
obtained by discarding all non-invertible morphisms. The connected compo-
nent containing K can be identified with

BAut(K) c Perf(A)”,
where Aut(K) := Autp (K) € Mapspp) (K, K) is the type of A-linear auto-
morphisms, and B Aut(K) is its classifying type, consisting of a single object
K whose automorphism type is Aut(K).

Proposition 2.2.9. Let Lockg(X;A) ¢ Locg(X;A) denote the full sub-
category spanned by sheaves locally isomorphic to K. The monodromy
equivalence induces an equivalence of oco-groupoids

Lock (X;A)" ~ Fun(Ile (X ), BAut(K)).

Proof. Every functor ITo,(X) — Perf(A) sends all morphisms to isomor-
phisms, so factors through Perf(A)®. It factors through the component
B Aut(K) if and only if it takes every object to an object isomorphic to K.
Under monodromy, this says exactly that every stalk of the corresponding
locally constant sheaf is isomorphic to K. This is equivalent to being locally
isomorphic to K . U

3. RANK ONE LOCAL SYSTEMS

Using the monodromy equivalence, we have the following recipe to cook up
rank one local systems on a space.

Construction 3.0.1. Let X be a space.
(i) Let G be a (discrete) group. Recall that the type BG is the classifying

groupoid for G-torsors: any G-torsor f :Y — X determines a map
¢t o (X) - BG in H (see e.g. [Kha2, Ex. 4.5.6]). By Theorem 2.2.6,
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we obtain a discrete local system &y on X, with stalks isomorphic to
the set GG, and monodromy representation

ps; oo (X) 9, BG > Set®,

where Set® := Fun(BG®P, Set) is the category of G-sets (i.e., sets with
right G-action)?. Since the G-torsor f:Y — X is tautologically trivial-
ized by base change along f, the composite

f cs
Ie(Y) = e (X) — BG
is homotopic to the constant functor factoring through * - BG (the

quotient map, classifying the trivial G-torsor). Thus f*& is the con-
stant sheaf on Y with value G.

(ii) Given any character® x : G — A* ~ Aut(A), we consider the composite

v Theo(X) L BG 25 B Aut(A) € Perf(A),

which sends a point z € X to A, and a loop v based at x to multiplication
by x(cf(v)) € A*. By Theorem 2.2.6, this corresponds to a locally
constant sheaf of finite type

&y € Locg (X5 A),

with stalks isomorphic to A and monodromy representation pg, = py.
Moreover, f*%, ~ Ay € Locg (Y5 A) is constant.

Remark 3.0.2. Concretely, & € Shv(X; Set?) is the sheaf of sections of the
G-torsor f: its sections over an open U € X are continuous maps s: U — Y
with fos=[U < X].

Similarly, &, € Shv(X;A) is the discrete sheaf of A-modules whose sections
over an open U ¢ X are locally constant functions ¢ : f~5(U) - A with

d(y-9)=x(9)" - o(y) forall ye f1(U) and g€ G.

Example 3.0.3. Let n > 1 be an integer, and p,, € C* the group of nth roots
of unity. The map
f:C*>C*, 20 2"

is a pp-torsor, with p, acting on the source by z-( := z. Indeed, ((z)" = 2",
SO un acts over the target; it acts freely and transitively on each fibre, since
two nth roots of w differ by a unique element of u,. For local triviality,
choose a branch of the logarithm on a small disk U ¢ C* and put s(w) :=
exp(log(w)/n). Then

Uxpn = f1U),  (w,0) = Cs(w),
is a pp-equivariant homeomorphism over U.

Proposition 3.0.4.

2The embedding is Yoneda. Explicitly, it sends * — G on objects, and g € G to the
multiplication map g-: G - G.

3By a character of G, we will always mean a group homomorphism G — A*, where A*
is the multiplicative group of units of A.
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Consider the local system of G-sets 8§ € Loc(C™; Set®) associated to
the pn-torsor f: C* - C*, 2+ 2". Then Sy has stalks isomorphic to

tn, and monodromy operator T : pu, — wn given by multiplication by
Gn = exp(2mifn). Moreover, f*Sy is the constant sheaf i, -

Let x : pup = AN* be a character, and consider the local system of A-
modules &£, € Locg(C™;A) associated with f. Then £ has stalks
isomorphic to A, and monodromy operator T : A - A given by multipli-
cation by x(¢n) € A*. Moreover, f*Z, is the constant sheaf Acx.

The assignment x = &, determines a bijection between characters of
tn and isomorphism classes of local systems & € Locy (C*; A) on C*
with monodromy operator satisfying T°™ = id.

Proof.

(i)

Let ps; : Ileo(C*) = Fun(Bpuy’, Set) be the monodromy representation.
Then Ty, = ps, (), where y(t) := exp(2mit) is the positive generator
of m(C*,1). By definition this is the composite of the bijections

-1
ps; (1) + 171 (1) == T([0,1],5°87) = £ (1),

Concretely, v* & is constant on [0, 1], and its global sections are the
lifts 4 : [0,1] - C* of v along f; ps,(7) sends ¢ € f71(1) to the
endpoint of the unique lift of v starting at . Since evy is bijective we
can label the lifts 4 by their starting point 7(0): for ¢ € f71(1) = pp,
the lift is 4¢(t) := (exp(2mit/n), and its endpoint is ( - (,, where
Cn = exp(2mifn). Thus T := ps, () is multiplication by (, on pi,. In
other words, the functor ¢y : BZ =~ I1(C*) - Bpu, is induced by
the group homomorphism Z ~ m1(C*,1) - u, sending the positive
generator v to (p € fin.

This follows from the previous claim by unwinding definitions.

By Proposition 2.2.9 (and Example 2.2.7), there is an equivalence
Loca(C*;A)® ~ Fun(BZ, BA™). In particular, an object £ is deter-
mined by the monodromy operator Ty € Aut(A) ~ A*, and isomor-
phisms & ~ &’ correspond to units u € A* with uTyu™! = Tyr. It
follows, since A is abelian, that isomorphism classes of & are in
bijection with elements of A*.

Since (,, generates fi,, every A € A* with A" = 1 is x((,) for a unique
x- Since Tz, = x(¢n) by (ii), x = Zy is a bijection onto the isomorphism
classes with T'g" = 1. Since f induces multiplication by n on 1, so that
Ty« =T, this is equivalently the condition that f*% is constant.

O

Example 3.0.5. Since C is contractible, Theorem 2.2.1 shows that every
locally constant sheaf on C is constant. In particular, for a nontrivial character
X, the local system Z, on C* does not extend to C: the restriction to C* of
a constant sheaf has monodromy operator 1" = id, whereas &, has T = x((p).
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Geometrically, this reflects the fact that the map
f:C-C, z- 2"

is not a py,-torsor: pu, fixes 0, so it does not act freely on the fibre over 0; one
says that f is ramified at 0. As we will see below, this is in contrast with the
affine line in characteristic p > 0 (Example 6.0.6).

4. ETALE SHEAVES

We now explain the analogues of these constructions for the étale topology.

We follow [Hoy, §§2-4| and [BGH, §13.2].

4.1. Sheaves. Let k be a field. We write Schy, for the category of separated
finite type k-schemes.

Definition 4.1.1. For X € Sch; we write X4 for the étale site of X: its
underlying category is the full subcategory of (Schy),x spanned by étale

k-morphisms U — X, and its Grothendieck topology is the étale topology,
generated by finite covering families (U, — U), in Xg such that [[, U, = X
is surjective.

Definition 4.1.2. Let & : X;” - 7 be a presheaf. We say that # is an
étale sheaf if, for every finite covering family {U, — U}, in Xgt, the canonical
map

rU,%) — Tot( [[ T(Uaxv-xv Ua.,?))
aQ,...,0le

is invertible.

Notation 4.1.3. For a presentable co-category 7, we write Shv(Xg;7") for
the oo-category of 7'-valued sheaves on Xg. For a commutative ring A, we
write
Shv(Xe; A) == Shv(Xeg; D(A)).
As in the Betti case, the inclusion admits a left adjoint
L : PShv(Xg; 7)) — Shv(Xg; 7)),

called étale sheafification. For K € 7", the constant étale sheaf with value
K is K y = L¢t(Kest). The constant-sheaf functor is left adjoint to global
sections:

MapsShV(Xét;%)(KX, F) ~ Mapsy, (K, T'(X,F)).

Construction 4.1.4. For an étale morphism f: X — Y, restriction along
the forgetful functor Xg; — Y defines the *-pullback functor
[ :Shv(Yy; 7)) » Shv(Xe; 7)), LU, %) =T(U%).

One can show that f* preserves étale-local equivalences, and hence f*Ly ~
Lx f*. In particular, f*K, ~ K .

4Note that any morphism f:U — V in this category is automatically étale.



SHEAVES AND LOCAL SYSTEMS 9

Definition 4.1.5. Let z be a geometric point of X, i.e. a morphism z :
Spec(2) - X where 2 is a separably closed field. An étale neighbourhood
of z is an étale map U — X together with a lift u: Spec(2) — U of z. The
stalk of F at x is
Fp=lim (U, F) eV,

—

(Usu)
where (U, u) runs through the étale neighbourhoods of .

4.2. Locally constant étale sheaves.

Definition 4.2.1. A sheaf & € Shv(X¢;7") is constant if it is isomorphic
to K for some K € 7. It is locally constant, or a local system, if there is an
étale covering family {uq : Uy = X }4 such that each v} (F) is constant. We
denote by

Loc(Xet;77) € Shv(Xet; 7)
the full subcategory of locally constant sheaves.

Definition 4.2.2. A sheaf & € Shv(Xg; A) is locally constant of finite type
if it is étale-locally isomorphic to K for a perfect complex K € Perf(A). We
write

Locg (Xet; A) € Loc(Xet; A).
5. MONODROMY REPRESENTATIONS OF ETALE SHEAVES

5.1. Etale homotopy types. We first want an analogue of the homotopy
type o (X) of a topological space X. By Proposition 2.1.3, IIe(X) corep-
resents the functor H — I'(X, H). We may thus ask whether the analogous
functor is also corepresentable in the étale setting.

Theorem 5.1.1. [HTT, Prop. 5.5.2.7| Let € be a presentable oo-category
and F : € - H a functor. Then F is corepresentable if and only if F is
accessible and preserves limits.

Lemma 5.1.2. For a topological space X, the functor H » T'(X,H) 1is
accessible and preserves limits.

Proof. Both H » H and & ~ I'(X, %) are accessible by [HTT, Prop. 5.4.7.7]|.
For limit preservation, choose a basis 9% for the topology of X by nonempty
contractible opens. By [Aok, Thm. A.6| (which applies by Footnote 1), every
F € Shv(X;H) is right Kan-extended from Z°P; in particular,

NX,%)~ lin U, %).

Ue%op

For each U € %, the canonical map

H - F(UaﬂX) = F(U7EU)
is an isomorphism by Theorem 2.2.1. By naturality it follows that T'(X, H y)

is the limit of the constant diagram H 4o, over B°P. Both functors H +~ H gop
and liLn%Op(—) are limit-preserving, whence the claim. O
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Lemma 5.1.3. Let X € Schy and consider the functor H  Tg (X, H) °.
This is accessible and preserves finite limits, but it need not preserve infinite
limits.

Proof. Accessibility is as in the Betti case. It preserves finite limits since
H ~ Hy does, while F ~ I'¢; (X, F) preserves arbitrary ones. Therefore, it
preserves arbitrary limits if and only if it preserves infinite products.

Consider a collection of homotopy types of the form H, = BG, where
G, are groups. Recall that B(-) commutes with infinite products, i.e.
[1, BG,, ~ B(I1,Grn), and that ml¢(X,BG) ~ HL (X;G) is the set of
isomorphism classes of étale G-torsors. Therefore, it will suffice to show that
the canonical map

Hy(X;6) - HH (X;Gn), [Pl ([Px9 Gul)n
need not be bijective, where G =11, Gn

Concretely, take X = Spec(k) over k = F,, and Gy, := Z/nZ. For each n,
let Y, - X be the Z/nZ-torsor Spec(F4n) - Spec(F,), where the action
Z/nZ - Gal(F4 [F,) sends 1 to the Frobenius « ~ x9. Then the collection of
isomorphism classes (Y},), does not lie in the image of the above map: every
étale torsor over Spec(F,) must split over some F,m (any trivializing affine
étale cover over F is a finite coproduct Spec(K;) where K;/F, are finite
separable extensions, necessarily each of the form Fym for some m), but a
[1,, Z/nZ-torsor P in the preimage has no sections over any Spec(F,m) (such
a section would yield an F,m-point of Y;, = Spec(Fy») for every n, forcing
n | m for all n). O

Remark 5.1.4. The argument from the Betti case does not apply because Xg;
does not have a basis of objects U € Xg with I'¢; (U, H) ~ H. For example,
for X = Spec(k) and U = Spec(L) € X¢, where L/k is a finite separable
field extension, and H = BG for a finite group G, we have mol'¢; (U, BG) ~
H} (U;G), which is typically nontrivial unless L is separably closed.

Notation 5.1.5. Write Pro(H) for the co-category of pro-objects in H (see
[SAG, Def. A.8.1.1]). A pro-object P can be represented by a cofiltered
diagram (FP;);c; of homotopy types. For H € H, regarded as a constant
pro-object, the mapping type is

MapsPro(H)(‘P’ H) = ll_H)l MapSH(Pi7H)'

ielop
Passing to pro-objects buys us the following tautological version of Theo-

rem 5.1.1 (cf. [Hoy, p. 3|):

Theorem 5.1.6. Let € be a presentable oo-category and F : € — H a functor.
Then F is pro-corepresentable if and only if F' is accessible and preserves
finite limits.

Sthis could also be written I'(Xs(, H)
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Proof. The oo-category Pro(H) is by definition the full subcategory of
Fun(%,H)°? spanned by the accessible and finite-limit-preserving func-
tors. (]

Thus by Lemma 5.1.3 we have:

Definition/Theorem 5.1.7. [Hoy, Def. 2.3] The étale shape of X € Schy, is
the pro-homotopy type I (X) € Pro(H) uniquely determined by canonical
1somorphisms )

MapSPro(H) (Hiz(X)7 H) = Fét(X7ﬂ)7
natural in H € H.

5.2. The profinite étale shape.

Definition 5.2.1. A homotopy type H is w-finite if it has finitely many
connected components, all its homotopy groups are finite, and they vanish
in sufficiently high degrees. We denote by H; € H the full subcategory of
w-finite homotopy types. A profinite homotopy type is an object of Pro(Hy).

Example 5.2.2. A finite set, regarded as a discrete homotopy type, is n-
finite. If GG is a finite group, its classifying type BG is w-finite. For a finite
abelian group A and n > 1, the Eilenberg-Mac Lane type K(A,n) is m-finite.

Definition 5.2.3 (|[BGH, Def. 4.4.2]). The profinite étale shape of X is the
profinite completion
% (x) := I¢ (X)" € Pro(H,).
Equivalently, it is the pro-object characterized by the natural isomorphisms
MapSPro(Hﬂ—)(ﬁe;g(X)? H)=Tg(X,H), H eH;.

Remark 5.2.4. By [BGH, Rec. 2.8.2], the profinite completion II¢ (X) is the
pro-object corepresenting the restriction of Mapsp,, ) (115 (X),-) : H - H
to H,. Thus for every H € H,; there is a canonical isomorphism

MapSPro(HW) (ﬁiz (X)a H) = MapSPro(H) (Hiz (X)7 H)

For example, for a finite group G, mo Mapsp,(m,) (I (X), BG) =~ moTet (X, BG) =~
Hét(X , @) is the set of isomorphism classes of G-torsors on Xig;.

5.3. Monodromy representations.

Definition 5.3.1 (|[BGH, Def. 13.2.1]). An oco-category 7 is locally m-finite
if Mapsy, (K, L) is w-finite for every pair of objects K, L € 7.

Example 5.3.2. The category FinSet is locally m-finite, since its Hom sets
are finite. The oco-category H, is locally w-finite, and if A is a finite ring,
then so is Perf(A) [BGH, Exs. 13.2.2]. Indeed, the derived Hom between two
perfect complexes is represented by a bounded complex of finite modules, so
its underlying mapping type has finite homotopy groups and is truncated.
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Definition 5.3.3. Let P = (P;);; € Pro(H,) and let 7" be an essentially
small locally 7-finite co-category. We put
Funeont (P, 7) := h_H)l Fun(P;,7),
ielopP
where the colimit is taken in Cat.,, with transition functors given by pullback
along refinements. We call its objects continuous representations of P in 7.

Notation 5.3.4 (|[BGH, Def. 13.2.6]). For an essentially small co-category 7,
we use the Yoneda embedding 7" < 7 := PShv(%; H) to define Loc(Xg; 7))

as the full subcategory of Loc(Xet; %\) spanned by sheaves locally of the form
K where K e 7.

Theorem 5.3.5 (Monodromy). For an essentially small locally 7-finite
oo-category ¥V, there is a canonical equivalence

Loc(Xs; 77) = Funeent (TS (X)), 7),

natural in X. In particular, for a finite commutative ring A, there is an
equivalence )
Locg (Xet; A) = Funeen (IS (X), Perf(A)).

Proof. This is [BGH, Th. 13.2.11], specialized to the one-point stratification,
combined with the identification of [BGH, Ex. 13.2.9]. See also [Hoy, Th. 4.3]
(combined with [BGH, Ex. 13.2.8]) for the case 7" = H. O

Definition 5.3.6. The inverse functor of Theorem 5.3.5 associates to & ¢
Locg (Xgt; A) its monodromy representation,

pg € Funeoy (I8 (X), Perf(A)).

Fix a finite commutative ring A and a perfect complex K € Perf(A).

Lemma 5.3.7. The homotopy type B Aut(K) is w-finite.

Proof. By Example 5.3.2, the type MapsD(A)(K, K) is m-finite. Its union of
invertible components Aut(K) is therefore m-finite as well. Delooping shifts
the positive homotopy groups by one, and B Aut(K') is connected. O

Proposition 5.3.8. Let Lock (Xe; A) be the full subcategory of locally con-
stant sheaves étale-locally isomorphic to K y. There are canonical equivalences
of co-groupoids

LOCK(Xét; A): = MapSPro(Hﬂ-) (ﬁiz (X)a B AUt(K))
=Ty (X, B Aut(K)).

Proof. Under Theorem 5.3.5, the sheaves in question correspond to repre-
sentations with all fibres isomorphic to K. After passing to maximal oo-
groupoids, these are the continuous functors landing in B Aut(K) € Perf(A)=.
Since B Aut(K) is m-finite, their type is the mapping type from ¢ (X) to
BAut(K) in Pro(H). The second equivalence is the defining property of
the profinite shape. O
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6. RANK ONE ETALE LOCAL SYSTEMS

Using the étale analogue of the monodromy equivalence (Theorem 5.3.5), we
adapt the recipe of Sect. 3.

Construction 6.0.1. Let f:Y — X be an étale G-torsor in Schy, for G a
finite group.

(i)  Recall that the type BG is the classifying groupoid for G-torsors, and
it is w-finite. By Remark 5.2.4, the G-torsor f determines a map cy :
% (X) - BG in Pro(H,). The category FinSet” := Fun(BG°?, FinSet)
of finite G-sets has finite Hom sets, so it is locally m-finite. By The-
orem 5.3.5, we obtain a discrete local system & € Loc(Xg; FinSet®),
with stalks isomorphic to G, and monodromy representation

ps, (X)) > BG < FinSetC.
Since the G-torsor f is tautologically trivialized by base change along f,
the composite TI¢ (V) - TI¢ (X) 2, BG is homotopic to the constant

map factoring through + - BG. Thus f*&y is the constant sheaf on Y
with value G.

(ii) Let A be a finite commutative ring. Given a character x : G - A*, the
composite

Trét °f Bx
py g (X) — BG — B Aut(A) ¢ Perf(A)
corresponds by Theorem 5.3.5 to a locally constant sheaf of finite type
Py € Locg (Xe; A),

with stalks isomorphic to A and monodromy representation pgz, = py.
Moreover, f*Z, ~ Ay is constant.

Remark 6.0.2. Concretely, &y is the sheaf U = Homyx (U,Y") on Xg repre-
sented by Y, with the right G-action induced by the action on Y. Similarly, &£,
is the sheaf of sections of Y x& A, the quotient of Y xA by (y-g,A) ~ (3, x(g)A).
Its sections over U € X are the locally constant functions ¢:Y xx U - A

with ¢(y-g) = x(9)™" - ¢(y) for all g € G.

Notation 6.0.3 ([SP, Tag 0BNC]). Let X be connected and x a geometric
point. The étale fundamental group w$*(X,x) is the automorphism group of
the fibre functor Y ~ Y, on finite étale X-schemes. It is a profinite group [SP,
Tag 0BMR/. By Theorem 5.3.5 with 7” = FinSet and [SP, Tag 03RV], Y —» Y,
identifies finite étale X-schemes with finite continuous 7 (TI¢ (X)), z)-sets,
compatibly with the fibre functors. Hence the monodromy action on stalks
gives an isomorphism  (II¢ (X), z) =~ 7$*(X, x) (cf. [BGH, 11.1.7]), which
we use to identify the two.

Let f Y - X be an étale G-torsor and y € Y,. Since Y, is a G-torsor, each
o e m"(X, z) determines cf(o) € G by

a(y) =y-cp(o).


https://stacks.math.columbia.edu/tag/0BNC
https://stacks.math.columbia.edu/tag/0BMR
https://stacks.math.columbia.edu/tag/03RV
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Since o commutes with the action of G by X-automorphisms, o7(y) =
o(y-cp(1)) =y -cp(o)ep(r), so cp: 75 (X, x) - G is a homomorphism. It is
continuous, since its kernel is the stabilizer of y, which is open. Replacing
y by y - g replaces ¢y by its conjugate g_lcfg. Since &y is represented by
Y (Remark 6.0.2), under the identification G ~Y,, h— y-h, o acts on the
stalk of &¢ by left multiplication by c¢(0). Thus this is the homomorphism

induced by ¢y : % (X) - BG on fundamental groups.

Example 6.0.4 (|[SP, Tag 03PK]). Let n > 1 be invertible in &, and suppose
that the group p, := p, (k) of nth roots of unity in k£ has n elements. The
map
f1Gm = Gp, y'_)yna

is finite étale of degree n. On coordinate rings it is k[t,t7 1] — k[y,y 1], t = y™
The ring k[y,y '] is free of rank n over k[t,t™!], with basis 1,y,...,y"
and the derivative ny" ! is invertible. The group pu, acts by vy - = Cy over
the target, and f is a py,-torsor: two nth roots of ¢ differ by a unique element
of py,. This is the étale analogue of Example 3.0.3. If instead char(k) = p
divides n, then f is not étale: its derivative vanishes.

Proposition 6.0.5. Let k be separably closed, n invertible in k, f: Gp, > G,
the py-torsor of Example 6.0.4, and 1 the geometric point 1 € G, (k).

(i)  The local system Sy € Loc(Gp ¢t; FinSet ™) has stalks isomorphic to pin,
and cy ﬂ'ft(Gm, 1) = py, is surjective. Moreover, f*S; is the constant
sheaf Png -

(i1) Let A be a finite commutative ring and x : iy, > A* a character. Then
2, € Locg (G e; A) has monodromy representation x o ¢y, and f* %y
is the constant sheaf Ag, .

(i) The assignment x = £ determines a bijection between characters of
pn and isomorphism classes of local systems & € Locy (G ee; A) such
that f*< is constant.

Proof.

(i)  The fibre of f over 1 is pu,. Since the source G, of f is connected,
78 (G, 1) acts transitively on p, ([SGA1, Exp. V, §7], [SP, Tag 0BN3]).
Since 0(1) =1-¢f(0) = ¢f(0), this is the surjectivity of cy.

(ii) This follows from the previous claim by unwinding definitions.

(iii) By Proposition 5.3.8, isomorphism classes of & are in bijection with
o Mapspro(Hw)(ﬁ‘iﬁ(Gm),BAx). Since Gy, is connected and A* is
abelian, this is the set of continuous homomorphisms po : wft(Gm, 1) >
A*. The homomorphism 7$t( f) identifies 7$'(Gp, 1) of the source with
the stabilizer of 1€ f~1(1) [SGA1, Exp. V, Prop. 6.13 and §7], which is
ker(cy) since ui, acts freely on f7'(1). By naturality of Theorem 5.3.5,
prez = promit(f). Thus f*& is constant if and only if pe kills ker(cy).
Since ¢y is surjective by (i), this holds if and only if py = x o ¢s for a
unique character x, i.e., & ~ %, by (ii).


https://stacks.math.columbia.edu/tag/03PK
https://stacks.math.columbia.edu/tag/0BN3
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Example 6.0.6 (|[SP, Tag 0A3J]). Suppose char(k) = p > 0. The Artin-
Schreier map
¢ A= ALy,

is finite étale of degree p. Indeed, its coordinate algebra over k[t] is
k[t,y]/(y* — y — t), which is free with basis 1,y,...,y?"'. The derivative
of the defining polynomial with respect to y is —1, so the map is étale every-
where, including over 0. The constant group F), acts by y-a =y +a, and ¢ is
an F-torsor, since two roots of y” —y —t differ by an element of F,,.

For a geometric point z, the source of ¢ is connected, so ¢, : ﬂft(Al,m) - F,
is surjective, as in Proposition 6.0.5(i). Hence, for a finite commutative ring
A, &, is nonconstant for every nontrivial character x : F,, - A*. This is in
contrast with Example 3.0.5, even though y — y™ on A,l€ is still ramified at 0
for n > 1 invertible in k.

Construction 6.0.7. Let A be a finite commutative ring and 9 : F, - A* a
character. The Artin-Schreier sheaf is the local system Z, € Locft(A}C V)
of Construction 6.0.1 for the torsor ¢ and the character x = . Its monodromy
representation is 1 o ¢,. A nontrivial character exists if and only if A* has an
element of order p.
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