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to Alexander Grothendieck on his 60th birthday

In this paper we prove a localization theorem for the K-theory of com-
mutative rings and of schemes, Theorem 7.4, relating the K-groups of
a scheme, of an open subscheme, and of the category of those perfect
complexes on the scheme which are acyclic on the open subscheme. The
localization theorem of Quillen [Q1] for K’'- or G-theory is the main sup-
port of his many results on the G-theory of noetherian schemes. The
previous lack of an adequate localization theorem for K-theory has ob-
structed development of this theory for the fifteen years since 1973. Hence
our theorem unleashes a pack of new basic results hitherto known only un-
der very restrictive hypotheses like regularity. These new results include
the “Bass fundamental theorem” 6.6, the Zariski (Nisnevich) cohomolog-
ical descent spectral sequence that reduces problems to the case of local
(hensel local) rings 10.3 and 19.8, the Mayer-Vietoris theorem for open
covers 8.1, invariance mod £ under polynomial extensions 9.5, Vorst-van
der Kallen theory for NK 9.12, Goodwillie and Ogle-Weibel theorems
relating K-theory to cyclic cohomology 9.10, mod £ Mayer-Vietoris for
closed covers 9.8, and mod £ comparison between algebraic and topologi-
cal K-theory 11.5 and 11.9. Indeed most known results in K-theory can
be improved by the methods of this paper, by removing now unnecessary
regularity, affineness, and other hypotheses.

We also develop the higher K-theory of derived categories, which is
an essential tool in the above results. Our techniques here rest on the
brilliant work of Waldhausen [W], who has extended and deepened the
foundation of K-theory beyond that laid down by Quillen, allowing it to
bear a heavier load.
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The key ideas that make all our results possible go back to the theory
of Kj of the derived category, which was conceived by Grothendieck, and
was developed by him with Hlusie and Berthelot in [SGA 6]. We especially
need his concept of a perfect complex, a sheaf of chain complexes that is lo-
cally quasi-isomorphic to a bounded complex of algebraic vector bundles.
These ideas have remained dormant for some time, especially because
Quillen [Q1] discovered the higher K-theory of exact categories in a form
which did not immediately extend to define a higher K-theory of derived
categories. Thus one worked with the exact category of algebraic vector
bundles, and not with the derived category of perfect complexes. Wald-
hausen’s work [W] first made it clear how to define such a K-theory of a
derived category, or more precisely, of a category of chain complexes pro-
vided with a notion of “weak equivalence” like quasi-isomorphism. Several
people, among them Brinkmann [Bri], Gabber, Gillet [Gi2], [Gi4], Hinich
and Shekhtman [HS], Landsburg, Waldhausen, and ourselves then became
aware of this possibility of returning to the ideas of [SGA 6]. The intrinsic
appeal of those ideas did not instantly overcome public inertia, and they
did not at once appear strictly necessary to further progress. However,
they turn out to be essential to the very statement of our localization
theorem, if not to all its consequences. Moreover, the key geometric fact
behind the theorem is the fact that the only obstruction to extending
up to quasi-isomorphism a perfect complex on the open subscheme to the
full scheme is its class in K. The naive analogous statement for algebraic
vector bundles is false, as shown long ago by Serre ([Se], Section 5, a)).
Furthermore, the proof of this extension fact depends essentially on the
very Grothendieckian idea that perfect complexes are finitely presented
objects in the derived category.

Of course, Grothendieck’s ideas completely pervade modern mathe-
matics, and it would be a hopeless task to isolate and acknowledge all
intellectual debts to him. But we hope our case illustrates that despite
their widespread influence, and nearly two decades after Grothendieck’s
withdrawal from public mathematical life, many of Grothendieck’s ideas
are still full of unexhausted potential, and will amply repay further de-
velopment. Remarkably, his by now classic works can still surprise and
instruct the serious reader. We dedicate this paper to him with profound
admiration.

The reader may find a brief sketch of the contents of this long paper
useful. Section 1 recalls for the convenience of the reader the results of
Waldhausen [W]. An expert might skip this section, but should glance
at biWaldhausen categories 1.2.4 and 1.2.11 to allow dualization of ar-
guments, the inductive construction of chain complexes 1.9.5, the fact
that K-theory is invariant under functors inducing equivalences of derived
categories 1.9.8, and the cofinality theorem 1.10.1. Section 2 recalls the
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theory of perfect complexes on schemes from [SGA 6]. The expert might
skip this, but should look at the characterization of perfect complexes as
finitely presented objects 2.4, the fact that a complex with quasi-coherent
cohomology on a nice scheme is a direct colimit of perfect complexes 2.3,
and the basis for the excision theorem laid down in 2.6. Section 3 contains
the definitions and basic functorialities of K-theory. Section 4 contains
the projective space bundle theorem. Section 5 proves the key extension
result for perfect complexes, and contains the first crude form of the lo-
calization theorem. Section 6 proves the Bass fundamental theorem, and
defines K-groups also in negative degrees. Section 7 extends the previ-
ous results into negative degrees, putting them in their final form. In
particular, Section 7 contains the good form of the localization theorem.
This section gives the best quick summary of the fundamental results.
The other basic results occur as consequences in Sections 8 - 11. The
appendices contain various results needed in the text, but which are not
limited to K-theory. In particular, Appendix B merely summarizes from
all points of EGA and SGA the relations between the categories of Ox-
modules and of quasi-coherent O x-modules, as a help to the conscientious
reader when he becomes as confused about this as we were.

The paper should be comprehensible to anyone with a good first year
graduate knowledge in algebraic geometry, and with a bit of algebraic
topology. We must formulate our results in the language of spectra in the
sense of topology but this may be picked up easily by skimming through
[A] III Sections 1-6 (ignore any pointless examples involving baroque cu-
riosities like “MU,” “MSO,” “MSpin,” or the “Steenrod algebra”}), and a
glance at [Th1] Section 5 and A. This formulation in terms of spectra is
much more powerful than the naive formulation in terms of disembodied
abelian groups, and is not subject to certain unstable pathologies like the
formulation in terms of spaces as in [Q1] and [W]. Indeed, the spectral
formulation works just like Grothendieck’s formulation of homological al-
gebra in terms of the derived category, as explained in [Th1] Sections 5.
To see the proofs of the results quoted in Section 1, the reader must see
[W], although the sufficiently trusting need not. [Q1] is still good reading,
although not necessary for this paper, except for the homotopy theory of
categories of [Q1] Section 1.

The first author must state that his coauthor and close friend, Tom
Trobaugh, quite intelligent, singularly original, and inordinately gener-
ous, killed himself consequent to endogenous depression. Ninety-four days
later, in my dream, Tom’s simulacrum remarked, “The direct limit char-
acterization of perfect complexes shows that they extend, just as one
extends a coherent sheaf” Awaking with a start, I knew this idea had
to be wrong, since some perfect complexes have a non-vanishing K¢ ob-
struction to extension. I had worked on this problem for 3 years, and
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saw this approach to be hopeless. But Tom’s simulacrum had been so
insistent, I knew he wouldn’t let me sleep undisturbed until I had worked
out the argument and could point to the gap. This work quickly led to
the key results of this paper. To Tom, I could have explained why he
must be listed as a coauthor. During his lifetime, Tom also pointed out
the interesting comparison of the careers of Grothendieck and Newton.

For more mundance assistance and useful conversations, I would like to
thank Gillet, Grayson, Karoubi, Kassel, Levine, Loday, Nisnevich, Ogle,
Soulé, Waldhausen, Weibel, and D. Yao.

1. Waldhausen K-theory and K-theory of derived categories

1.0. In this section we review some definitions and results of Wald-
hausen’s framework for K-theory, [W]. Our only claims to some original-
ity in Section 1 are the general cofinality theorem 1.10.1 which is slightly
different from previous results, and the results 1.9.5 and 1.9.8 which make
it easier to apply Waldhausen’s approximation theorem.

1.1.1. Let A be an abelian category. Consider chain complexes C”
in A. We use the algebraic geometer’s indexing, so differentials increase
degree: §: C" — Cn+1.

Recall the standard notation Z¥C" = ker 6 : C* — C**!, and
B*¥C = im §:C*! — C*k.

A complex C" is (strictly) bounded above if there is an integer N such
that C™ = 0 for all n > N. The category of bounded above complexes is
denoted C~(A). A complex C" is cohomologically bounded above if there
is an N such that H*(C") = 0 for all n > N. Dually for bounded below,
C*(A), and cohomologically bounded below. A complex is bounded if
it is bounded both above and below. The category of strict bounded
complexes is C*(A).

A chain map f : C" — D’ is a chain homotopy equivalence if there is a
chain map g : D' — C" and chain homotopies fg ~ 1p, gf ~ 1¢. More
generally, a chain map f : C° — D’ is a quasi-isomorphism if it induces
an isomorphism on all cohomology groups H*(f) : H*(C") =& H*(D").
For any integer m, a chain map f is an m-quasi-isomorphism if H"(f) is
an isomorphism for k£ > m and an epimorphism for k = m.

The derived category D(A) (cf. [H], [V]) is formed from the category of
all chain complexes in 4 by localizing this category of complexes so that
precisely its quasi-isomorphisms become isomorphisms in D(A4). The vari-
ant subcategories D™ (A), D¥(A), D*(A) are formed similarly from the
categories of cohomologically bounded above, cohomologically bounded
below, and cohomologically bounded complexes, respectively. D(A) ad-
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mits a 2-sided calculus of fractions as a localization of the chain homotopy
category that results from the category of complexes by identifying chain
homotopic maps, as in 1.9.6 below, or in [V] I Section 2, [H] I Section 3.
The additional structure of D(.A) as a triangulated category results from
the construction of homotopy pushouts and pullbacks, which we review
next.

1.1.2. Let f: A" — F and g: A" — G be chain maps of complexes.
The canonical homotopy pushout

LR
FuaG
e
is the complex given by
K n
(1.1.2.1) (F' U G') =F"g A"t ¢ G"
e
with differential,
(1.1.2.2) O0(z,a,y) = (Orz + fa, —0aa, Ocy— ga).

(We describe 9 as if objects of A had “elements,” by the standard abuse.)

Chain maps from this canonical homotopy pushout to a complex C"
correspond bijectively to data (h,k, H) where h: F* - C and k: G" —
C’ are chain maps and H is a chain homotopy hf ~kg: A" — C’. Thus
H consists of maps A” — C"~! for all n such that 8H+H9 = hf —-kg. To
(h,k, H) corresponds the map from the homotopy pushout to C" sending
(z,a,y) to he + Ha + ky.

Given another f' : A — F' ¢’ . A — G”, suppose there are maps
a: A — A", b: FF — F’', ¢:G — G and chain homotopies f'a ~
bf, ¢g’a =~ cg. The maps a, b, ¢, and choice of chain homotopies then
determine a map of canonical homotopy pushouts F L}B G—F' §JI G’ as

one sees by the universal mapping property of the prl:eceding paragraph.
This map will be a quasi-isomorphism if each of the maps a, b, ¢ is a
quasi-isomorphism. This last fact follows from the 5-lemma and the long
exact sequence of cohomology groups

(1.1.2.3)
BB A) = () 6 NG — B G @) A -

which results from the short exact sequence of complexes

h
(1.1.2.4) 0= F &G —F UG — ATl] = 0.
Y
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Here A'[k] is the complex A’ shifted in degree, so A'[k]* = A**" and
H"(Alk]) = HHF(A).

Several special cases of the homotopy pushout construction are partic-
ularly important. When f : A" = F" is the identity map, the canonical
homotopy pushout is the mapping cylinder of ¢ : A" — G, considered in
1.3.4. When f: A" — F" = 0 is the map to 0, the canonical homotopy
pushout is the mapping coneof g: A" — G

There is a canonical map from the homotopy pushout to the (strict)
pushout, induced by (z,a,y) — (z,y) mod A".

h
FUG —-FuUugG.
A A’

This map is a quasi-isomorphism whenever A” — F*$ G" is a monomor-
phism for all n, as is seen by the 5-lemma applied to the map of the
long exact sequence 1.1.2.3 to its analog resulting from the short exact
sequence of complexes 0 - A" - FF &G — F UG —0.

i

Dually, given f : F' — A" and g : G° — A’ one has a canonical
homotopy pullback

h
FxGl|=FrapA™" oGt
(1.12.5) < P ) e e

a(x,a,y) = (a[«"i', —aAa + fl‘ -3Yy, aGy) .
This indeed corresponds to the homotopy pushout in the dual category
of complexes in A°P, and so has all the dual properties. As special cases,

dual to the mapping cylinder is the mapping path space, and dual to the
mapping cone is the homotopy fibre.

1.1.3.  Several standard truncation functors are useful. Let C" be a
complex. There is brutal truncation

oFC =02 C = 00— CF s O L O
This is a subcomplex of C". The quotient C'/o¥C" is another brutal

truncation, denoted ¢<*~1C",
There is also the good truncation

C(-k)y=1"C" =12*C'=... 50— im 0C*F ' - CF - CF*+1 = ...

There is a quotient map C° — 7¥C" which induces an isomorphism on
cohomology H" foralln > k. Forn < k—~1, H*(rC") = 0. The kernel of
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C" — 7%C" is denoted 7<¥~1C". Forn < k—1, H*(r<$*-1C") = H™(C"),
while H*(r<F=1C") = 0 for n > k.

1.2.1.  Definition ((W]). A category with cofibrations A is a category
with a zero object 0, together with a chosen subcategory co(A) satisfying
the three axioms:

1.2.1.1. Any isomorphism in A is a morphism in co(A).
1.2.1.2. For every object A in A, the unique map 0 — A is in co(A).

1.2.1.3. f A — B is a map in co(A), and A — C is a map in A, then
the pushout B LAJ C exists in A, and the canonical map C — B LX C is in

co(A). In particular, A has finite coproducts.

1.2.2. One calls the morphisms in co(A) cofibrations. To distinguish
them in diagrams, one usually denotes them by a feathered arrow *“>—.”
Given A »—+ B, let the quotient B/A be the pushout B g 0 along A — 0.

One says that A > B — (' is a cofibration sequence if B — C is the
canonical map B -+ B/A up to an isomorphism C = B/A. One then
says B —« (' is a quotient map and denotes it by a double- headed arrow.
Cofibration sequences are also called exact sequences.

In general, the set of quotient maps need not be closed under compo-
sition. Suppose however for a given category with cofibrations A that
the set of quotient maps do form a subcategory quot(A), and moreover
that the opposite category A°P is a category with cofibration co(A°P) =
quot(A)°P. Suppose further that the canonical map AUB — A X B is
always an isomorphism, where A x B is the product in A, and the coprod-
uct in A°P. Suppose also that A — B — C is a cofibration sequence in A
iff the dual sequence A — B — C is a cofibration sequence in A°P. Under
these conditions, one says A is a category with bifibrations. This concept
1s self dual, so A°P is then a category with bifibrations.

Note that in a category with bifibrations, given a cofibration sequence
A»s B —» (C, that A is the quotient of B by C in A°P, so dually A must
be the kernel of B - C in A.

12.3. Definition. A Waldhausen category (in [W], “a category with
cofibrations and weak equivalences”) is a category with cofibrations A,
co(A), together with a subcategory w(A) of A satisfying the two axioms:

1.2.3.1. Any isomorphism in A is a morphism in w(A).

1.2.3.2. (“gluing lemma”) Given a commutative diagram in A
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B~ A->C

ool
B — A =’

with the two maps A » B, A’ v B’ being cofibrations, and with the
three maps A = A’, B = B’, and C = C’ being in w(A), then the
induced map B Y C— B ‘L4J, C' is also in w(A).

The Waldhausen category consists of the triple data A, co(A), w(A),
but one usually abbreviates it as A, or as wA when the choice of w(A4) is
particularly important.

One says the maps in w(A) are “weak equivalences,” and denotes them

K~

by arrows with tildes“~

1.2.4. Definition. A biWaldhausen category is a category with bifi-
brations A, co(A), quot(A), together with a subcategory w(A) such that
both (A, co(A4), w(A)) and the dual (A°P quot(A)°P, w(A)°P) are Wald-
hausen categories. That is, 1.2.3.1, 1.2.3.2, and the dual of 1.2.3.2 con-
cerning pullbacks with A «- B and A’ « B’ being in quot(A) all hold in
the category with bifibrations A.

This concept is self-dual, in that if A is a biWaldhausen category, so is
A°P,

1.2.5. Definition. A saturated Waldhausen or biWaldhausen cate-

gory is one where w(A) satisfies the saturation axiom: Given A — B N
C composible morphisms in A, if any two of a, b, ba are in w(A), then so
is the third.

1.2.6. Definition. An extensional Waldhausen or biWaldhausen cat-
egory is one that satisfies the extension axiom: Given a commutative
diagram whose rows are cofibration sequences

Ar+ B C

la b e

A" B ('
if both a and ¢ are in w(A), then so is b.

1.2.7. Definition. A functor F : A — B between two Waldhausen
categories is exact if F(co(A)) C co(B), if F(w(A)) C w(B), and if F
preserves pushouts along a cofibration. The last condition means that
the canonical map F'C Ht FB - F(C LAJ B) is an isomorphism whenever

A B is in co(A).
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A functor F : A — B between two biWaldhausen categories is exact
if both F : (A co(A), w(A)) — (B, co(B),w(B)) and the dual F°P :
(A°P, quot(A)°P w(A)°P) — (B°P, quot(B)°P,w(B)°P) are exact functors
between Waldhausen categories. This is equivalent to saying that F :
(A, co(4),w(A)) — (B, co(B),w(B)) is exact and F preserves pullbacks
where one of the maps i1s a quotient map.

1.2.8. Any category with cofibrations A becomes a Waldhausen cat-
egory by taking w(A) to have as morphisms all the isomorphisms in A.
Henceforth, we identify all categories with cofibrations to Waldhausen
categories in this way.

1.2.9. FEzample. Let A be an abelian category (or more generally an
exact category in the sense of Quillen [Q1]). Let co(A) consist of all
monomorphisms in A (in the exact category case, let co(A) consist of all
admissible monomorphisms [Q1]). Let w(A) consist of all isomorphisms
in A. Then A is a Waldhausen category, and in fact a biWaldhausen
category.

1.2.10. Ezample (optional). Let A be the category of simplicial sets.
Let co(A) consist of all monomorphisms. Let w(A) consist of all “weak
equivalences,” i.e., all maps that induce homotopy equivalences between
geometric realizations. Then A is a Waldhausen category.

1.2.11. Definition. A complicial biWaldhausen category is a satu-
rated extensional biWaldhausen category A formed from a category of
chain complexes as follows: One takes an abelian category A, whose choice
is part of the structure. A is to be a full additive subcategory of the cat-
egory C(A) of chain complexes in A. co(A) is to contain at least all maps
of complexes in A that are degree-wise split monomorphisms such that
the quotient chain complex lies in A. That is, co(A) contains all maps
C" — D’ in A such that for all integers n the map C” — D" is a split
monomorphism in .4 and such that moreover the quotient chain complex
D' /C" in C(A) is also isomorphic to a complex in A. co(A) may possibly
contain other maps. One does require that if C° — D" is in co(A), then
for all n, C* — D" is a monomorphism in .4, but not necessarily split.

Of course co(A) and the corresponding quot(A) must satisfy axiom
1.2.1.3 and its corresponding dual. We also demand that the pushouts
and pullbacks required in A by these axioms are also the pushouts and
pullbacks in the category of C(A); i.e., that A is a subcategory closed
under the required pushouts and pullbacks.

w(A) is to contain all maps in A which are quasi-isomorphisms in the
full category of complexes in A. w(A) may contain other morphisms. Of
course w(A) must satisfy the usual axioms 1.2.3.2 and its dual 1.2.4, and
also the saturation and extension axioms 1.2.5 and 1.2.6.
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In specifying a complicial biWaldhausen category, we make the default
convention that unless explicitly specified otherwise, w(A) is to consist of
exactly the quasi-isomorphisms, and that co(A) is to consist of exactly
those degree-wise split monomorphisms whose cokernel is in A.

1.2.12. Ezample. Let &£ be an exact category [Q1l]. Then there is an
abelian category A and a fully-faithful Gabriel-Quillen embedding £ — 4,
reflecting exactness and such that & is closed under extensions in A, (cf
Appendix A).

Let A be the full subcategory of complexes C* in A with each C¥ in
£, and with C* = 0 unless k = 0. Take the cofibrations to be admissible
monomorphisms, and the weak equivalences to be the quasi-isomorphisms.
As H°(C") = C° for C" in A = &, these weak equivalences are just the
isomorphisms in £.

This A i1s a complicial biWaldhausen category, which in fact is the bi-
Waldhausen category of 1.2.9.

A more interesting example would be take A the category of complexes
in A which are degree-wise in £. See 1.11.6 below.

1.2.13. Ezample. Let A be an abelian category, and let A be the
category of all chain complexes in 4. Then with the default conventions
for co(A) and w(A), A is a complicial biWaldhausen category.

There are variants where A consists of the bounded complexes, the
bounded above complexes, the cohomologically bounded complexes, etc..

1.2.14. Ezample. Let A be an abelian category, and let A be the
category of all bounded below complexes C" in A such that each C* is an
mjective object of A. Then A is complicial biWaldhausen.

1.2.15. Ezample. Let A be an abelian category with a thick abelian
subcategory B. Let A be the category of complexes C* in A such that C~
is cohomologically bounded and with all cohomology groups H*(C") in
B. Then A is complicial biWaldhausen.

1.2.16. Definition. Let A, B be complicial biWaldhausen categories.
A complicial exact functor F' : A — B is an exact functor of biWaldhausen
categories in the sense of 1.2.7, with the additional property that the
functor F' of complexes is induced by degree-wise application of some
additive functor f : A — B between the abelian categories chosen as part
of the complicial structure.

Hence F(C') =+ — f(C*) — f(C*1) — ...

1.3.1. Definition ((W] 1.6). Let Abe a Waldhausen category. A cylin-
der functor T on A is a functor T': Cat(1,A) — A to A from the category
of morphisms in A, together with three natural transformations p, ji, jo,
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satisfying the conditions below.
Thus to each morphism f : A — B in A, T assigns an object T f of A.
To each commutative square (1.3.1.1) in A

4 . B
(1.3.1.1) l j'b
g

A,—_*Bl

T assigns functorially a morphism T(a,b) : Tf — Tf’.

The natural transformations are maps j; : A — Tf, jo : B — Tf, and
p:Tf — B such that pj; = f: A — B, pj: = 1: B — B, and such that
(1.3.1.2) commutes.

-
AuB 222 1y 2 . B

(1.3.1.2) s | |ren s
AlUBI —— Tf’ — B’
712 4
We also require conditions 1.3.1.3 - 1.3.1.6 to hold.
1.3.13. j1Uj2: AUB»» Tf is in co(A).
1.3.1.4. If a and b are in w(A)}, then T(a,b) is in w(A).

1.3.1.5. If a and b are in co(A), then not only is T(a,b) in co(A), but
also the map TfAlLJJB A'UB’ — Tf" induced by the left square of (1.3.1.2)

is in co(A).
1.3.1.6. T(0 — A) = A, with p and j, the identity map.

To define a “cylinder functor satisfying the cylinder axiom,” one im-
poses the extra cylinder axiom:

13.1.7. For all f, p:Tf — B is in w(A).
(Note our 1.3.1.3 - 1.3.1.5 are equivalent to [W] 1.6 “Cyl 17).

1.3.2.  Definition. If Ais a biWaldhausen category, a cocylinder func-
tor or mapping path space functor is a functor M : Cat(1,A) — A and
natural transformations

M(f:A—B)

(1.3.2.1) k2 Nk N ¢
A B A
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such that M is a cylinder functor on the dual (A°P, quot(A)°P, w(A)°P).
M satisfies the cocylinder axiom if the dual of 1.3.1.7 holds, i.e., if ¢ :
A — M(A — B) is always a weak equivalence.

1.3.3.  Ezample (optional). The usual mapping cylinder of algebraic
topology is a cylinder functor satisfying the cylinder axiom in the Wald-
hausen category of simplicial sets 1.2.10.

1.3.4. Ezample. Let A be an abelian category, and A the biWald-
hausen category of all chain complexes in A. Then A has well-known
cylinder and cocylinder functors satisfying the cylinder and cocylinder
axioms respectively. For given f : A — B, let T f be the canonical homo-

h
topy pushout A&a)B of1:A— Aand f: A— B constructed as in 1.1.2.
h h
The maps j; : A — AEB and jo : B — AgB are the canonical inclusions

. . h . .

J1(a) = (a,0,0), j2(b) = (0,0,b). Themap p: AE“JB —+ B is the morphism

induced by f: A — B, 1: B — B, and the trivial homotopy f1 ~ 1f so
h

that p(a,a’,b) = fa+ b. Dually, the canonical homotopy pullback A x B
B

provides a cocylinder.

1.3.5. Ezample. Let A be a complicial biWaldhausen category with
associated chosen abelian category A. Suppose that those canonical ho-
motopy pullbacks and canonical homotopy pushouts, formed in the cat-
egory of complexes in A starting from diagrams in A, are in fact objects
of A. Then we claim that the mapping cylinder and cocylinder functors
of 1.3.4 induce mapping cylinder and cocylinder functors on the subcate-
gory A, provided only that the cofibration axiom 1.3.1.5 and its dual hold.
Moreover, the cylinder axiom 1.3.1.7 and its dual cocylinder axiom hold
automatically.

Note 1.3.1.3 holds automatically, as j;Ujs is a degree-wise split monomor-
phism whose cokernel is the homotopy pushout of A — 0 along A — 0,
and hence in A. Thus j; U j; is in co(A). As p is a quasi-isomorphism, it
is in w(A) and so 1.3.1.7 holds. Axiom 1.3.1.4 now follows from satura-
tion 1.2.5, and axiom 1.3.1.6 is trivial. This leaves only 1.3.1.5 in doubt,
proving the claim.

To verify 1.3.1.5 it suffices to show T'f AHB A’"UB"— Tf"is in co(A),

for the canonical map of T'f into TfALdB A'UB' is a cofibration by 1.2.1.3.

Hence if the first map is a cofibration so is the composite Tf — T f’.
The map Tf AUB A'UB' — Tf" is given degree-wise as a sum of
U

Antl s Amt1 with identity maps

(1.3.5.1) A" At @ B — A @ A" @ B™.
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If co(A) consists exactly of the degree-wise split monomorphisms whose
quotients lie in A, or else consists of all monomorphisms whose quotients
lie in A then 1.3.1.5 and its dual also hold automatically. This also works if
co(A) is defined to be all maps that are degree-wise admissible monomor-
phisms whose quotients lie in A for some exact subcategory £ C A that
contains A" for all A" in A and all degrees n. Thus in all the usual exam-
ples, and in fact in all cases arising in Sections 2-11, axiom 1.3.1.5 also
holds automatically.

1.3.6. FEzample. Let A be a complicial biWaldhausen category with
associated abelian category A. Suppose co(A) is one of the cases listed in
1.3.5 that make 1.3.1.5 automatic, e.g., all degree-wise admissible monomor-
phisms with quotients lying in A. Suppose A is closed under finite degree
shifts so that if A” is in A, so is A'[k]. Suppose A is closed under ex-
tensions, l.e., that if 0 - A" — B" — (" — 0 1s an exact sequence of
complexes in A with A" and C" in A then B’ is isomorphic to a complex in
A. Then A has a mapping cylinder and cocylinder satisfying the cylinder
and cocylinder axioms. This will follow from 1.3.5 once we see A is closed
under formation of canonical homotopy pushouts and canonical homotopy
pullbacks. But this follows from the hypotheses that A is closed under
extensions and degree shifts and the exact sequence (1.1.2.4) and is dual.

1.4. We henceforth consider only small Waldhausen categories, those
with a set, as opposed to a class of morphisms. Hence, when we speak
of a Waldhausen category of all chain complexes of abelian groups or
of Ox-modules on a scheme, it is implicit that we are looking at the
category of such complexes in a Grothendieck universe so that it is small
with respect to a larger universe [SGA 4] I Appendice. (As in [SGA 4],
the K-theory spectrum of the biWaldhausen categories of Section 2 and
Section 3 will be independent of the choice of universe at least up to
homotopy, as these biWaldhausen categories in the various universes will
have equivalent derived categories, so 1.9.8 applies. See Appendix F).

1.5.1.  Definition [W]. For A a Waldhausen category with weak equiv-
alences w = w(A) define wS A to be the following simplicial category.

The objects of the category in degree n, wS,A are the functors A,
meeting the conditions below, to A from the partially ordered set of pairs
of integers (7,7), with 0 < ¢ < j < n. The partial order is defined by
(4,7) < (¢,5) iff both i < 7 and j < j'. The functors A must meet
the conditions that for all j, A(j,7) = 0, and that for all (¢,j, k) with
it < j < k, the maps A(7,5) = A(4, k) » A(j, k) form a cofibration
sequence.

The morphisms of wS,(A4) are the natural transformations A — A’
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such that for all (i, §), A(¢,j) — A’({,J) is in w(A). By the gluing Lemma
1.2.3.2 and the cofibration sequence condition on A for 0 < 7 < j, it
suffices that all A(0, k) — A’(0,k) are in w(A).

Given ¢ : n — k in A°P corresponding to a monotone map ¢ :
{0,1,...,k} — {0,1,...,n}, the simplicial operator ¢ on wS A is the
functor ¢ : wS,A — wS;A that sends the object (i,j) — A(4,j) to the
object (r,s — A(p(r),v(s)).

1.5.1.2. The category wS, A is equivalent via the forgetful functor to
the category of subdiagrams A; »— --- »+ A, = A(0,1) » A(0,2) »—

>+ A(0,n). Indeed A(%,7) is A(0,j)/A(0,7) = A;/A; up to canonical
natural isomorphism, so specifying the A(i, j) for i # 0 just adds choices
of objects determined up to isomorphism. However, it is necessary to
specify these choices to make the simplicial identities hold strictly in wS A,
instead of just up to natural isomorphism.

1.5.2. For A a small Waldhausen category, taking the nerve in each
degree of the simplicial category wS A yields a bisimplicial set N wS A.
Waldhausen defines the K -theory space of A to be the loops on the ge-
ometric realization of this bisimplicial set, K(A) = Q|N wS A|. One also
denotes this K (wA) when it is important to distinguish among several pos-
sible choices of weak equivalences. The K-groups of A are the homotopy
groups of K(A).

This space K(A) is in fact an “infinite loop space” by [W] 1.3.3 and
1.5.3, as Waldhausen shows that it is the zero-th space of a spectrum, i.e.,
of a sequence of spaces each of which is homotopy equivalent by a given
map to the loops on the next space in the sequence. It is in fact better
to work with this spectrum than with the space. The proofs of [W] (and
of [Q1], [Grl], etc.) immediately generalize to give “infinite loop space”
versions of its results which are then valid for N'(A) as a spectrum.

1.5.3. Definition. For A asmall Waldhausen category with weak equiv-
alences w, define K(A) = K(wA) to be the spectrum constructed from A
by the process of [W] 1.3.3 and remark, 1.5.3, and whose Oth space is
Q|N wS A|. Define the Waldhausen R'-groups A, (wA) to be the homo-
topy groups of the spectrum, 7, K (wA). Note these groups are 0if n < ~1,
and are isomorphic to the homotopy groups of the space QN wS A| for
n > 0.

1.5.4. An exact functor F : A — B induces a simplicial functor
wS A — wS B, and a map of spectra KF : K(A) — K(B). This makes
K a functor.

If n : F — G is a natural transformation of exact functors A — B,
and if for all objects A in A, n4 : FA = GA is in w(B), then 7 induces
a homotopy wS F ~ wS G, and in fact a homotopy of maps of spectra
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KF ~KQG.
See [W] for details, and {Th3] A for homotopies of maps of spectra.

1.5.5. If Ais a biWaldhausen category, we define A'(A) using the un-
derlying Waldhausen category (4, co(A), w(A)). But since A - B — C
is a cofibration sequence in A iff C — B — A is a cofibration se-
quence in A°P, there is a canonical isomorphism of simplicial categories
(wS A)°P = wS (A°P). From the canonical isomorphism between the clas-
sifying space [N ( )| of a category and of its dual ([Q1] Section 1(3)), we
deduce a canonical duality isomorphism of spectra K (A) = K(A°P). This
allows us to dualize all theorems of [W] when applied to biWaldhausen
categories.

1.5.6. It is easy to derive the following formula for Ko(wA) from the
edge-path group presentation of Ky{wA) = myQ|N wS A| = m|N wS Al

Ko(wA) is the free group (or the free abelian groups) on generators [A]
as A runs over the objects of A, modulo the two relations

1.5.6.1. {4] = [B] if there is a map A = B in w(A).

1.5.6.2. [B] = [A4][B/A] for all cofibration sequences A >+ B - B/A.

Note that relation 1.5.6.2 applied to A »» AUB — B and B »»
AUB -» A forces [A][B] = [AUB] = [B][4]. Thus Ky(wA) is abelian and
we usually write the relation additively: [B] = [A] + [B/A]. (Also 1.5.6.2
forces {0] = 0.)

1.5.7. If A has a mapping cylinder satisfying the cylinder axiom, let
2 A be the cone of A — 0. Thus A » T(A — 0) - XA is a cofibration
sequence. As T(A — 0) ~ 0, it follows that —[A] = [EA] in Ko(A). Hence
[B] — [A] = [BV EA]. Thus every element of Ko(A) is the class [C] of
some C in A.

1.6. We now turn to the basic theorems of Waldhausen K- theory:
the additivity, localization, approximation, and cofinality theorems. We
will not expose Waldhausen’s cell filtration theorem [W] 1.7, but it will
be cited later in an optional exercise 5.7.

1.7.1. Let A, B, C be small Waldhausen categories, with exact functors
A — C and B — C which are inclusions of the underlying categories.

Let the category of “exact sequences” F(A,C, B) be the category whose
objects are those cofibration in C, A »» C' —» B, which have A in A and
B in B. The morphism of E(A,C,B) are commutative diagrams in C

A C—» B

Lol
A C'» B
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with A — A’ a morphism in A and B — B’ a morphism in B. Such
a morphism in E(A,C,B) is a cofibration if A — A, B — B’, and
A ,LqJ C — (' are cofibrations in A, B, and C respectively. Note then that

C — (' is a cofibration in C, as it is the composite AhJC — A'LAJC — .

A morphism in E(A,C, B) is a weak equivalence if A — A’, B — B’,
and C — (' are weak equivalences in A, B and C respectively.

This gives E(A,C,B) the structure of a Waldhausen category. There
are exact functors s, ¢, ¢q from E(A,C,B) to A, C, and B respectively,
sending A »» C — B to A, C, and B respectively. There is also an exact
functor U: Ax B — E(A,C,B) sending (A, B) to A»» AUB — B. This
functor splits (s, ¢) : F(4,C,B) — A x B.

1.7.2. Additivity Theorem([W] 1.3.2, 1.4.2).  Take the nota-
tion and make the hypotheses of 1.7.1. Then the exact functors (s,q)
induce a homotopy equivalence of K- theory spectra

K(s,q) : K(E(A,C,B)) > K(A) x K(B).

A natural homotopy inverse to this map is K(U) induced by U : AxB —
E(A,C,B).

Proof. See [W] 1.3.2, Section 1.4.
1.7.3. Corollary ([W] 1.3.2(4)). Let A and B be small Wald-

hausen categories, and let F, F', F" : A — B be three exact functors.
Suppose there are natural transformations F' — F and F — F” such
that the following two conditions hold:

1.7.3.1. Forall Ain A, F"A»» FA - F"A Is a cofibration sequence.

1.7.3.2. For any cofibration A’ »» A In A, the induced map
F'A FHV FA’ — FA is a cofibration.

Then there is a homotopy of maps of spectra KF ~ KF' + KF" .
K(A) — K(B).

Proof. The natural cofibration sequence F’ »+ F —» F' induces an
exact functor A — E(B,B,B). The additivity theorem 1.7.2 implies
a homotopy Kt ~ Ks + Kq of maps K(E(B,B,B)) — K(B), since
these maps become equal after composing with the homotopy equiva-
lence K(U). Composing the homotopy Kt ~ Ks + K¢ with the map
K(A) — K(FE(B,B, B)) yields a homotopy K F ~ KF' + KF”.

1.7.4. When B is a complicial biWaldhausen category, hypothesis
1.7.3.2 is superfluous as it follows automatically from 1.7.3.1 and exact-
ness of FV, F', and F". For one notes that

F'A U FAJFPA=0 U FASFA|FA =F'A.
Fral FrA!
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Thus the diagram below has cofibration sequences as rows
F'A > F'AU FA - Fra’l
|| T Y
F'A » FA — F'A
FII(A/A/)

As B is biWaldhausen, the composite map FA -» F“(A/A’) is in
quot(B), and its kernel is a cofibration into FA. But as B is complicial,
this kernel is the same as the kernel taken in the category of chain com-
plexes in the associated abelian category B. Applying the snake lemma
to the above diagram in the category of chain complexes, we see that the
kernel is F' A ng' FA' — FA, and so this map is a cofibration as required

by 1.7.3.2.

1.8.1. Let A be a small category with cofibrations. Suppose A has two
subcategories v(A) and w(A), each of which is the category of weak equiv-
alences for a Waldhausen category structure on A, vA and wA. Suppose
v(A) Cw(A), and that wA satisfies the extension and saturation axioms.

Let AY be the full subcategory of A whose objects are the A such
that 0 — A is in w(A), i.e., which are w-acyclic. This A* becomes a
Waldhausen category vA* with co(A”) = co(A)NAY and v(4A¥) = v(A)N
AY. If vA and wA are biWaldhausen, so is vA*. If A has a functor 7" which
is a cylinder functor both for vA and for wA, T induces a cylinder functor
on AY.

1.8.2. Localization Theorem ([W] 1.6.4 Fibration Theorem).
With the notation and hypotheses of 1.8.1, suppose also that A has a
functor T' which is a cylinder functor both for vA and for wA, and that T
satisfies the cylinder axiom 1.3.1.7 for wA.

Then the exact inclusion functors vA* — vA, vA — wA, induce a
homotopy fibre sequence of spectra

K(vAY) — K(vA) — K (wA).

(The requisite chosen nullhomotopy of K (vA") — K(wA) is induced by
the natural weak equivalence 0 = A in wA for A invA”.)

Proof. [W] 1.64.

1.9.1. Approximation Theorem ([W] 1.6.7). Let A and B be
small saturated Waldhausen categories. Suppose A has a cylinder functor
satisfying the cylinder axiom 1.3.1.7. Let F : A — B be an exact functor
satisfying the two conditions:

1.9.1.1. A morphism f of A is in w(A) if and only if Ff is in w(B).
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1.9.1.2. Given any A in A and any ¢ : FA — B in B, there is an A’ in
A, amapa:A— A inA, and a weak equivalence z’' : FA’ = B in w(B)
such that z = z’ o Fa.

Then under these conditions, F' induces a homotopy equivalence K F :

K(A) = K(B).

Proof. This results from Waldhausen’s version {W] 1.6.7. Condition
1.9.1.2 appears to be weaker than the corresponding condition “App 2”
of [W] in that 1.9.1.2 does not require the map a : A — A’ to be a
cofibration. But given z = z’ o Fla as in 1.9.1.2, one applies the cylinder
functor to a : A — A’ to factor a = a” o a’, with a’ the cofibration
A+ A" = T(a), and a” the weak equivalence A” = T'(a) = A’. Then
' = 2’ o Fa" : FA” = B is a weak equivalence, @’ : A »» A" is a
cofibration, and = = 2" o Fla’. Hence 1.9.1.2 implies “App 2”7 of [W] in
the presence of the other hypotheses.

1.9.2.Theorem. Let A be a small complicial biWaldhausen cate-
gory. Let A" be the new complicial biWaldhausen structure on A where
w(A’') = w(A), but where co(A’) consists exactly of those degree-wise split
monomorphisms whose quotient lies in A. Suppose that A’ has a cylinder
functor satisfying the cylinder axiom, as often occurs (cf. 1.3.5, 1.3.6).

Then the exact inclusion functor A’ — A induces a homotopy equiva-
lence K(A') = K(A).

Proof. Apply 1.9.1 to the inclusion A/ — A. Condition 1.9.1.1 is
obvious, and 1.9.1.2 holds trivially with a = 2, 2’ = 1.

Something much like 1.9.2 was proved in [HS] by Hinich and Shekhtman
before the unveiling of Waldhausen’s approximation theorem.

1.9.2.1  Remark. Theorem 1.9.2 shows it is usually harmless in K-
theory to impose the condition that co(A) consists of precisely the degree-
wise split monomorphisms with quotients lying in A, at least in the pres-
ence of cylinders. This is convenient, since then any complicial functor
F : A — B induced by an additive f : A — B automatically will preserve
cofibrations and pushouts along cofibrations.

1.9.3. In applications of the approximation theorem, most of the effort
involved is expended in verifying condition 1.9.1.2. The foliowing lemmas
1.9.4 and 1.9.5 are useful tools for this, and also for some other purposes.
Lemma 1.9.5 serves to build bounded above complexes quasi-isomorphic
to a given complex, and lemma 1.9.4 serves to truncate them to strict
bounded complexes.
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1.9.4. Lemma. Let A be an abelian category, and let B be a full
additive subcategory of A. Suppose that B is closed under extensions in
A, and is closed under kernels of epimorphisms. (More precisely, B is to
be closed under taking kernels of maps in BB that are epimorphisms in A.)
Let C° be a strictly bounded above complex in B C A. Then:

1.9.4(a). Iffor an integer n, one has H¥(C') = 0 fork # n and C* =0
for k < n, then H*(C") = Z"C" is an object of B.

1.9.4(b). If for an integer n, one has H*(C') = 0 1or k > n, then
Z™C" is an object of B, and the complex C" Is quasi-isomorphic to the
subcomplex TS"C", which is the complex in B

s CMTT L S 2 C 5 0= 00— -

1.9.4(c). If for an integer n, one has H*(C') = 0 for k # n, then
H™(C") has a resolution by objects of B

O O L Z7C — HYNCT) = 0.

If C" is also strictly bounded below, this resolution has finite length.

1.9.4(d). If C" is an acyclic complex, so H*(C") = 0 for all k, then all
Z¥C' = B*C" are objects of B, and C" has a natural filtration by acyclic
complexes in B, F,C" = r<"C", so that F,,;1C"/F,C" is isomorphic to
the acyclic complex

50— 00— B 2B 050 ....

Proof. As C’ is strict bounded above, there is an integer N such that
C?P =0forp>N. f N <n, Z°C" = C” and 1.9.4(b) is obvious.
One proceeds to prove 1.9.4(b) by induction on N — n. If it is already
known to be true for smaller values of N — n, and N — n > 1, consider
C=-+—=CN1SCNVN 50— ... AsN >n, H¥Y(C') = 0 and
CN-1 — CV is an epimorphism in 4 of objects in B. AS B is closed
under taking kernels of such epimorphisms, the kernel Z¥N-1C" is in B.
Then C" is quasi-isomorphic to the shorter subcomplex

C./:TSN_lc.:'--——>CN—2—>ZN_1C.—->O—>O—>»..

which is also a complex in B. Clearly Z¥C" = Z*C ' for all k < N — 1,
and as C" is shorter we get ZFC" is in B for all £ > n by the induction
hypotheses. Thus Z*¥C" is in B for n < k < N — 1. We have that
ZNC" = CVN is in B, and clearly Z¥C" = 0 is in B for k > N. Thus
Z¥C" is in B for all k > n, completing the induction step, and hence the
proof of 1.9.4(b). Now 1.9.4(a) and 1.9.4(c) are immediate corollaries and
1.9.4(d) is a porism (i.e., follows from the proof of 1.9.4(b)).
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1.9.5. Lemma (cf. [SGA 6] 11.4). Let A be an abelian category,
let D be an additive category, and let F : D — A be an additive functor.
Let C be a full subcategory of the category C(A) of chain complexes in
A, such that any complex quasi-isomorphic to a complex in C Is also in
C. Suppose that every complex in C is cohomologically bounded above.
Suppose that if D" is any strict bounded complex in D, the F(D") is
in C, and that C contains the mapping cone of any map of complexes
F(D) — C" with C" in C and D’ strict bounded in D.

Suppose the key condition 1.9.5.1 holds, so “D has enough objects to
resolve”:

1.9.5.1. For any integer n, any C" in C such that H(C') = 0 fori > n,
and any epimorphism in A, A - H"~!(C"), then there exists a D in D
and a map FD — A such that the composite FD - H"~1(C") is an
epimorphism in A.

Suppose finally that the functor F : D - A satisfies the following two
conditions (which trivially hold in the usual case where F is a fully faithful
inclusion):

1.9.5.2. Given a morphism f : FDy — FD, in A, there is a map
d: D3 — Dy in D such that Fd : FD3 — F D5 is an epimorphism in A
and such that f o Fd = F f' for some map f' : D3 — D; in D.

1.9.5.3. Given h: D3 — D, inD with Fh =0, thereisamapd : D3 —
D, in D with Fd: FD3 — FD, an epimorphism in A and hd = 0 in D.

Then: For any D" in C~ (D) with F(D’) in C, any C" in C, and any
map z : FD" — C", there exists a D' in C (D) with F(D") in C, a
degree-wise split monomorphism a : D" — D", and a quasi- isomorphism
' : FD" = C" such that x = z’ o Fa.

Moreover, if ¢ : FD" — C' is an n-quasi-isomorphism for some integer
n (i.e., H(z) is iso for i > n and epi for i = n), then one may choose D"
above so that a : D¥* — D'* is an isomorphism for k > n.

Proof. We construct D’ by induction, constructing what will become
the brutal truncation ¢ D’ given 0"+ D’ (recall o from 1.1.3). To start,
take n large enough so that H'(z) is an isomorphism for ¢ > n and
an epimorphism for i = n. This is possible because FD* and C" are
cohomologically bounded above, so H(FD') = 0 = H!(C") for i >> 0.
For this large n, we set ¢" D' = ¢” D" to begin the induction.

Now assume as induction hypothesis that for some n we have o™ D"
and maps o™a, 0™z’ so that

1.9.54.1. o™D'" isbounded complex in D, and ¢"(a) : 6" D" — o™ D"
is a degree-wise split monomorphism. (Moreover, we need to assume that
(e" D" )% = 0 for k < n, so that 6" D’ could be the truncation o™ of some
complex.)
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1.9.54.2. o"z =o"2' - F(c™a).

1.9.54.3. o™z’ is an n-quasi-isomorphism.

The induction step consists of defining a complex 6"~ 1D’ in D whose
o™ is indeed the given ¢”D’", and maps 0" 1z’, ¢"la which restrict to
the given 0"z’, 0™a, and which satisfy 1.9.5.4.1 - 1.9.5.4.3 with n replaced
by n — 1.

Let M’ be the mapping cone of 6"z’ : F(¢”D ') — C"

(1956) M =---5C"?—-C" 2 - FD"aC™!
— FD"l g™ — .. ..

Then M’ is in C. The long exact cchomology sequence for the map-
ping cone and the fact that o"z’ is an n-quasi-isomorphism yield that
H'(M') = 0 for i > n. By the key hypothesis 1.9.5.1, there is a D "in
D and amap FD ™ — Z""'M" -» H""1(M") so that FD~— H"~!(M")
is an epimorphism. As M"~! = FD'" @ C"~!, and (1.1.2.2) shows that
the differential is given by d(d,¢) = (-0d, dc ~ (¢™2')(d)) in M"™ =
FDmt1 @ C" one easily checks that Z"~'M" = ker 9 is the fibre prod-
uct of 8 : C"~t' — Z"C and o™z’ : Z"Fo" D" — Z7C"

(1.9.5.7) Z" M =Z"Fo"D" x C""'C FD"eC"L
VAN ON

To simplify notation we write Z"FD" for Z"Fa" D", as if the rest of
D’ already existed. Consider now the composite map induced by the
canonical projection and inclusion maps

FD = Z" M =2"FD" x C" Y= Z"FD" — FD™.
znC’

By 1.9.5.2, there is a map D~ — D with FD~ - FD”~— H""}(M")
an epimorphism and with the map FD~ — FD™ — FD'" being F of
a map D~ — D'". Replacing the old D" by D~, we may assume that
FD™— FD™is Fofamap D™— D™. As FD™— FD'™ factors through
Z"F D", the composite FD~— FD'" — FD'"*! is 0. By 1.9.5.3 there
isa D~ — D7in D so that FD~ —» FD™ - H""Y(M’) is still an
epimorphism, and such that the composite D~ — D~— D'* — D"+l jg
0. Replacing the old D~ with this D~, we may assume that D™~ — D'®
factors through Z"D" (= Z"o¢"D").

Now set D! to be D""' @ D" Define d : D'""! — D'™ to be
aod: D" ! — D" — D™ on the summand D"~} and to be D~— D'®
on the summand D7 As D™ - D'™ factors through Z"D’, and as
0ad = ad? = 0 on D™, we see that the composite 8% : D=1 — D'n —,
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D'+l s 0. Now let 6®~ 1D’ be the chain complex formed from ¢® D" by
replacing the old 0 in degree n — 1 by D'*~!, and with § : D'*~1 — D'®
as the new boundary operator here. Let the map 0" !(a) agree with
o™(a) in degrees above n — 1, and to be the inclusion of the summand
D=t — D" 1@ D™= D! in degree n — 1. Let the map o""!(2’)
agree with o”(2’) in degrees above n — 1, and to be given in degree
n—1lon FD™ 1= FD""1@ FD " as z"~! : FD""! — C™ 1 on the
summand FD"~! and on the summand FD™ as the composite of the
map FD™— Z"~1M. and the projection Z"~1M " — C™~1 determined
by the isomorphism 1.9.5.7 of Z*~1M" with a fibre product. It is easy to
verify that ¢"~!(2’) and 0"~1(a) are chain maps and that 1.9.5.4.1 and
1.9.5.4.2 hold with n — 1 in place of n.
To verify condition 1.9.5.4.3 that ¢”~1(2’) is an (n—1)-quasi-isomorphism,

consider its mapping cone M’ . This is the mapping cone M’ of o"(z’)
with an additional term FD""!' @ FD = F(D'™"!) added:

(1.9.5.8)
M =...= Cn—3 - FDn—l @FDA@ Cn—2 — FD/n o Cn—l ...

By construction the boundary map from the summand FD ™ in M2
maps onto H""Y (M) = Z"~}(M")/B"~}(M"). Hence FD " @®B"~1(M")
and a fortiori FD~ @ M™~% = FD™ & C"~? and f‘VD"‘l ®FD” @
C"? map onto Z" " 'M' = Z""'M’'. Then H" }(M’) = 0, as well
as Hi(ﬁ') = HY(M') = 0 for i > n. Now the long exact cohomology
sequence for the mapping cone M of 0"~ 1(z') shows that ¢”~1(z’) is
an (n — 1)-quasi-isomorphism as required. This completes the induction
step.

Now given the inductively constructed o™ D’ for all n, we set D' =
limo"D" as n — —oo. As o™ D" and ¢"~1D" agree in degrees above
n — 1, we have D! = (6" D')* for any n < k. We define a, 2’ similarly.
It is then clear from 1.9.5.4 that D’", a, and z’ meet the requirements,
completing the proof of Lemma 1.9.5.

1.9.5.9. Porism. If 1.9.5.1 holds only for those n > N + 1 for some
fixed N, the proof still constructs a ¢ D" in C®(D), and N-quasi-isomor-
phism o™ (2') : F(¢V D) — C", and a degree-wise split monomorphism
o™ (a) : N D' — o™V(D") such that eV (z) = o™V (2") 0 oV (a).

If A has two additive full subcategories Dy C D so that the inclusion
Dy, — A satisfies 1.9.5.1 for n > N +1 and D, — A satisfies 1.9.5.1 for all
n, then the proof constructs a quasi-isomorphism z’' : D" — C" with D'*
in Dy for k> N and D! in D, for all k. Moreover, if z : D" — C" is given
with D" € C™(D,) and with D* in D; for k > N, then we may construct
the quasi-isomorphism 2’ : D" = C" so that there is a degree-wise split
monomorphism a : D° — D" with 2’ =z oa.
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These variants of Lemma 1.9.5 will come to seem less bizarre in Section
2.2 below.

1.9.6. Let A be a complicial biWaldhausen category with associated
abelian category A. So A is a full subcategory of the category of chain
complexes C(A). Suppose A is closed under the formation of canonical
homotopy pushouts and canonical homotopy pullbacks in C(A) 1.1.2, as
is often the case 1.3.6. Then the “derived” or homotopy category of A will
be a “triangulated category,” and there will be a “calculus of fractions.”
We recall parts of this theory of Grothendieck and Verdier in our context
(cf. [V] or (H] ).

Let A/ ~ be the quotient category where two maps of A are identi-
fied to each other if they are chain homotopic as maps of complexes.
The category A/ ~ is a full subcategory of the chain homotopy category
K(A) = C(A)/~. If one defines the distinguished triangles in A/~ to be
those chain homotopy equivalent to those coming in the usual way from
mapping cone sequences in A, then A/~ satisfies the axioms for a trian-
gulated category ([V] I Section 1, nos. 1-2, or [H] I Section 1), and is a
subtriangulated category of K(A) with its usual mapping cone sequence
triangulated structure ([V] I Section 1 no. 2, or [H] I Section 2).

Let w denote the image of w(A) in A/ ~. As the complicial A is saturated
and extensional, it is easy to see that wis a saturated multiplicative system
in A/~ in the sense of ([V] I Section 2, nos. 1-2, or [H] I Section 3). The
corresponding thick triangulated subcategory of A/ ~ is A*/ ~, the full
subcategory of objects A such that the unique map 0 — A is in w.

Let Ho(A) = w™'A be the “derived” or homotopy category formed from
A by localizing the category A to make the maps in w(A) isomorphisms
in w™!A. As chain homotopy equivalences are quasi-isomorphisms, hence
are in w(A), they become isomorphisms in w~A. In particular, in w14

h
a complex A becomes isomorphic to the complex “A x I” = A L}{ A that

parameterizes chain homotopies of maps out of A. Thus w™1A4 is also the
localization w™!A/~ of A/~ at w. The work in ([V] I Section 2 or [H] I
Sections 3-4) shows that w is exactly the set of all morphisms in A/~ (or
in A) that become isomorphisms in w™!A = Ho(A). Also w™!'A has an
induced triangulated structure. (Not only mapping cone sequences, but
also general cofibration sequences turn out to yield distinguished triangles
in w™!A, as in ([V] II Section 1, nos. 1-5, or [l] I 6.1).)

Furthermore, the passage from A/ ~ to w™'A = w™'A/ ~ admits a
“calculus of fractions” ([H] I Section 3 or [V] I Section 2 no. 3). In partic-
ular, the morphisms in w=!A from A to A’ correspond to the equivalence
classes of data (1.9.6.1) in A/ ~,
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(1.9.6.1) A—- A& A

where A — A" is a morphism in A/ ~, and A’ = A” is a map in w in
A/~. Two such data A — AY & A’ and A — A} & A’ are equivalent if
there exists a commutative diagram (1.9.6.2) in A/~

A]
(1.9.6.2) A —— A, A
\\ T /
A

The calculus of fractions insures that this is an equivalence relation, and
yields the composition of morphisms represented as data by constructing
the C” and the bottom arrows in (1.9.6.3). Here C” is the canonical
homotopy pushout in A of a choice of maps in A to represent the chain
homotopy classes of maps B = A" and B — B” in A/ ~, and the bottom
arrows are the canonical maps into the homotopy pushout. (It is easy to

check that B” = C" is a weak equivalence, cf. the construction of 1.9.8.4
below.)

\ / AN /
(1.9.6.3) \ /

Dually, morphisms in w™*A from A to A’ may be represented by equiv-
alence classes of data A & A” — A’, with equivalence relation

A,
7N
(1.9.6.4) A = Ay — A
\ |- /
4

and with composition coming from homotopy pullbacks.
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When there is danger of confusion as to whether a map A — A’ is to
be a map in A or in Ho(A) = w™'A, we refer to morphisms in A as strict
maps.

19.7. Let F : A — B be a complicial exact functor between
biWaldhausen categories (1.2.16). As F is induced by degree-wise ap-
plication to complexes of an additive functor f : A — B of associated
abelian categories, the functor F' preserves canonical homotopy pushouts
and canonical homotopy pullbacks. In particular, F' preserves mapping
cones and mapping cylinders. Thus if A and B are closed under the for-
mation of homotopy pushouts and homotopy pullbacks, F : A/ ~— B/~
and w™'F :w 'A — w !B are triangulated functors.

From the calculus of fractions we see that w™'F : w™!A — w™ 1B is an
equivalence of homotopy categories if F' : A — B satisfies the following
four conditions:

1.9.7.0. For any map a in A, a is in w(A) if and only if Fa is in w(B).

1.9.7.1. For any B in B, there is an A in A and a map FA = B in
w(B).

1.9.7.2. For any map b: FA' — FA"” in B, there are maps a’ : A = A’
in w(A) and a” : A — A” in A, such that there is a chain homotopy
boFa' ~ Fa" in B.

1.9.7.3. For any map a’ : A’ — A" in A such that Fa’ ~ 0 is chain
nullhomotopic in B, there is amap a : A = A’ in w(A) such that ’-a ~ 0
1s chain nullhomotopic in A.

The last two conditions (1.9.7.2 and 1.9.7.3) trivially hold whenever
F : A — Bis fully faithful. Note then that F' is also full and faithful
for chain homotopies between maps, as a chain homotopy between maps

h
C — D corresponds to a chain map “C x I” = C ch C—-D.

1.9.8. Theorem. Let A and B be two complicial biWaldhausen
categories, each of which is closed under the formation of canonical ho-
motopy pushouts and canonical homotopy pullbacks (1.9.6, 1.2.11). Let
F : A — B be a complicial exact functor (1.2.16). Suppose that F induces
an equivalence of the derived homotopy categoriesw™'F :w™!A — w™'B,
Then F induces a homotopy equivalence of K -theory spectra

K(F): K(A) — K(Bj.

Proof. By 1.9.2, we reduce to the case where cofibrations in A and B
are precisely the degree-wise split monomorphisms whose quotients lie in
A and B respectively. Then A and B have cylinder and cocylinder functors
satisfying the cylinder and cocylinder axioms, thanks to 1.3.5.

Let C be the category whose objects are data (A, FA = B) where A
is an object of A, B is an object of B, and FA = B is a map in w(B).
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A map in C from (A, FA 5 B) to (A, FA' = B’} consists of a map
A — A’ in A and a map B — B’ in B such that

FA ——~ . B

! !

FA' —— . B

commutes. Call a map in C a cofibration (or respectively, weak equiva-
lence) if both maps A — A’ in A and B — B’ in B are cofibrations (resp.
weak equivalences). This makes C a biWaldhausen category. (Indeed, it
is even a complicial biWaldhausen category, with associated abelian cat-
egory of data (4, fA — B)with Ain A, Bin B, and fA — B amapin
B.) Asin 1.9.7, F : A — B preserves the mapping cylinders and cocylin-
ders. Thus C has a cylinder functor induced by the cylinder functors of
A and B. Dually C has a cocylinder functor. These satisfy the cylinder
and cocylinder axiom 1.3.1.7.

The functor F : A — B factors as the composite of exact functors
A—CandC—B. Here A—Csends Ato (A, FA=FA),andC— B
sends (A, FA = B) to B. We will show both these functors induce
homotopy equivalences on K-theory spectra.

The functor A — C is split by an exact functor C — A sending
(A, FA = B) to A. So A — C — A is the identity functor. The
composite C — A — C is naturally weak equivalent to the identity by
the natural transformation (A, FA = FA)— (A, FA = B)induced by
A=Aand FA> B. Thus K(A) — K(C) and K(C) — K(A) are inverse
homotopy equivalences by 1.5.4.

Consider now the exact functor C — B of biWaldhausen categories. We
claim it induces a homotopy equivalence K(C) = K(B) by the dual to
the approximation theorem 1.9.1.

First we note that the dual hypothesis to 1.9.1.1 holds. For suppose
(a,b) : (A, FAS B)— (A, FA' S B')is a map in C, whose image b :
B = B’ in C is a weak equivalence. Then by saturation, Fa: FA = FA’
is also a weak equivalence. Hence Fa becomes an isomorphism in w™!B.
As by hypothesis, w™1F : w™!A — w™ !B is an equivalence of categories,
the map a becomes an isomorphism in w~1'A. Hence as in 1.9.6, the map
a is in w(A). Thus both maps a and b are weak equivalences, so (a,b) is
a weak equivalence in C, as required by 1.9.1.1.

To verify the dual hypothesis to 1.9.1.2, we must show that given a
diagram {1.9.8.1) corresponding to a map z : B’ — (B of (FA — B)),
this can be completed to a commutative diagram (1.9.8.2) corresponding
to the factorization required by 1.9.1.2
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FA —/—- B
(1.9.8.1) T
B/
FA —/—— B
ra| |
(1.9.8.2) FA" —~_, B" b
I
BI

As a first approximation, we construct a diagram like (1.9.8.2) in B/ ~,
i.e., a version that chain homotopy commutes. We begin by noting that as
w~ ! F is an equivalence of homotopy categories, B’ is isomorphic in w™!B
to some F'A;. By calculus of fractions, this isomorphism corresponds to
a datum in B : FA; = By & B’. Composing this isomorphism in w™!B
with the map b : B’ — B and with the inverse isomorphism to FA = B
yields a map in w™'B from FA; to FA. As w™'F is an equivalence
of categories, this map is w™'F of some map from A; to A in w 1A
This map from A; to A is represented by a datum A; — A; & A in
A. Applying the formulae of the calculus of fractions for composition
and equivalence of data representing maps in w~ 1B, as given in 1.9.6,
we deduce that there exists in B/~ a commutative diagram, which after
removal of intermediate constructions becomes:

FA B

F( >l~ lN

FAy ~—~— B, b

of

FAl ;* 31

(1.9.8.3)

N
BI
We choose representatives of these maps in A and B, so that (1.9.8.3) be-

comes a chain homotopy commutative diagram in B, where the indicated
maps are F' of maps in A.
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Now let A3z be the canonical homotopy pullback of A} — A3 and A =
Aq, and let B3 be the canonical homotopy pullback of By — By and
B = By, as in 1.1.2. The FAjz is the canonical homotopy pullback of
FA; — FAy and FA — FA,, asin 1.9.7.

By 1.1.2, the chain homotopy commutative diagram (1.9.8.3), after a
choice of chain homotopies, induces a map of homotopy pullbacks FA3 —
B3, which is an edge of a homotopy commutative cube with vertices
FAs, FAy, FA,, FA, B3, By, By, and B. The map FA3 — Bj is
a weak equivalence. To see this, we first note that the projection map
B3z — B from the homotopy pullback is the pullback along B — Bj of
the canonical map

h
ki : B 1;< By = cocylinder (B; — Bjy) —+ Bs.

As kq is a degree-wise split epimorphism, and even a map in quot(B), it
follows that the pullback Bz - B is in quot(B). Similarly FA3 - FA
is in quot(B). Now as F'A3 — Bs is induced by the horizontal arrows in
(1.9.8.3), each of which is a weak equivalence, it follows from the dual of
the gluing lemma axiom 1.2.3.2 that FFAz = Bs is a weak equivalence.

Also, as B — B, is a weak equivalence, the extension axiom 1.2.6 shows
that the induced map

R
B; = By x By = cocylinder (B; — By)
B

is a weak equivalence. As the projection of the cocylinder onto B is even
a quasi-isomorphism, it follows that the canonical map Bz = B is a weak
equivalence.

The homotopy commutative right half of (1.9.8.3), together with a
choice of homotopy, determines a map B’ — Bz by the universal map-
ping property of homotopy pullbacks, dual to the mapping property of
homotopy pushouts explained in 1.1.2. As By — By and ¥ : B’ — B
are weak equivalences, the saturation axiom implies that B’ = B3 is a
weak equivalence. Thus we have constructed a homotopy commutative
diagram (1.9.8.4), the desired first approximation to (1.9.8.2).

~

FA —— B
F o
(1.9.8.4) ()T T
FA3 —_— B3
“ B/

To finish, it remains to replace (1.9.8.4) by a strictly commutative di-
agram in B, as opposed to B/ ~. Let B"” be the homotopy pullback
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of B — B and B3 — B. Then the projection B” = Bj is a quasi-
isomorphism, hence a weak equivalence. Choices of homotopies in the
homotopy commutative diagram (1.9.8.4) determine maps FA3 — B”
and B’ — B”. As B” = Bs and FA3 = Bj; are weak equivalences, the
saturation axiom shows that FFAz = B” is a weak equivalence. Similarly,
B’ = B" is a weak equivalence. Now consider the map B” — B which
is the canonical projection of the homotopy fibre product onto B. By
construction, the composite FA3 — B” — B is FA3 - FA — B, and
B' - B” —- Bis b : B — B. Thus we have a strictly commutative
(1.9.8.2) on taking FA” = FA3 and B” = B”. This completes the veri-
fication of the dual of hypothesis 1.9.1.2. Now 1.9.1 applies to complete

the proof of the theorem.

1.9.9. The theorem 1.9.8 is very useful in providing K-theoretic equiv-
alences directly from off-the-shelf data, as found in [SGA 6] for example.
Morally, it says that K(A) essentially depends only on the derived cat-
egory w A, and thus that Waldhausen K-theory gives essentially a K-
theory of the derived category. However, it is true that to so define a
K-theory of a derived category, one must find some underlying model A
which is complicial biWaldhausen. Also, we know independence of the
choice of model only when the models are related by some additive func-
tor exact in the sense of 1.2.16. These caveats are annoying, but do not
seem to cause serious problems in practice.

We also note an equivalence w™'4 — w™ !B often induces equivalences
of homotopy categories w=1A’ — w~!B' for various naturally defined com-
plicial BiWaldhausen subcategories A’, B’, of A, B. Then 1.9.8 shows that
K(A') — K(B') will also be a homotopy equivalence of K-theory spectra.
Thus the equivalences of 1.9.8 have a nice tendency towards inheritance
by natural subcategories.

1.10.1. Cofinality Theorem. Let vA be a Waldhausen category
with a cylinder functor satisfying the cylinder axiom. Let G be an
abelian group, and 7 : Ko(vA) — G an epimorphism. Let A* be the
full subcategory of those A in A for which the class [A] in Kp(vA) has
7[A] = 0 in G. Make A” a Waldhausen category with v(A") = A” Nv(A),
co(Ay) = AY N co(A). Let “G” denote G considered as a Eilenberg-
MacLane spectrum whose only non-zero homotopy group is a G in di-
mension 0.

Then there is a homotopy fibre sequence

(1.10.1.1) K(vAY) — K(vA) = “G”

In particular,
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K;(vAY) = K;(vA) for i >0
(1.10.1.2) X i
Ko(vA”) = Ker m: Ko(vd) » G

Proof. Define w(A) to be the set of maps in A whose mapping cones
have their Ky class in the kernel of 7 : Kg(vA) — G. It is easy to check
using 1.5.6 that wA is a Waldhausen category and v(A) C w(A). Clearly
wA satisfies the extension and saturation axioms. Appealing then to the
homotopy fibre sequence given by the localization theorem 1.8.2, it suffices
to show that K(wA) is homotopy equivalent to “G”.

3
For each non-negative integer n, consider IIG as a category whose ob-
n
jects are n-tuples of elements of G, (g1, 92,.-.,9n). The category IIG has

only identity morphisms. There is a functor 7 : wS,A — ﬁG induced
in terms of the description 1.5.1.2 by sending the object A; »» A5 »—
- Ap of wS, A to the n-tuple (7[A1], 7[A2] - 7[A1], n[A3] —n[A2], ...,
n[An] ~ 7[An-1]).

(In the more precise description 1.5.1, this functor sends A( , ) to
(r[A(1,0)], w[A(2,0)] — n[A(1,0)], ..., #[A(n,0)] — 7[A(n — 1,0)]) =
(7[A(1,0)], #[A(2,1)], 7[A(3,2)], ..., 7[A(n,n—=1)]).)

n
We claim that for each n, 7 : wS, A — IIG induces a homotopy equiv-

alence of nerves of categories. As ﬁG is a discrete category, i.e., has only
identity morphisms, it suffices to show for all (g;,g2,.-.,9,) that the
category #~1(g1,...g.) has contractible nerve. The fibre #~1(0,0,...,0)
has initial object 0 »» 0 > --- »=+ 0, and so is contractible. We plead
that all fibres 771(g1,...,gn) are homotopy equivalent to #=1(0,0,...,0),
and hence are contractible. First note by 1.5.7 and the hypothesis that
7 : Ko(wA) — G is onto every element g in G is #[C] for some C in A.
Given (g1, ..., gn) then choose C; in A so 7[C;] = ¢;. Consider the objects
C=Ci = CiUCy—» CiUCUC3»— - = C1UCU---UC,, and
Y2C =20 ZCLUECy » - = ECLUEC, U ---UXC, in wS,A.
Clearly #(C)) = (91,92,---,9n). Also 7(EC.} = (—g1,~92,...,—gn) as
[£C] = —[C] by 1.5.7. Then the functor UC, : wS,A — wS,A sending
(Al | ondRS ond An) to (AIUCI lond AgUClLJCz lendii i and AnUCl U-- 'UCn)
restricts to a functor UC, : #~%(0,0,...,0) — 77 (g1,92,.--,9n). Sim-
ilarly U £C, gives a functor 7~1(g1,92,...,9,) — 7 1(0,0,...0). The
maps 0 — C;UXC;, CiUELC; — 0areinwd as [CUEZC] =[C]-[C] =0,
and they induce natural transformations between the identity functors on
7=1(0,0,...,0) and 77 1(g1,92,...,9,) and the composites of the functor
U C, and U C . Thus these functors induce homotopy equivalences be-
tween 771(0,0,...,0) and 7=%(g1,92,...,9gn), as was to be shown. This
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n
completes the proof of the claim that = : wS,A — IIG is a homotopy
equivalence.

The map 7 : wS,A — ﬁG for various n are compatible with the sim-
plicial operators, and so induce a functor between simplicial categories
which is a homotopy equivalence of classifying spaces in each degree.
Here the simplicial operators on wS,A are as in 1.5.1 - 1.5.2, and on
NG are defined so that do(g1,...,9n) = (92,--.,9n), d(g1,...,9n) =
(91,92, 9i-1,9iGi+1,Gi42, - -, 9n) for 1 < @ < n, dn(g1,...,9n) =
(91,---19n-1), and si(g1,...,92) = (91,---,9:,0,gi41,...,9n). With this
structure, the simplicial category IIG is actually the simplicial set BG =
NG, the bar construction on G. The nerve of this degree-wise discrete
simplicial category thus collapses to NG. The degree-wise homotopy
equivalence 7 induces a homotopy equivalence of spaces

INwS.(4)| — |NG| ~ BG.

In fact this homotopy equivalence is a map of infinite loop spaces. For
one checks easily that the iterated S construction on wA that defines the
Waldhausen spectrum structure ({W] 1.3.5 Remark) corresponds under =
to the iterated bar construction on G that defines the Eilenberg- MacLane
spectrum “G”. (Or one notes that 7 is a simplicial symmetric monoidal
functor, and feeds it to an infinite loop space machine [Th3] A). Thus =
induces a homotopy equivalence of spectra K{wA) = “G”, as required.
(We found this proof in 1985; it has since become folklore.)

1.10.2. Ezercise (optional). Theorem 1.10.1 is all the cofinality that
we need for Sections 2 - 11. Other well-known cofinality results often have
a different flavor, (see [Gr2] 6.1 and [Sta] 2.1 for some latest versions). In
particular, the Waldhausen strict cofinality theorem [W] 1.5.9 at first
seems quite different in purpose from our 1.10.1. Combining Waldhausen
strict cofinality, our 1.10.1 and Grayson’s cofinality trick [Gr3] Section 1,
prove the following cofinality result:

Let A and B be Waldhausen categories. Suppose A is a full subcategory
of B closed under extensions, that w(A) = A Nw(B), and that a map in
A is a cofibration in A iff it is a cofibration in B with quotient isomorphic
to an object of A. Suppose that B has mapping cylinders satisfying the
cylinder axiom, and that A is closed under them. Suppose finally that A
is cofinal in B in that for all B in B there is a B’ in B such that BU B’
1s 1somorphic to an object of A.

Then K(A) — K(B) — “Ko(B)/Ko(A)” is a homotopy fibre sequence.

1.11.1. To close Section 1 we compare the Quillen K-theory [Q1] of
an exact category £ to the Waldhausen K-theory of £, and to the Wald-
hausen K-theory of a category of bounded complexes in £. The latter
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category has cylinders and cocylinders and is complicial biWaldhausen.
This allows one to apply the results 1.10.1, 1.10.2, 1.9.8, 1.9.1, 1.8.2 to
Quillen K-theory of exact categories. See [Gr2] and [Sta] for rederiva-
tions of all Quillen’s basic results on K-theory of exact categories in
the Waldhausen framework. We pause to mention two open problems.
First, find a general result for Waldhausen categories that specializes to
Quillen’s devissage theorem when applied to the category of bounded com-
plexes in an abelian category. Second, show under the conditions 1.2.15,
that K(A) ~ K(B). This would make Quillen’s localization theorem for
abelian categories an immediate consequence of 1.8.2.

Logically, one should now read Appendix A, and then return to 1.11.2.

1.11.2. Theorem (Waldhausen). Let £ be an exact category in
the sense of Quillen [Q1]. Consider £ as a biWaldhausen category as in
1.2.9. Then the Quillen and the Waldhausen K -theory spectra of £ are
naturally homotopy equivalent.

Proof. (W] 1.9, or {Gi2] 9.3.

1.11.3. Let A be an abelian category, and let i : £ — A be an exact
functor which is full and faithful. Assume that £ is closed under extensions
in A4, and that if a sequence in £ is exact in A4, then it must be exact in £.

We also make the following stronger assumption (which will be harmless
by 1.11.10):

1.11.3.1. If f is a map in & such that ¢(f) is an epimorphism in A, then
f 1s an admissible epimorphism in £.

1.11.4. Ezample. Let X be ascheme, and let £ be the exact category
of algebraic vector bundles on X. Let A be either the abelian category of
all Ox-modules, or else the abelian subcategory of all quasi-coherent O x-
modules. Let ¢ : £ — A be the canonical inclusion. Then this inclusion
satisfies all the conditions of 1.11.3.

1.11.5. Ezample. Let & be an exact category satisfying the condition
that all weakly split epimorphisms of £ are admissible epimorphisms.
That is, suppose that for any r : E — E" in £ such that there is an
s: E”" — Ewithrs =1, thenr : E - E’ is an admissible epimorphism in
E. Let i : & — A be the Gabriel-Quillen embedding (cf. A 7.1), i.e., let A
be the abelian category of left exact additive functors £°P — Z-modules,
with ¢ the Yoneda embedding i(E) = homg( ,E). Theni : & — A
satisfies the hypotheses of 1.11.3, including 1.11.3.1. For a proof, see
Appendix A.7.1 and A.7.16.

1.11.6. Given 7 : £ — A as in 1.11.3, consider the category E~ of
bounded chain complexes in & as a full subcategory of the category of
chain complexes C(A4). Define co(E~) to be the degree-wise admissible
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monomorphisms. Define w(E ~) to be those maps in E™~ which are quasi-
isomorphisms in A. (This appears to depend on the choice of A, but in
fact does not given 1.11.3.1, see 1.11.8.)

Then E~ is a complicial biWaldhausen category. There is a canonical
complicial exact functor £ — E~ sending E in £ to the complex which is
F in degree 0 and 0 in other degrees.

Let E be E~, but now with co(E) being the degree-wise split monomor-
phisms whose quotients lie in E. Then E is a complicial biWaldhausen
category, and the inclusion functor £ — E~ is complicial exact.

By 1.3.6, both E and E~ have cylinder and cocylinder functors, satis-
fying the cylinder and cocylinder axioms 1.3.1.7.

1.11.7. Theorem (Gillet-Waldhausen).  Under the hypotheses of
1.11.3 and with the notation of 1.11.6. the canonical exact inclusions
induce homotopy equivalences of K -theory spectra

K(&) > K(E~) < K(E)

Proof. The map K(E) — K(E™~) is a homotopy equivalence by 1.9.2.
The homotopy equivalence K(£) = K(E~) is due to Gillet, who pat-
terned his argument [Gi2] 6.2 on a proof for special cases due to Wald-
hausen. Gillet’s statement [Gi2] 6.2 does not make the extra hypothe-
sis 1.11.3.1 on the embedding £ — A, but the proof given there needs
1.11.3.1 in order to work. (Gillet attempts to evade 1.11.3.1 by appealing
to Quillen’s resolution theorem, but in fact 1.11.3.1 is needed to verify
one of the hypotheses of the resolution theorem, [Q1] Section 4 Thm 3i).)
We will give the complete proof that K(£) = K(E~) is a homotopy
equivalence.

For integers a < b, let EJ*® be the full subcategory of those complexes E-
in E~ such that E* = 0 fori < a—1andfori > b+1. Hence £ = E5*°, and
E~ is the direct colimit of the E*® as b goes to +00 and a goes to —oco. Let
w(E ™) be the quasi-isomorphisms of complexes as in 1.11.6, and let #(E~)
be isomorphisms of complexes. Set w(E}?) = w(E~) N E;® i(E;Y) =
(E~)NEZ, and co(E?) = co(E~)NE®. Then wE}® and iE]*
are Waldhausen categories. Let E;*¥ be the full subcategory of E*® of
those complexes quasi-isomorphic to 0, with co(E*) = EX*™ N co(E™).
Then iE;" is a Waldhausen category.

Consider the exact functor

b—a+1
(1.11.7.1) B I €

sending a complex E" to (E%, E*t! ..., E?). We claim that this functor
induces a homotopy equivalence on Waldhausen K-theory. For b = a, this
is clear, as the exact functor is then an isomorphism. The proof of the
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claim now proceeds by induction on b — a, and consists of showing that a
functor

(1.11.7.2) i B x &

induces a homotopy equivalence on K-theory. This functor sends a com-
plex (E® — --- — E®) to the pair consisting of the subcomplex (0 —
E®*t! — ... — E?) and the quotient E® = (E®* — 0 — ... — 0). This
functor does induce a homotopy equivalence on K-theory by the Addi-
tivity Theorem 1.7.2 with A = iEa“fl, B=¢ =t and C = iE:b,
as the canonical filtration defining our functor induces an equivalence of
categories iE** ~ E(A,C,B). This proves of claim.

On the other hand, we also claim that similarly, K iE***) is homotopy

equivalent to bHaK(é'). If b = a, this holds trivially as EJ*" = &Y is
equivalent to the 0 category. It also holds if ¢ = b — 1, as the category
iE;%Y is the category of complexes § : E>~1 — E® with d an isomorphism,
and this category is equivalent to £. The proof now proceeds by induction
on b — a and consists of producing a homotopy equivalence

(1.11.7.4) K (EZ™) = KEEZ®DY) x K ({EY = €)

This homotopy equivalence results by applying the additivity theorem
1.7.2 to an equivalence of categories (cf. 1.9.4(d))

(1.11.7.5) B = EGE; DY GBS B

To see the equivalence, we must associate an extension to a complex E’ in
iE;Y . As E is acyclic and Z°E = E® as E**! = 0, the map E*~1 -» E®
is an epimorphism in A. Hence E®~! - E® is an admissible epimorphism
in £ by 1.11.3.1. Thus its kernel Z*~1E" isin £ and Z*~'E »» E*-1 = E*
is an exact sequence in £. The complex 7$¥-1F = (E% — Eotl ...
E*?  Z%1)is thus in iE; (VY The complex °E" = (B* = E%)isin

iE,:(f_l)w, and E’ fits into a canonical cofibration sequence 7S~1E" »—

E" —» r*E" which defines an object of E(iE:(b—l)w, By B
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(—
é——
— O e O —

(1.11.7.6)

Zb-1 ., -1 5 B
| | I
0 —— E' —— E?
|

The inverse equivalence of the categories takes the total complex E* and
forgets the extensions. It is easy to check that both the equivalence of
categories and its inverse are exact functors. This completes the proof

b—
of our second claim that K(iE;**") is homotopy equivalent to HaK(S).
In fact our proof shows that for E* in EJ*, the Z*E" = BF*E" are
objects of £, that E" +— Bk(E') is an exact functor, and that our claimed
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b—a
homotopy equivalence is induced by the exact functor iE;* — 11 &

given by sending E" to (B°*'E", B**?E" ..., BYE).
Now consider the exact inclusion iE;"*" — iE*®. This induces a map on
K-theory spectra, which by the two claims above is homotopy equivalent

b—a b—a+1
toamap Il K(£)—> T K(£)
K @E*™) —— K (#;")
(1L11.7.7) |~ B
b—a b—at1
MKE) — T K&

For E" iniE[**  the corresponding term in ' ﬁ+18 is (B9, E%* ..., EY)
while the corresponding term in bHaS is (B2t ..., Bb). From the exact
sequence ZF »+ E*¥ — B*+l for £ and the fact that Z* = B* by acyclic-
ity, the Additivity Theorem 1.7.2 shows the map on K-theory spectra in-
duced by sending £’ to E* is homotopic to the sum of the maps induced
on K-theory induced by sending E" to B* and to B*¥+!. Considering also

b— b—a+1
that B® = imE®"! = 0, we see that our map HGK((‘,') o K(&)in
(1.11.7.7) is that induced by the exact functor:

(1.11.7.8)
(B, ..., B')+— (B**!, B*T'@ Bt ..., B 'oBY.

b—a+1
The homotopy cofibre of this map is K(£), with I K(£) — K(£)
induced by (zq, ..., 23) = E(—1)*z;. Taking the direct colimit as a goes
to —oo and b goes to +o00, we get a homotopy cofibre sequence

(1.11.7.9) K (E ~*) — KGE~) — K(£)

where K(iE~) — K(&) sends E to its Euler characteristic £(—1)¥ E*.

But by the localization theorem 1.8.2, the homotopy cofibre spectrum
of KGE~") — K(iE™) is K(wE~) = K(E~). Thus there is a homotopy
equivalence K (&) = K(E™~), which in fact is the map induced by the
exact functor & — E~. This proves the theorem.

1.11.8. Porism. Under the hypotheses of 1.11.3 and with the nota-
tion of 1.11.6, a complex £ in & is acyclic in C(A) if and only if all cycle
and boundary objects Z¥E" and B¥E are in £ C A, B*E = Z¥E' in
£, and the sequences Z* »» E¥ — B¥+1 are exact in £. In particular,
this is independent of the choice of A, provided only it satisfies 1.11.3 and
especially 1.11.3.1.
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Also, the set w(E) of quasi-isomorphisms of complexes in £ is indepen-
dent of the choice of A.

For the first paragraph is a porism of the proof of 1.11.7. To verify the
second paragraph, we note that a map in E is a quasi-isomorphism (with
respect to A) iff its mapping cone is acyclic. The formation of mapping
cones uses only the additive structure of £, and acyclicity is independent
of the choice of A by the first paragraph.

1.11.9. Remark. An exact functor f : £ — £ induces a compatible
additive functor of the associated Gabriel-Quillen abelian categories f* :
A — A, by A82 Although f* : A — A’ need not preserve exact
sequences in 4, it does preserve exact sequences in £, A.8.5. Hence it
preserves quasi-isomorphisms of complexes in £ by 1.11.8, and induces
complicial exact functors f* : E— E', E~ — E'~. Thus 1.11.7 becomes
natural in £ with £ — A chosen as the Gabriel- Quillen embedding 1.11.5.

1.11.10. Remark. If £ is an exact category not satisfying the hy-
pothesis of 1.11.5 that weakly split epimorphisms are admissible epimor-
phisms, we let & be its Karoubianization A.9.1. Then 1.11.7 applies
to the Gabriel-Quillen embedding of £, as £ satisfies the hypothesis of
1.11.5. As K(&) is a cover of K(&') so K;(€) = K;(&') for i > 0, by
classical cofinality A.9.1, this shows the extra hypothesis of 1.11.3.1 is
essentially harmless. Indeed by 1.11.1 we get in general that K(&) is
homotopy equivalent to the K-theory of the category of those bounded
chain complexes in £ whose Euler characteristic lies in Ko(&) C Ko(&').

2. Perfect complexes on schemes

2.0. In this section, we review and extend the theory of perfect com-
plexes on a scheme. This theory was discovered and developed by
Grothendieck and his school (especially Illusie) in [SGA 6] as a more
flexible replacement for the naive theory of algebraic vector bundles on
a scheme in K-theory. The somewhat new results of this section are
the characterizations of pseudo-coherence and perfection in 2.4, and some
of the functoriality statements in 2.6 and 2.7. Aside from a few minor
improvements, the rest of this material is already in [SGA 6].

2.1.1. Definition. A scheme with an ample family of line bundles
is a scheme X, which is quasi-compact and quasi-separated, and which
has a family of line bundles {£,} which satisfy any one of the following
equivalent conditions ([SGA 6] II 2.2.3 and proof thereof).
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(a) Let n run over all positive integers n > 1 and let £, run over the
family of line bundles. Let f € T'(X,£2") run over all the global sections
of all the £&". Then the resulting family of open set X; = {z € X|f(z) #
0} is a basis for the Zariski topology of X.

(b) One may choose a set of positive integers n > 1, a set of line bundles
Lo in the family, and a set of global sections f € T(X, £&") such that
the set {X;} is a basis for the Zariski topology of X and all these X are
affine schemes.

(c) One may choose a set of positive integers n > 1, line bundles £, in
the family, and global sections f € T'(X, £&") such that {X;} is a cover
of X by affine schemes.

(d) For any quasi-coherent O x-module F, the evaluation map

& T(X, FOLE) @ L;®" = F

an>
is an epimorphism.

2.1.2. Ezamples. (a) Any scheme with an ample line bundle in the
sense of [EGA] I1 4.5.3 and IV 1.7 has an ample family (consisting of one
line bundle) in the present sense. As special cases we have (b) and (c):

(b) Any affine scheme has an ample family of line bundles.

(c¢) Any scheme quasi-projective over an affine scheme has an ample
family of line bundles. In particular, any quasi-affine scheme has an ample
family of line bundles.

(d) Any separated regular noetherian scheme has an ample family of
line bundles ([SGA 6] IT 2.2.7.1).

(e) If Y has an ample family of line bundles, and U C Y is a quasi-
compact open, then U/ has an ample family of line bundles, given as the
restriction of the family on Y. This is clear by 2.1.1(a).

(f) Let Y be a scheme with an ample family of line bundles {£,}. Let
f : X — Y be a quasi-compact and quasi-separated map of schemes.
Suppose X has an f-ample family of line bundles {K3}. That is, suppose
Y is covered by (affine) opens U C Y such that {Kg|f~(U)} is an ample
family on each f~!(U). Then {f*L%* ® K?“]k >1, n> 1} is an ample
family on X, as clearly follows from criterion 2.1.1(a) and [EGA] I 6.8.1.
As special cases we have (g) and (h):

{g) If Y has an ample family of line bundles and f : X — Y is an affine
map of schemes, then X has an ample family of line bundles.

(h) If Y has an ample family of line bundles and f : X — Y is a quasi-
projective map of schemes, then X has an ample family of line bundles.

2.1.3. Lemma. Let X have an ample family of line bundles. Then
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(a) For any quasi-coherent Ox-module F, there is a locally free Ox-
module £ and an epimorphism £ « F.

(b) For any quasi-coherent Ox-module F of finite type, there is an
algebraic vector bundle (i.e., a locally free Ox-module of finite type) &£
on X, and an epimorphism & - F.

(¢) For any epimorphism G — F of quasi-coherent Ox-modules with
F of finite type, there is an algebraic vector bundle € and amap &€ — G
such that the composite map £ — G — F is an epimorphism onto F.

In all cases (a), (b), (c), £ may be taken to be a direct sum of tensor
powers of line bundles of the family.

Proof. First note by quasi-compactness of X and 2.1.1(c) that X has
an ample finite subfamily of line bundles, Lq,,...,Lq,. As each L, is
locally free, X is covered by open sets where all the £, are simultaneously
free. Thus any direct sum of E;'®" is locally free on X, even if it is an
infinite sum.

To prove (a) we appeal to 2.1.1(d), and let £ be the sum with one factor
L;®" for each global section in T'(X, F ® L&").

Case (b) follows from case (¢) on setting G = F.

To prove case (c), we consider the epimorphism @C;:g’" - G con-
structed in the proof of case (a). The composite of this epimorphism with
G —» F is also an epimorphism. As F has finite type and X is quasi-
compact, some finite subsum of the factors £;®” maps epimorphically to
F. We let £ be this finite subsum, and take £ C @C;?" — G the induced
map.

2.2. Logically, the reader should now examine Appendix B before re-
turning to 2.2.1. We note the convention that the word “Ox-module”
means “a sheaf on the scheme X which is a sheaf of modules over the
sheaf of rings Ox,” and does not apply to a general presheaf of modules
over the sheaf of rings Ox. That is, an “Ox-module” is a @ x-module in
the Zariski topos of X.

2.1.1. Definition ([SGA 6]12.1). For any integer m, a chain complex
E’" of Ox-modules on a scheme X is said to be strictly m-pseudo-coherent
if E* is an algebraic vector bundle on X for all i > m and E* = 0 for
all 7 sufficiently large. A complex E° is strictly pseudo-coherent if it is
strictly m-pseudo-coherent for all m, i.e., if it is a bounded above complex
of algebraic vector bundles.

2.2.2. Definition ([SGA 6] 1 2.1). A complex E° of Ox-modules is
strictly perfect if it is strictly pseudo-coherent and strictly bounded below.
That is, a strict perfect complex is a strict bounded complex of algebraic
vector bundles.
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2.2.3. Lemma ([SGA 6] I 2.10b). Let A" be a complex of Ox-
modules with H'(A') =0 fori > m+ 1. Then H™(A") is an Ox-module
of finite type Iff for each x € X there is an open neighborhood U of z
and an isomorphism in the derived category D(QOy-Mod) between the
restriction A'|U and a strictly m-pseudo-coherent complex on U.

Proof. Suppose H™(A') is of finite type, and let £ € X. Then for
some positive integer k there is an epimorphism of stalks ®*Ox . —»
H™(A);. As @*Ox ; is a free module over Ox ., this map lifts to the
group of cycles Z™(A"), » H™(A"),. The lifted map extends over some
open nbd U of z to a map ®*Oy — Z™(A)|U C A™|U. Shrinking U, we
may assume that ®*Oy — H™(A')|U is epimorphic. Then the complex
consisting only of @* Oy in degree m maps to the complex A'|U by a map
inducing an isomorphism on the cohomology H? = 0 for p > m, and an
epimorphism ©*Qy - H™(A)|U on H™. We now apply Lemma 1.9.5
with A = D = category of Oy-modules and C = C~(A). This inductive
construction lemma produces a complex D" on U and a quasi-isomorphism
D' = A'|U. Moreover, D satisfies D™ = @¥Oy, and D? = 0 for p > m.
Thus D is strict m-pseudo-coherent on U, as required.

Conversely, suppose A’ 1s locally quasi-isomorphic to a strict m-pseudo-
coherent complex. As H™(A") is a quasi-isomorphism invariant, and as
being of finite type is a local question, passing to U C X we may assume
that A" is strict m-pseudo-coherent. Recall that H¥(A') = 0 for i > m+1.
Applying 1.9.4(a), with 4 = Opy-Mod and B = the category of algebraic
vector bundles on U, to the truncated complex of vector bundles ™ A",
we see that Z™(A") = Z™(c™A") is an algebraic vector bundle on U, and
hence is of finite type. As H™(A') is a quotient of Z™A", it is also of
finite type, as required.

2.2.4. Lemma ([SGA 6]). Let U be a scheme, and = a point of
U. Consider the solid arrow diagram of complexes of Oy-modules, F,
G, E:

(2.2.4.1) F 2.

Then under any of the following sets of conditions, there exists a smaller
nbd V of z, a complex E' of Oy-modules on V, and maps ¢ : E"" —
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G|V, d: F'|V — E” such that ¢d = a|V, and which satisfy the extra
conclusions attached to the corresponding set of conditions:

(a) If E° and F’ are strict m-pseudo-coherent, and the truncation
() : ™G = r™E’ is a quasi-isomorphism, then we may take E”
to be strict m-pseudo-coherent and ¢ to be a quasi-isomorphism.

(b) If E" is strict m-pseudo-coherent, and F' is strict perfect, with
™ (b) : ™G = v™E" a quasi-isomorphism, then we may take E' to be
strict perfect and ¢ to be an m-quasi-isomorphism.

(c)IfE" and F~ are strict perfect and b : G° = E" is a quasi-isomorphism,
then we may take F'" to be strict perfect and ¢ to be a quasi- isomorphism.

Proof. 1In all cases E* and F' are strictly bounded above. Hence G°
is cohomologically bounded above, and replacing G* by the subcomplex
7<¥G" for some sufficiently large k, we may assume that G~ is strictly
bounded above.

Consider the germs of complexes E_, F,, G, at the point £ € U. We
apply to F, — G, the inductive construction Lemma 1.9.5 with A the cat-
egory of modules over Ox ., D the category of free modules of finite type
over Ox z, and C the category of complexes in A with a map b to a strict
m-pseudo-coherent complex such that 7™ (b) is a quasi- isomorphism. The
quasi-isomorphism 7™(b) and Lemma 2.2.3 show that hypothesis 1.9.5.1
is met for n—1>m. Forif C" is in C with H(C")=0fori>n>m+1,
H"=1(C") is isomorphic to an Ox , module of finite type via 7™(b) and
2.2.3. So there is an epimorphism EBk(Dx,, — H"Y(C"). As 69’“(’))(,I is
a free module over the local ring Ox ;, this epimorphism lifts along any
epimorphism of modules over Ox ,,, A, - H"~1(C"). This verifies 1.9.5.1
as longas n— 1> m.

Now the variant 1.9.5.9 of 1.9.5 provides a strict perfect complex ¢™ E. |
a map c™d : ¢™F, — ¢™FE., and an m-quasi-isomorphism ¢™E/ —
6™ G, — G, which is the germ at z of a truncated version of (2.2.4.1).

As o™E,, c™F’, and ¢™E" are all bounded complexes of free modules
of finite type, there is a small open nbd V of z in U over which ¢™E,
extends to a strict perfect complex ¢™E’", over which the maps d and ¢
extend, and over which the map bc : E” — E’ is an m-quasi-isomorphism
(i.e., its mapping cone is acyclic in degrees > m). Then as 7™(b) is a
quasi-isomorphism, it follows that ¢™(¢) : ¢™E" — G’ is an m-quasi-
isomorphism on V.

Now we apply 1.9.5 again, now with A = Oy-Mod, D = Oy-Mod to
construct the rest of E” and d, ¢, leaving ¢™ E” unchanged. Then E’ is
strict m-pseudo-coherent, as 0™ E”" is strict perfect. This proves 2.2.4(a).

To prove (b), let E” be the pushout of ¢™F — F° and the map
o™ F" — o¢™E" constructed above. Let ¢ : E” — G be the map in-
duced by a : F* — G" and ¢™(c) : ¢™E’ — G'. Then E' — G is
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an m-quasi-isomorphism as both ¢™(¢) : ¢™E’ — G and ¢™E"’ — E"”
are. As the pushout of strict perfect complexes along a degree-wise split
monomorphism, £’ is strict perfect.

To prove (c), we take m < 0 so that E* =0 = Fifori <m+1. We
apply the proof of (b), which gives a strict perfect E” such that o™ E" =
E" (as ¢™F = F"), and a map bc : E” — E’ which is an m-quasi-
isomorphism on V. The mapping cone M~ of be is strict perfect, is 0 be-
low degree m —1 and is acyclic except for H®~Y(M') = ker (H™(E"") —»
H™(E")). By 1.9.4(a) H™~}(M") = Z™~'M" is an algebraic vector bun-
dle. As E'™"! = 0 = E™, we note that Z™""'M" = ker(Z™E" —
Z™E) = Z™E". As the map b : G° — E’ is a quasi-isomorphism,
H™=YM') goes to 0 in H™(G') = H™(E"). Then Z™EL — Z™G,, lifts
along 6G™~! — Z™G, as a map of germs of Ox-modules over the local
ring Ox 0. As Z™E" = Z™~1M" is locally free of finite type, this lift
extends to a map of Qy-modules Z™E" — G™! lifting Z™E" — Z™G"
on some smaller open nbd V of z. We now extend 6™ E” to a new E” by
E™-1 = Z™E" with boundary § : E™~! — E'™ given by the inclusion
ZME" C E™. As Z™E" = Z™~1M’  is a vector bundle, the new E’ is
still strict perfect. The map ¢™c : ¢™E" — (G is extended to the new
E' by using Z™E"” — G™~! in degree m — 1. Now clearly ¢ : B/ — G~
is a quasi- isomorphism, and the other conditions of {c) are met.

2.2.5. Lemma ([SGA 6] I 2.2). On a scheme X, the following

conditions are equivalent for any complex E° of O x-modules:

2.2.5.1. For every point ¢ € X, there is a nbd U of z, a strict n-pseudo-
coherent complex F, and a quasi-isomorphism F" = E"|U.

2.2.5.2. For every point ¢ € X, there is a nbd U of z, a strict perfect
complex F', and an n-quasi-isomorphism F~ — E"|U.

2.2.5.3. For every point ¢ € X, there is anbd U of z, a strict n-pseudo-
coherent complex F', and an isomorphism between F' and E'|U in the
derived category D(Oy-Mod).

2.2.5.4. For every point £ € X, there is a nbd U of z, a strict perfect
complex F’, and an n-quasi-isomorphism F" — E’|U in the derived cate-
gory D(Oy-Mod) (that is, there is a map in the derived category inducing
an epimorphism on H™ and an isomorphism on H* for k> n+1).

Proof. We see that (1) = (2) by replacing F" in (1) by the strict
perfect ¢" F". Clearly (2) = (4) and (1) = (3). It suffices then to show
that (3) = (1) and (4) = (1).

To see that (3) = (1), we consider an isomorphism F° — E'|U in
D(Oy-Mod). By the calculus of fractions, this is represented by a datum
of strict maps which are quasi-isomorphisms F' & G° = E'|U. By
2.2.4(a), after shrinking the nbd U, there is a strict n-pseudo-coherent
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F’” and a quasi-isomorphism F/" = G". Then the composite F/" = G" =
E"|U is the strict quasi-isomorphism required by (1).

To see that (4) = (1), we represent the n-quasi-isomorphism in
D(Oy-Mod) by a datum of strict maps F° & G° — E'|U where G° —
E’|U is an n-quasi- isomorphism. After shrinking U, by 2.2.4(c) there is
a strict perfect F’ and a quasi-isomorphism F'" — G'. Then F"" — E'|U
is an n-quasi-isomorphism. Applying the Inductive Construction Lemma
1.9.5 with A = D = Oy-Mod and C = C~(A), we obtain a complex F”
and a quasi-isomorphism F” = E°|U, such that ¢"F"” = ¢"F’. Thus
o™ F" is strict perfect, so F" is strict n-pseudo-coherent as required.

2.2.6. Definition ([SGA 6]12.3). A complex E of Ox-modules on a
scheme X is said to be n-pseudo-coherent if any of the equivalent condi-
tions 2.2.5.1 - 2.2.5.4 hold. The complex E" is said to be pseudo-coherent
if it is n- pseudo-coherent for all integers n.

2.2.7. Clearly pseudo-coherence of E° depends only on the quasi-iso-
morphism class of E°, and is a local property on X. The cohomology
sheaves H*(E") of a pseudo-coherent complex are all quasi-coherent Ox-
modules. If X is quasi-compact, and E’ is pseudo-coherent, there is an
N such that H¥(E") = 0 for all k > N, as this is true locally on X and
since any open cover of X has a finite subcover.

A strict pseudo-coherent complex is pseudo-coherent. It will follow from
2.3.1(b) below that any pseudo-coherent complex of quasi-coherent Ox-
modules is locally quasi-isomorphic to a strict pseudo-coherent complex.
In fact, it will be quasi-isomorphic to a strict pseudo-coherent complex on
any affine open subscheme. For a pseudo-coherent complex of general Ox-
modules, there will locally be n-quasi-isomorphisms with a strict pseudo-
coherent complex, but the local nbds where the n-quasi-isomorphisms
are defined may shrink as n goes to —o0, and so may fail to exist in the
limit. So there may not be a local quasi-isomorphism with a strict pseudo-
coherent complex. This phenomenon renders the auxiliary concept of
n-pseudo-coherent necessary to our work.

2.2.8. Ezample ([SGA 6] I Section 3). A complex E* of Ox-modules
on a noetherian scheme X is pseudo-coherent iff E° is cohomologically
bounded above and all the H¥*(E") are coherent ()x-modules.

Proof. If E is pseudo-coherent, then E" is locally (k — 1)-quasi-isomor-
phic to a complex of coherent locally free sheaves. Computing H*(E") as
H* of the latter complex, we see that H¥(E") is coherent.

Conversely, suppose E is cohomologically bounded above with coherent
cohomology. Let m be an integer and z a point of X. We apply the Induc-
tive Construction Lemma 1.9.5 with 4 = Ox ,-modules, D = free Ox ;-
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modules of finite type, and C = cohomologically bounded above complexes
with coherent cohomology to produce a strict pseudo-coherent complex
of Ox -modules F, and a quasi-isomorphism F, = E_. Then ¢™F, is
strict perfect, and ¢™F, — E_ is an m-quasi-isomorphic. The strict per-
fect complex o™ F, and the map ¢™F, — E_. extend to a strict perfect
complex ¢™F" and map ¢™F" — E’|V on some small nbd V of z, as
this requires only finitely many extensions of germs of sections of various
sheaves at 2. Choosing V smaller and using coherence of cohomology,
we can arrange that 6™ F" — E’ is an m-quasi-isomorphism on V. This
shows criterion 2.2.5.2 holds for E".

2.2.9. Lemma ([SGA] I Section 4).  The following conditions on
a complex E" of Ox-modules on a scheme are equivalent:

2.2.9.1. For each point z € X, there is an nbd U of z, a strict perfect
complex F~ on U, and a quasi-isomorphism F* = E"|U.
2.2.9.2. For each point & € X, there is an nbd U of z, a strict perfect

complex F* on U, and an isomorphism in D(OQ x-Mod) between E"{U and
F.

Proof. Clearly (1) = (2). To show (2) = (1), we represent the iso-
morphism in the derived category via calculus of fractions as a datum of
strict quasi-isomorphisms F° & G = E'|U. Then we apply 2.2.4 (c) to
G = F' to produce after shrinking U a strict perfect F'", and a strict
quasi-isomorphism F'" = G° = E°|U.

2.2.10. Definition ([SGA 6] 14.2). A complex E° of Ox-modules on
a scheme is perfect if it is locally quasi-isomorphic to a strict perfect
complex, i.e., if 2.2.9.1 or 2.2.9.2 hold for E".

2.2.11. Definition ([SGA 6] 15.1). A complex E’ of Ox-modules has
Tor-amplitude contained in [a, b] for integers a < b if for all O x-modules
F, HY(E ®(L9x F) =0 unless a < k < b. If such an a and b exist, one
says E™ has (globally) finite Tor-amplitude. If X is covered by opens U
such that a and b exist on each U for E"|U, one says that E’ has locally
finite Tor-amplitude.

2.2.12. Proposition ([SGA 6] I 5.8.1). A complex E" of Ox-
modules is perfect iff E° is pseudo-coherent and has locally finite Tor-
amplitude.

Proof. A strict perfect complex E’ is flat and strictly bounded, so
that £ L F = E” ® F is cohomologically bounded. So E’ is pseudo-
coherent and of finite Tor-amplitude. As a perfect complex E" is locally
quasi-isomorphic to a strict perfect E’', it is pseudo-coherent and of locally
finite Tor-amplitude.
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Conversely, suppose E’ is pseudo-coherent of locally finite Tor-ampli-
tude. Take any point ¢ € X, and pick a nbd U of ¢ on which £’ has
Tor-amplitude in [a,b]. By 2.2.5.3, after shrinking U, we may replace
E’ up to quasi-isomorphism and assume that E" is strict (a — 2)-pseudo-
coherent. Then as 0®E" is a strict perfect complex strictly bounded be-
low by a, it has Tor-amplitude bounded below by a. Applying 2.2.11
with F = Ox, we see that E' is cohomologically bounded between a
and b. Thus ¢®E" — E’ induces an isomorphism on cohomology H* for
k # a, and on H® induces an epimorphism H%(¢c%E") = Z°E" - H*(E").
Let B be the kernel of this epimorphism, and B[a] the complex consist-
ing of B in degree a. Then Bla] — ¢°FE" — E" is a homotopy fibre
sequence, i.e., 2 sides of a distinguished triangle in the derived cate-
gory. Considering the induced long exact sequence for H*(F @ ( )),
we get that Tor*(F, B) = H*¥(F @l Bla]) is 0 for k > 1. Thus B is
a flat Oy-module. B is also the only non-vanishing cohomology group
H%! of the mapping cone M" of ¢°E" — E'. As ¢®E’ is strictly
perfect and E’ is strict (a — 2)-pseudo-coherent, the mapping cone M~
is strict (a — 2)-pseudo-coherent. By 1.9.4(b), Z°~}(M") is a vector
bundle, as is M%~2. The exact sequence M*~2 — Z3=1(M") — HO~}(M")
— 0 shows that B = H*"1(M") is a finitely presented Oy-module. But
as B is also flat, it is then a locally free Oy-module of finite type, i.e.,
a vector bundle {e.g., [SGA 6] I 5.8.3, or Bourbaki). Now consider the
truncated complex 7®E". This differs from the strict perfect 0%F only in
degree a — 1, where 7°E" has B*(E’) = ker(Z°E" — H*(E’)) = B. As
B is a vector bundle, 7*E" is strict perfect. But as E" is cohomologically
bounded below by @, E° = 7%E" is a quasi-isomorphism on U. Thus E"
is perfect locally, and hence perfect, as required.

2.2.13. Proposition ([SGA 6] I).  Let z be a scheme.

{(a) Suppose A" — B" — (" is a homotopy fibre sequence in D(Ox -Mod),
i.e., forms two sides of a distinguished triangle. Then:

If A" is (n + 1)-pseudo-coherent and B’ is n-pseudo-coherent, then C"
is n-pseudo-coherent.

If A" and C" are n-pseudo-coherent, then B’ is n-pseudo-coherent.

If B™ is n-pseudo-coherent, and C" is (n — 1)-pseudo-coherent, then A’
is n-pseudo-coherent.

(b) If A", B", C" are the three vertices of a distinguished triangle in
D(Ox-Mod), and 2 of these 3 vertices are pseudo-coherent (resp. perfect),
then the third vertex is also pseudo-coherent (resp. perfect).

(c) The complex F" & G is n-pseudo-coherent (resp. pseudo-coherent,
resp. perfect) iff both summands F" and G are n-pseudo-coherent (resp.
pseudo-coherent, resp. perfect).

Proof. To prove (a), we first note by “rotating the triangle” ([V]
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TR2 I Section 1 no. 1-1, or [H] I Section 1, TR2) that A° — B® —
C is a homotopy fibre sequence iff C'[-1] > A" — B and B'[-1] —
C'[-1] — A" are. Also, it is clear that a shifted complex F[k] is (n + k)-
pseudo-coherent iff F* is n-pseudo-coherent. So it suffices to prove the first
statement of (a). So assume that A’ is (n + 1)-pseudo-coherent and that
B’ is n-pseudo-coherent. We need to show that C" is n-pseudo-coherent.
This question is local, so it suffices to show it in an arbitrarily small open
nbd U of each point ¢ € X. By definition, for U small, we may choose
representatives of the quasi-isomorphism classes of A" and B" so that A
is strict (n 4+ 1)—pseudo-coherent and B’ is strict n-pseudo-coherent. The
map A" — B’ in the derived category D(QOy-Mod) is represented by a
datum of strict maps A" & G° — B’. Applying 2.2.4(a) and shrinking
U, there is a strict (n + 1)-pseudo-coherent A", and a quasi- isomorphism
A" 5 G S A'. Replacing A' by A", we may assume we have a strict map
A" — B'. Now C" is quasi-isomorphic to the mapping cone of A" — B,
In degree k this cone is A¥*+1 @ B*, and so is a vector bundle for k > n.
So the cone is strict n-pseudo-coherent. So C° is n-pseudo-coherent as
required, proving (a).

Clearly (a) implies (b) for pseudo-coherence. To prove (b) for per-
fection, we reduce by rotating the triangle to show that if A" and B’
are perfect, then the mapping cone C" is perfect. We now argue as in
the proof of (a), locally taking strict perfect representatives for A" and
B, using 2.2.4(c) to reduce to the case where there is a strict map of
complexes A° — B’. Then the mapping cone is strict perfect, and is
quasi-isomorphic to €, which is hence perfect. This proves (b).

The non-trivial part of (¢) is to show that if F'&G" is n-pseudo-coherent
(resp. pseudo-coherent, resp. perfect) then both factors F'* and G have
the same property.

Suppose F' @& G’ is n-pseudo-coherent. We must show that for a small
nbd U of z € X that F'|U is n-pseudo-coherent. As the question is
local, we may assume that F°" & G is quasi-isomorphic to a strict n-
pseudo-coherent complex. Then there is an integer N > 0 such that
H¥(F')® H¥(G) = H¥(F® G) = 0 for k > N. Then F' and G are
trivially N-pseudo-coherent, as 0 — F is an N-quasi-isomorphism. By
descending induction on p for n < p < N we show that F" and G°
are p-pseudo-coherent. To do the induction step, suppose we already
know that F" and G" are (p + 1)-pseudo-coherent. Shrinking U, we may
assume that F* and G~ are strict (p + 1)-pseudo-coherent, on replacing
their representatives up to quasi-isomorphism. Consider the canonical
homotopy fibre sequence, noting that e<P~1A = A/a? A

(2.2.13.1) P Pt G S F G — oSPF @ oSPG..
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As F’ and G~ are strict (p+1)-pseudo-coherent, 6P+ F'®oP*1G is strict
perfect. As p > n, F' @& G’ is p-pseudo-coherent, by 2.2.13(a) proved
above, 0SPF" @ 0SPG" is p-pseudo-coherent. By 2.2.3, HP(c<PF') @
HP(0SPG') = HP(0SPF @ oSP(’) is an Oy-module of locally finite
type. Thus the summand HP(oSPF") is locally of finite type. By 2.2.3
again, oSPF" is p-pseudo-coherent. As oP*!F" was even strict perfect,
2.2.13(a) now shows that F" is p-pseudo-coherent. Similarly, G™ is p-
pseudo-coherent. This completes the induction step. When the induction
stops at n = p, it has proved (c) for the n-pseudo-coherent case. The
pseudo-coherent case follows immediately.

It remains to do the perfect case. But if F" @G’ is perfect, it is pseudo-
coherent and of locally finite Tor-amplitude by 2.2.12. It is clear from
definition 2.2.11 that the summands F~ and G’ have locally finite Tor-
amplitude. Both are pseudo-coherent by the above. Thus by 2.2.12, F’
and G° are perfect, as required.

2.3. Inthe presence of an ample family of line bundles, we have “global
resolution” results:

2.3.1. Proposition (cf. [SGA 6] II). . Let X be a quasi-compact
and quasi-separated scheme with an ample family of line bundles. Then

(a) If E" is a strict perfect complex, F' any perfect strictly bounded
below complex of quasi-coherent Ox-modules, and z : E* — F' Is any
strict map of complexes, then there exists a strict perfect complex F'* on
X,amapa:E — F", and a quasi-isomorphism z' : F'" = F* such that
z=1-a.

(b) IfFE" is any strict pseudo-coherent complex, F' any pseudo-coherent
complex of quasi-coherent O x-modules, and ¢ : E° — F' any strict map,
then there exists a strict pseudo-coherent complex F'" on X, a map a :
E" — F”, and a quasi-isomorphism z’ : F"" = F' such that ' -a = z.

(c) If E" is any strict n-pseudo-coherent complex, F' any n-pseudo-
coherent complex of quasi-coherent Q x-modules, and ¢ : E° — F' is any
map, then there is a strict n-pseudo-coherent complex F'" on X, a map
a: E — F”, and a quasi-isomorphism ¢’ : F”" = F" such that ¢’ -a = z.

(d) If F is any perfect complex of @x-modules (perhaps not quasi-
coherent), then there is a strict perfect complex E" and an isomorphism
in the derived category D(Ox-Mod) between E™ and F".

(e) Let F' be any pseudo-coherent complex of Ox-modules (perhaps
not quasi-coherent). Suppose either that F* € D*(Ox-Mod) is cohomo-
logically bounded, or else that X is noetherian of finite Krull dimension.
Then there is a strict pseudo-coherent complex E* on X and an isomor-
phism in D(Ox-Mod) between E™ and F".
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Proof. To prove (b), we apply the Inductive Construction Lemma
1.9.5 with 4 = Qcoh(X), D = the category of algebraic vector bundles,
and C = the category of pseudo-coherent complexes in Qcoh(X). The
hypothesis 1.9.5.1 holds by 2.2.3 and the ample family 2.1.3(c).

The proof of (c) is similar, using 1.9.5.9.

To prove (a), we note that (b) yields £ — F" and F'" = F" with F”
strict pseudo-coherent. F''" is perfect as F" is. We take an integer n < 0
so that E¥ = F¥ = 0 = H*¥(F"") for all k < n. As in the proof of 2.2.12,
B™ = kerZ®(F") — H™(F") is perfect, and hence a module of locally
finite Tor-dimension, as B™{n] is quasi-isomorphic to the homotopy fibre
of the map of perfect complexes 6" F"" — F'"'. As X is quasi-compact,
B™ = B"(F") has globally finite Tor-dimension, say N. As H¥(F") =0
fork<n, ZFF" = B¥F"fork < n,and 0 — B¥F" — F"% _, B¥+1p/ _,
0 1s exact for k£ < n. Considering the induced long exact sequence for
Tory,_( ,F) and the fact that F”’* is a vector bundle and hence is flat,
we see that B"~1(F"") has Tor-dimension N — 1, etc. Thus B*~N(F"")
is flat. The exact sequence F""~N-2  prm=-N-1 _, pn=N(pmy _, (
shows that B?~™(F"") is also finitely presented. Thus B"~N(F"") is a
vector bundle ([SGA 6] [ 5.6.3, or Bourbaki). Thus the good truncation
= N(F"Y is strict perfect. By choice of n, F'"" — F’ factors into quasi-
isomorphisms F" = 7"=N(F'") = F'. Setting F" = "~V (F"") then
proves (a).

To prove (d), we note that the perfect F’ is cohomologically bounded.
The coherator B.16 yields an isomorphism in D(Ox-Mod) between F" and
a perfect complex of quasi-coherent modules RQ(F'). (Note X satisfies
the semiseparation hypothesis of B.16 because of the ample family of line
bundles, cf. B.7.) For n << 0, RQ(F") is quasi-isomorphic to 7" RQ(F"),
which is still quasi-coherent. Now we apply (a) to 0 — 7" RQ(F") to
produce a strict perfect complex E’ quasi-isomorphic to RQ(F’) and F".

The proof of (e) is similar to that of (d), using (b) instead of (a) at the
last step.

2.3.2. Proposition. Let X be a scheme with an ample family of
line bundles. Let E" be a complex of quasi-coherent O x-modules. Then
there is a direct system of strict perfect complexes {F,}, and a quasi-
isomorphism

(2.3.2.1) lim F, = E.
Proof. Let E'(n) be the subcomplex 7<"(E") of E":

(2322) EMn)=..—E"?wE"!' L Z"E 5 0—-0—....
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Then E" is the direct colimit £ = h_rgE(n) as n goes to 0o.

By increasing induction on n, starting with n = 0, we construct a
complex E'{n}, which in each degree is an infinite direct sum of line
bundles, and which is 0 in degrees above n. We construct this so that
there is a quasi-isomorphism E’ {n} = E’(n), and a degree-wise split
monomorphism E" {n — 1} »» E’"{n} such that (2.3.2.3) commutes.

E'{n-1} —— E'(n—-1)

(2.3.2.3) I I

E'{n} —— FE(n)

This construction is possible by the Inductive Construction Lemma
1.9.5 with A = Qcoh(X) and D = the category of sums of line bundles.
Hypothesis 1.9.5.1 holds because of the ample family 2.1.3(a).

Now we consider the directed system whose objects consist of an integer
n > 0 and a strict bounded subcomplex F, of E” {n} such that in each
degree F,, is a finite subsum of the given direct sum of line bundles which is
E’{n} in that degree. The morphisms in the direct system are the obvious
increases in n with inclusions of subcomplexes of h_rr)lE’{n} Given any

finite subsum in E”{n}, 8 of it is of finite type, so is contained in a
finite subsum with all degrees shifted one higher. Continuing in this way
until we hit the bounding degree n, we see that any finite subsum in
E’"{n} is contained in a complex F, in the directed system. Thus for
the subsystem with n fixed, li_r’nF(; = E"{n}. Thus over the full directed
system h_r’n F, = li_r)nE'"{n}, which is quasi-isomorphic to h_r)n E(n)=F",
as required.

2.3.2.4. Porism. If E' in 2.3.2 also has H*(E') = 0 for k > N,
we can choose the F) to be strictly 0 in degrees & > N. Indeed, then
E"{N} ~ E’(n) ~ E" are quasi-isomorphisms, and we take the subsystem
of F, in E"{N}.

2.3.2.5. Remark. A general scheme is locally affine, and hence locally
has an ample family of line bundles. Thus 2.3.2 holds locally on a general
scheme. In Deligne’s terms ([SGA 4] V 8.2) a quasi-coherent complex is
a local inductive limit of strict perfect complexes.

2.3.3. Corollary. Let X have an ample family of line bundles. Let
E’ be a complex of Ox-modules with quasi-coherent cohomology. Sup-
pose either E* € DY (O x-Mod) is cohomologically bounded below, or else
that X is noetherian of finite Krull dimension.

Then there is a direct system of strict perfect complexes F, in
C(Qcoh(X)), and an isomorphism in D(Qx-Mod) between lim F, and
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E'. If E" is also cohomologically bounded above (by N ), then all the F,
may be chosen to be strictly bounded above (by N ).

Proof. Recall that X is semi-separated because of the ample family,
B.7. Then by B.16, B.17, the coherator gives a quasi-isomorphism of E~ to
a complex of quasi-coherent modules RQ(E"). We conclude by applying
2.3.2 to this RQ(E").

2.4.1. Theorem. Let X be a scheme, and E° a perfect complex
of Ox-modules. Then:

(a) The derived functor RHom(E", ) : D(Ox-Mod) — D(Ox-Mod) is
defined on all D(Ox-Mod), not just on Dt (Ox-Mod).

{(b) RHom (E", ) is locally of finite cohomological dimension. That is,
for each point * € X, there is an open nbd U of z and integers a < b
such that if F" is any complex of Ox-modules on U with H*(F") =
0 unless ¢ < k < d (resp. unless ¢ < k; resp. unless k < d), then
H*¥(RHom (E",F')) =0 unless c — b < k < d — a (resp. unless ¢ — b < k,
resp. unlessk < d—a).

(c) If F* is a complex with quasi-coherent cohomology, the RHom (E", F")
has quasi-coherent cohomology.

(d) For any U open in X, for any direct system F, of complexes of
Oy-modules, and for any integer k, the canonical map (2.4.1.1) is an
isomorphism of sheaves of Oy-modules:

(24.1.1) lim H* (RHom (E |U, F,)) = H* (RHom (E'|U,li_r)nF,;)) .

(a4

(e) If X has noetherian underlying space of finite Krull dimension, and
F, is any direct system of complexes of O x-modules, then the canonical
map (2.4.1.2) is an isomorphism

(2.4.1.2)

lim Morp(ox -Mod) (E",Fy) = Morp(ox-Mod) (E',lj_gnF;) .

a [o4

This says roughly that Morp(E", ) preserves direct colimits, with the
qualification that the direct system and its colimit are taken in the strict
category of complexes C(Ox—Mod), not in D(Ox —~Maod).

(f) If X is quasi-compact and quasi-separated, and F, is any direct sys-
tem of complexes of Ox-modules with quasi-coherent cohomology, then
(2.4.1.2) is an isomorphism.

(g) If X is quasi-compact and quasi-separated, and F, is any direct
system of complexes of Ox-modules which is uniformly cohomologically
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bounded below (i.e., 3nVaVk < n H¥(F,) = 0), then (2.4.1.2) is an
isomorphism.

Proof. Recall the construction of the mapping complex Hom(E", F') =
Il Hom (E?,F). (See [H) II Section 3 for the usual details). The state-
ment (a) on extension from D% to D follows from the finite cohomological
dimension given by (b) in the usual way, (cf. [H] 5.3 ¥).

To prove (b), (c), and (d), we note these are local questions. Given
a point z € X, we take V to be a small nbd so that E'|V is quasi-
isomorphic to a strict perfect complex, and so reduce to the case where
E’ is a bounded complex of vector bundles

(2.4.1.3) E=.50-E —-E* & SE S0—....

Shrinking V further, we may assume all the E* are free of finite ranks
k;. Then Hom(E*!, F") is ®* F’, and Hom(E", F") is the total complex of
the bicomplex (2.4.1.4) consisting of finitely many finite sums of shifted
copies of F'':

(2.4.1.4)
Hom(E', F)|V = &% F'[—a] — @*t1 F[—a—1] — ... — @ F[-8).

Clearly this Hom(E',F’)|V is exact in F°, and so represents
RHom(E", F')|V. Now it is clear that (b) holds with @ and b the given
strict bounds on E°. Also (c) is clear, and (d) is clear as (2.4.1.4) com-
mutes with direct colimits.

To prove (g) we recall ([H] [ 4.7, [V] II Section 1 no. 2-3 4, or our 1.9.5
dualized) that any F" in D*(Ox-Mod) is quasi-isomorphic to a complex
of injective Ox-modules I'. Then Hom(E",I') is a complex of flasque
sheaves ([SGA 4] V 4.10), and thus is deployed for computing RI'(X, ).
Hence RI'(X, RHom(E",F")) is represented by I'(X, Hom(E",I')) =
Homx (E",I'), which also represents RHomx (F", F'). The cohomology
in degree 0, H°, of the complex Homx (E",I") is the group of chain ho-
motopy classes of maps E° — I', and as I’ is injective this is exactly
MorD(Ox-Mod)(E.a F)

Consider the Grothendieck spectral sequence

(2.4.15) EP? = H? (X; H'RHom (E",F})) = H?*'RHomy (E ', F.).

By (d), H'RHom(E", ) preserves direct colimits, and by B.6, H?(X; )
preserves direct colimits, so the EP'? term of the spectral sequence for
limF, is the direct colimit of the E? terms for the F,. By the hy-

pothesis of (g) that InVaVk < n HF¥(F,) = 0, the convergence of the
spectral sequences is uniform in «, and it follows that H* RHomx (E", )
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preserves direct colimits of such systems F, (cf. [Thl] 5.50, 1.40). For
H°(RHomx(E", )), this yields the desired conclusion of (g).

It remains to prove (e) and (f). First we do this under the extra
hypothesis that E is globally quasi-isomorphic to a strict perfect com-
plex. Then on replacing E' by a strict perfect complex, we get that
RHom(E", ) is represented by Hom(E", ), which is a well-defined func-
tor into the category of complexes, not just into D(Ox-Mod). We con-
sider the Grothendieck spectral sequence. As above, the E}'? term,
HP(X; HIRHom(E", ) preserves direct colimits. Also, there is an in-
teger N such that HP(X;H'RHom(E"|F,) = 0 for p > N. In case
(e), this is because X of finite Krull dimension has finite Zariski co-
homological dimension by [Gro] 3.6.5. In case (f), this is because all
H{RHom(E", F,) are quasi-coherent O x-modules by (c), and because X
has finite cohomological dimension for quasi-coherent modules by B.11
applied to X — Spec(Z). This N gives uniform convergence of the
Grothendieck spectral sequence to HP*¢(RI'(X; RHom(E", F,)). From
this uniform convergence and the fact that the E5? terms preserve di-
rect colimits, it follows that the H*(RI(X; RHom(E", )) preserve the
appropriate direct colimits (cf. [Th1] 1.40).

It remains in cases (e) and (f) to identify RT(X, RHom(E",F")) to
RHomy (E", F"), or more precisely to show that the canonical augmenta-
tion map (2.4.1.6) is an isomorphism

(2.4.1.6) Morpox-Mod)(E", F') — H°(X, RHom(E", F")).

As we are considering the case where E’ is strict perfect, the obvious
devissage shows it suffices to prove (2.4.1.6) is an isomorphism when E-
is a single vector bundle E*. But as H°(X; ) is clearly isomorphic to
Mor p(o x-Moa)(Ox ), this reduces to the obvious adjointness of the func-
tors @ E* and Hom(E*, ). This proves (e) and (f) when E" satisfies the
extra hypothesis that it is globally quasi-isomorphic to a strict perfect
complex.

This extra hypothesis is always met if X has an ample family of line
bundles 2.3.1(d). We prove (e) and (f) that the map (2.4.1.2) is an isomor-
phism without the extra hypothesis by induction on the number of open
quasi-affine schemes needed to cover X. The induction starts because a
quasi-affine scheme has an ample line bundle Ox. The induction step
follows immediately by comparing the exact sequence of 2.4.1.7 below for
lim F, and the direct colimit of these exact sequences for the F,. Thus
the proof of Lemma 2.4.1.7 below will complete the proof of Theorem
2.4.1.

2.4.1.7. Lemma. LetUUYV be a scheme, covered by open sub-
schemes U and V. Denote the open immersions by j : U - U UV, k:



HIGHER ALGEBRAIC K-THEORY OF SCHEMES 299

VosUUV,and¢:UNV — UUV. Then for any complexes E' and
F of Oyyuv-modules, there is a long exact sequence Mayer-Vietoris of
groups of morphisms in the derived categories D(X) = D(Ox-modules)
for X =UUV, U, ViandUNV;

(2.4.1.8)
l L L 3 .
Morpq) (§* E'(1),5°F ) ® Morp(vy (k" E[1], k* F")

!

MOTD(UnV) (e‘E’[l],['F')
8
MorD(UUv)(E', F)

Morpw) (i*E",j° F') ® Morpv) (k* E', k* F*)

MorD(Unv) (f'E JOF)
b
Morpuvy(E'[-1], F)

Proof. Recall that j is flat, so 7* = Lj* is exact. Let j!: Oy-Mod
— Oyyv-Mod extension by 0, the functor left adjoint to j*, ([SGA 4] IV
11.3.1). Then j!is also exact. As both functors are exact and adjoint, they
induce adjoint functors on the derived category. So there is a canonical
isomorphism for all complexes G" in D(U) and H' in D(U U V)

(2419) NIOI‘D(UU‘/) (]'G,H) = MOI‘D(U) (G,]*H)

There is a canonical exact sequence of complexes on U UV

(2.4.1.10) 0= 0FE - jY*E @klk*E — E —0

The maps in (2.4.1.10) are induced by the adjunction maps. Locally, and
in fact after restriction to U and to V, this sequence is split exact, hence
exact globally (cf. 3.20.4 below). This exact sequence induces a long exact
sequence of EXtB(UuV)( , F') = Morpuvy(( )[—*], F") in the usual way
([V] I Section 1 1-2, or [H] 1 6.1). Interpreting this long exact sequence by
means of the isomorphisms (2.4.1.9) for j, %, and ¢ yields the long exact
sequence (2.4.1.8).



300 THOMASON AND TROBAUGH

2.4.2. Theorem. Let X have an ample family of line bundles. Let
E" be a complex of Ox-modules, with quasi-coherent cohomology. Then
the following are equivalent:

(a) E" is pseudo-coherent.

(b) For all integers n and k, and all direct systems {F,} of complexes
of Ox-modules, the canonical map (2.4.2.1) is an isomorphism of Ox-
modules

(2.4.2.1)
lim H* (RHom (E',7"F)) = H* (RHom (E',li_rQr"F(;)) .

a [d

(c) For all n, k, and all direct systems of strict perfect complexes F,,
the map (2.4.2.1) is an isomorphism.

(d) E" isin D™ (Ox-Mod), and for all n, k and all direct systems of
strict perfect complexes F, which are uniformly bounded above (ImV «
¥i>m F! =0), the map (2.4.2.1) is an isomorphism.

(e) For all integers n, and all direct systems {F,} of complexes of Ox-
modules, the canonical map (2.4.2.2) is an isomorphism

(2.4.2.2)

lir_)l’l MorD(Ox—Mod) (E.,THF(;) i MorD(Ox—Mod) (E',li_r}nT"F(;)

[e3 a

That is, roughly speaking, Morp(E", ) preserves direct colimits of uni-
formly cohomologically bounded below systems.

(f) For all integers n, and all direct systems {F,} of strict perfect
complexes, the map (2.4.2.2) is an isomorphism.

(g) E" in D~ (Ox-Mod), and for all n and all direct systems of strict per-
fect complexes F, which are uniformly bounded above, the map (2.4.2.2)
is an isomorphism.

Proof. We fix an integer n, and note that the good truncation 7"

preserves direct colimits, so T”(li_n)l F)= h_}anF(;. Also, any map [ :
E' - ™ F" factors uniquely through F° — 7" E" as the composite with
™mf . mE — ™ F = " F°. Similarly, RHom(E", 7™ F") is quasi-
isomorphic to RHom(r" ¥~1E" 7" F') in degrees less than or equal to
k. So all the conclusions of statements (b), (c), ..., (g) depend only on
™ E" for some m, where m possibly depends on n and k.

Now as E" has quasi-coherent cohomology, 7™ 1 E" is quasi-isomorphic
to a complex of quasi-coherent modules by the coherator B.16.

We show (a) = (b). As E° is pseudo-coherent, 7" E" is (m — 1)-
pseudo-coherent. By 2.3.1(c) applied to a complex of quasi-coherent mod-
ules quasi-isomorphic to 7"~ 'E", r™~1E" is quasi-isomorphic to some
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strict (m — 1)-pseudo-coherent complex E’. Then 6™~ !E" is strict per-
fect, and r™o¢™~1E" is quasi-isomorphic to 7™E". So to prove (b) for
given n and k, we take an appropriate m, and replace E” with a strict per-
fect complex which has truncation 7™ quasi-isomorphic to 7™ E’. Then
it suffices to prove (b) for E perfect, which follows from 2.4.1(d).

Clearly (b) = (¢).

To show (c) = (d), the problem is to show that E is cohomologically
bounded above. It suffices to show 7°E" isso. As 7°E" is in D¥(Ox-Mod)
with quasi-coherent cohomology, it is quasi-isomorphic to the direct col-
imit of a direct system of strict perfect complexes F, by 2.3.3. Consider
the induced quasi- isomorphism in D¥(Ox-Mod), °F — r%li_r)n F,) =
lirl)lroF(;. This gives a section of the sheaf HO(RHom(TOE',TO(m F)))),
and hence via the map induced by E° — 7°E’, it gives a section of
H°(RHom(E", ro(l_i_rr_z F_))). By hypothesis (¢), at every point £ € X, the
germ of this section comes from some section of a H*(RHom(E", 7°(F,)))..
Replacing 7°F,, by a quasi-isomorphic complex of injectives I" to com-
pute RHom, we get a germ in H°(Hom(E",I')),. This means there is
a nbd U of z, and a chain map E° — I' on U, representing the class
of a map E — r°F, in D*(Oy-Mod), and such that £" — 7°F, —
To(lirﬂ F,) ~ 7°(E") is the canonical map E° — 7°E" in D*(Op-Mod).
Thus 7°E" splits off 7°F,, in D*(Opy- Mod). As F, is strict perfect, it
is bounded above. Hence on U, 7°F, and so 7°E" are cohomologically
bounded above. Thus E" is locally cohomologically bounded above. As
X is quasi-compact (2.1.1), it follows that E" is globally cohomologically
bounded above, as required.

To see that (b) = (e), (¢) = (f) and (d) = (g), we note that the
hypotheses imply that £ is in D~ (Ox-Mod) as above. Also, the v F,,
are uniformly cohomologically bounded below. Combining these facts, we
see that RHom(F,r"F) is uniformly cohomologically bounded below.
This shows that the Grothendieck spectral sequence (2.4.1.5) computing
H°(RHomx (E",7"F')) = Morpx)(E", 7" F") converges uniformly in a.
Now (b) = (e), (¢) = (f), and (d) = (g) follow as in the proof of 2.4.1(g).

Clearly, (e) = (f) and (f) = (g) as (f) implies that E" is cohomologically
bounded above similarly to the proof of (d) above.

Finally (g) = (a). For it suffices to show for all n that 7" E" is n-pseudo-
coherent, since then E° is (n — 1)-quasi-isomorphic to the n-pseudo-
coherent 7" E’, and thus locally n-quasi-isomorphic to a strict perfect
complex, 2.2.5.4. As 7" E’ is cohomologically bounded, 2.3.3 shows that
7" E" is quasi-isomorphic with a direct colimit of a direct system of strict
perfect complexes F, which are uniformly bounded above. Then there are
quasi-isomorphisms 7" E" =~ lim F, ~ lim7"F,. By hypothesis (g), the

map E' — " E, ~ limtF_ factors E* — t"F_, — lim " F, for some a.
—_— —_—
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Then 77" E" is a retract of 7" F,. As F}, is strict pseudo-coherent, 7" F,
is n-pseudo-coherent, and hence 7" E" is n-pseudo-coherent by 2.2.13(c).
This completes the proof.

2.4.2.3. As pseudo-coherence is a local property, and any scheme is
locally affine, hence locally has an ample family of line bundles, 2.4.2 is a
useful criterion to apply locally on a general scheme.

2.4.3. Theorem. Let X be a scheme with an ample family of line
bundles. Let E' be a complex of Ox-modules. Suppose that E° has
quasi-coherent cohomology. Then the following are equivalent:

(a) E" is perfect.
(b) £’ is quasi-isomorphic with a strict perfect complex.

(¢) E’ is cohomologically bounded below, and for any direct system of
complexes F, with quasi-coherent cohomology, Morp(xy(E", ) preserves
the direct colimit in that the map (2.4.1.2) is an isomorphism.

(d) E" is cohomologically bounded, and the map (2.4.1.2) is an iso-
morphism for any direct system F,, of strict perfect complexes which are
uniformly cohomologically bounded above.

Proof. (a) = (b) by 2.3.1(d). We have (b) = (c) by 2.4.1(f). To
show (¢) = (d), the main point is to show that E~ is also cohomologically
bounded above. But this follows from the proof of 2.4.2(c) = (d).

Now to show (d) = (a), we note by 2.3.3 that E" is quasi-isomorphic to
the direct colimit of a direct system of strict perfect complexes which are
uniformly bounded above. By (d), the quasi-isomorphism in D(Ox-Mod),
E' — lim F;, factors through some F. Thus in D(Ox-Mod), E' is a

summand of the perfect F,,. Hence by 2.2.13(¢), E" is perfect as required.

2.4.3.1. As perfection is a local property, the theorem may be applied
to the open affines on a general scheme to test perfection there.

2.4.4. To summarize, 2.4.3 roughly characterizes perfect complexes on
schemes with ample families of line bundles as the finitely presented ob-
jects (in the sense of Grothendieck [EGA] IV 8.14 that Mor out of them
preserves direct colimits) in the derived category D(Ox-Mod),. of com-
plexes with quasi-coherent cohomology. On a general scheme, the prefect
complexes are the locally finitely presented objects in the “homotopy-
stack” of derived categories. (We must say “roughly characterizes” as
we always take our direct systems in the category C(Ox-Mod) of chain
complexes, and have not examined the question of lifting a direct system
if D(Ox-Mod) to C(Ox-Mod) up to cofinality.)

This characterization, with Lemma 2.3.3, will be the basis for the key
extension Lemma 5.5.1. A more immediate application will be to the
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functoriality statement 2.6.3 below.

2.5.1. ([SGA 6]1.2). Let f:X — Y be a map of schemes. For E" a
strict perfect complex on Y, f*E" is clearly a strict perfect complex on
X . This complex represents Lf*E", as the vector bundles E* are flat over
Oy and hence deployed for Lf*.

In general, Lf* : D~ (Oy-Mod) — D~ (Ox- Mod) sends perfect com-
plexes to perfect complexes. For the question is local on Y, hence reduces
to the case where Y is affine and where any perfect complex is quasi-
isomorphic to a strict perfect one.

Similarly, Lf* = f* preserves strict pseudo-coherent complexes, and
it follows that Lf* : D= (Oy-Mod) — D~(OxMod) preserves pseudo-
coherence. If the map f also has finite Tor-dimension, and so induces a
functor Lf* : D¥(Oy-Mod) — D*(Ox-Mod), Lf* preserves cohomologi-
cally bounded pseudo-coherent complexes. (Recall [SGA 6] III 3.1 that f
is said to have finite Tor-dimension if Ox is of finite Tor-dimension as a
sheaf of modules over the sheaf of rings f~1(Oy) on X )

If £ and F" are strict pseudo-coherent, £" ®p, F' = E° ®CL,X Fis
also strict pseudo-coherent. If E° and F’ are strict n-pseudo-coherent
and strict m-pseudo-coherent respectively, E” ®éx F" may be taken to be
isomorphic to the strict (m + n)-pseudo-coherent E” @, F in degrees
greater than or equal to m+n. (We apply 1.9.5 with D = flat O x-modules
to replace E° by a quasi-isomorphic flat complex without changing £ in
degree > m, etc.) It follows that if E° and F" are pseudo-coherent,
then E- ®éx F" is pseudo-coherent. If E’ is perfect, hence of finite Tor-
amplitude, and F" is cohomologically bounded and pseudo-coherent, then
£ ®éx F is also cohomologically bounded and pseudo-coherent.

2.5.2. Definition ([SGA 6] III). Let f: X — Y be a map locally of
finite type between schemes.

The map f is n-pseudo-coherent at € X if there is a nbd U of # and
an open V C Y with f: U — V factoring as f = g¢, where ¢ : U — Z
1s a closed immersion with i,Oy n-pseudo-coherent as a complex on Z,
and where g : Z — V is smooth. (The property that i.Oy is n-pseudo-
coherent is independent of the choice of Z meeting the other conditions
by [SGA 6] III 1.1.4. Hence this property depends only on f.)

The map f i1s n-pseudo-coherent if f is n-pseudo-coherent at z for all
points z € X,

The map f is pseudo-coherent if it is n-pseudo-coherent for all integers
n.

The map f is perfect if f is pseudo-coherent and of locally finite Tor-
dimension.

2.5.3.  Ezamples ([SGA 6)).
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(a) For Y noetherian, any f: X — Y locally of finite type is pseudo-
coherent.

(b) Any smooth map f: X — Y is perfect.

(¢) Any regular closed immersion ([SGA 6] VII 1.4) f : X — Y is
perfect ([SGA 6] 111 1.1.2).

(d) Any locally complete intersection morphism ([SGA 6] VIII 1.1) is
perfect.

(e) For Y not noetherian, a closed immersion need not be pseudo-
coherent, for Ox need not be even finitely presented over Oy.

2.5.4. Theorem ([SGA6] IIT 2.5, 48.1). Let f: X —Y bea
proper map of schemes. Suppose either that f is prajective, or that Y is
locally noetherian. Suppose that f is a pseudo-coherent (respectively, a
perfect) map. Then if E* is a pseudo-coherent (resp. perfect) complex on
X, Rf.(E") is pseudo-coherent (resp. perfect) onY.

Proof. The case f projective will follow from the slightly more general
results 2.7 below on taking Z there to be a projective space bundle over
Y locally.

The case Y locally neotherian follows from the Grothendieck Finite-
ness Theorem ([EGA] IIT 3.2) that RPf, preserves coherence, the finite
cohomological dimension of Rf, (B.11), the strongly converging spec-
tral sequence RP f.(HY(E")) = HP*9(Rf.(E")) and criterion 2.2.8 that a
complex on a noetherian scheme is pseudo-coherent iff it is cohomologi-
cally bounded above with coherent cohomology. This shows Rf,(E’) is
pseudo-coherent when E’ is. When f and E° are also perfect, we show
that Rf.(E") has locally finite-Tor-amplitude using base-change 2.5.5 lo-
cally. Then criterion 2.2.12 shows that Rf.(E") is perfect.

2.5.5. Theorem ([SGA 6] III 3.7). Let Y be a quasi-compact
scheme, and let f : X — Y be a quasi-compact and quasi-separated map.
Let E" be a cohomologically bounded complex of Ox -modules with quasi-
coherent cohomology, and let F* be a cohomologically bounded complex
of Oy-modules with quasi-coherent cohomology. Assume either that F~
has finite Tor-amplitude over Oy, or else that E" has finite Tor-amplitude
over Ox . Then the canonical map is a quasi-isomorphism in D(Oy —Mod)

(2.5.5.1) Rf.(E)®5, F' = Rf. (E'®b, Lf"F).

Proof. See [SGA 6] III 3.7. We sketch the argument for F" perfect,
the main case used in this paper. The question is local, so we may as-
sume Y is affine. Then F’ is quasi-isomorphic to a strict perfect complex
2.3.1(d). For F’ strict perfect, filtering F" by ¢”F and comparing the
long exact sequences of cohomology of the two sides of (2.5.5.1) induced
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by 0 = 0"t F — 6"F — F™ — 0, we reduce to the case where F' is a
single vector bundle F™. Shrinking Y further, we may assume that F" is
free, so is a @*Oy. Then (2.5.5.1) reduces to the sum of k copies of the
identity map of Rf.(E"), and so is clearly an isomorphism.

2.5.6. Theorem ([SGA 6] IV 3.1). Let (2.5.6.1) be a pull-back
square of schemes

(2.5.6.1) fl O lj’
e

Suppose Y is quasi-compact, and that f is a quasi-compact and quasi-
separated map. Suppose that f and g are Tor-independent over Y so that
givenz € X, y € Y’/ with f(z) = y = g(v'), then for all integers p > 1
we have

(2.5.6.2) Tor’éyyy (Oxz, Oyry)=0.

Let E" be a cohomologically bounded complex on X, with quasi-coherent
cohomology. Suppose either that E° has finite Tor-amplitude over the
sheaf of rings f~1(Qy) on the space X, or else that the map g has finite
Tor-dimension. Then there is a canonical base-change quasi-isomorphism

(2.5.6.3) Ly*Rf.E" > RflLg"E .

Proof. [SGA 4] XVII 4.2.12 defines the map, and [SGA 6] IV 3.1
shows it is an isomorphism in the derived category (cf. 3.18. below).

2.5.6.4. An examination of the proof shows that the Tor-independence
hypothesis {2.5.6.2) may be weakened to be required only for those z in
a closed subspace Z C X such that E” is acyclicon X — Z.

2.5.7. Proposition (Trivial Duality). Let f: X — Y be a map of
schemes. Then for E* in D™ (Oy~Mod) and G" in D*(Ox—Mod) there

is a canonical isomorphism derived from adjointness between f* and f.

(2.5.7.1) l\lorD(OX—Mod) (Lf*E., G) >~ MOI'D(Oy—Mod) (E., Rf,.G) .

Proof. This is [SGA 4] XVII 2.3.7. See also [SGA 6] IV 3, [H] I1 5.1,
[V] 11, Section 3 no. 3. Also see [SGA 41}, Erratum to [SGA 4], to correct
an argument preceding all our cited base-change results.
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2.6.1. Lemma. Let X be a quasi-compact scheme, |Y| a closed
subspace, and U = X — |Y| the complementary open subscheme. Then

(a) If there is a finitely presented closed immersion 1 : Y — X with
underlying space |Y|, then U is quasi-compact and j : U — X is a quasi-
compact map.

(b) If Y = Spec(Ox/J) and Y’ = Spec(Ox /I) are two finitely pre-
sented closed subschemes of X, both with underlying space |Y |, then there
exists an integer n > 1 such that 7" CZ and I™ C J.

(c) If X is also quasi-separated, and if U is quasi-compact, then there
exists a finitely presented closed immersion i : Y — X with underlying
space |Y]|.

Proof. (a) It suffices to show that j is a quasi-compact map. Let
Spec(A) C X be an affine open, and let Y N Spec(4) = Spec(A/J).
As Y is finitely presented, J C A is a finitely generated ideal, say J =
(ai,-.-,a,). Then U N Spec(A) is quasi-compact as required, for it is
covered by the finitely many affine opens Spec(A[l/a;]) fori=1,...,n.

(b) As the ideals J and T are of finite type, and as the support of both
0/J and O/T are |Y|, there is a positive integer n so that J*(O/I) =
0 =I"(0/J) by [EGA]16.8.4. Then J* CT and J" C J.

(c) |Y] is the underlying space of a reduced closed subscheme Yieq =
Spec(Ox/K). The ideal K is the direct colimit of its finitely generated
subideals J,,s0 K = h_IQ Jo, by [EGA]16.9.9. Each Y, = Spec(O/Js) is
a finitely presented closed subscheme of X. As O/K = li_n)q(’)/Ja, Yiea =
ELnYa, and U = X — Yieq is the direct colimit of the open subschemes
X~-Y,of X, U= h_r)n(X —Ys). As U is quasi-compact, there is an «
such that U = X —Y,. Then Y, has underlying space |Y| as required.

2.6.2.1. Definttion. Let f: X' — X be a map of schemes, with X
quasi-compact. Let [Y| € X be a closed subspace, which is the under-
lying space of some finitely presented closed immersion i : ¥ — X (see
2.6.1(a,c)).

We say f is an isomorphism infinitely near Y if the following two con-
ditions hold:

(a) f is flat over the points of Y'; that is, for all ' € X' with y = f(z')
inY|C X, Ox:y is flat over Ox 4.

(b) f induces an isomorphism of schemes Y/ =Y x X' =Y.
X

2.6.2.2. Lemma-Definition. In the presence of hypothesis
2.6.2.1(a), the condition 2.6.2.1(b) does not depend on the choice of
finitely presented closed subscheme Y with underlying space |Y'|. In par-
ticular, if (b) holds for Y = Spec(Ox/J), it also holds for any of the
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infinitesimal thickenings Y (n) = Spec(Ox/J"). We may then say f is
an isomorphism infinitely near the subspace |Y1.

Proof. ForY = Spec(Ox/J), Y’ isSpec(Ox:/T') C X' with J' the
ideal generated by f~1(J). As f is flat over the points of |Y[, and these
are the only points z where J; # Ox ., we see that f*J — f*Ox =
Ox,, i1s a monomorphism. So, in fact, J' = f*J. Similarly f*J" —
Ox: is a monomorphism, so J™* = f*J”. It follows that J'*/J*+" =
f(J*/T¥tm), as f* preserves cokernels. Consider the exact sequence
(2.6.2.2.1) of sheaves supported on the space |Y:

(2.6.2.2.1) 0— jk+1/jk+n _ Jk/JlH-n _ Jk/jk+1 0.

As f is flat over the points of |Y|, f* of this sequence is also exact,
and is in fact the exact sequence on |Y’| where J™ is replaced by J'™
everywhere. The map f induces a map between these two exact sequences.
As f: Y’ — Y is an isomorphism of schemes,the induced map O/J —
(/)/JI7 and even L7k/\7k+1 — Jk ® O/J - jk ® (’)/J’ — Jlk/jlk-f-l
are isomorphisms of sheaves on the space |Y| = |Y’|. By induction on n,
using the 5-lemma on the map between the two exact sequences, we get
that f induces an isomorphism for all k and n > 1

(26222) jk/jk+n oo j/k/J/k+n.

In particular, for k = 0 we get Ox/J" = Ox:/J"™, so that Y'(?) —
Y (™) is an isomorphism of schemes for all n > 1.

Now for Z = Spec(Ox/Z) a finitely presented closed subscheme of X
with underlying space {Y|, there exists an n such that 7" C T by 2.6.1(b).
Then the closed immersion Z — X factors as Z — Y(") — X. Thus Z’ =
Z;X’ — Z is the pullback of the isomorphism Y/(?) = Y(");<(X’ —Y®)

and so Z' — Z is an isomorphism as required.

2.6.3. Theorem. Let f: X' — X be a quasi-separated map of
quasi-compact schemes. Let 1 : Y — X be a finitely presented closed
immersion. Suppose that f is an isomorphism infinitely near Y (2.6.2.1).
SetY'=f~Y(Y)=Y )); X’. Then

(a) For E" in D™ (Ox—Mod) with quasi-coherent cohomology and
which is acyclic on X — Y, the canonical map E° — Rf.Lf*E’ is an
isomorphism in D~ (Ox —Mod).

(b) For E” in D™ (Ox:—Mod) with quasi-coherent cohomology and
which is acyclic on X' — Y’, the canonical map Lf*Rf,E" — E" Is an
isomorphism in D~ (O x/—Mod).
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{(c) If E” is pseudo-coherent on X' and acyclicon X' —Y', then Rf,E"”
is pseudo-coherent on X.

(d) If E” is perfect on X' and acyclic on X' —Y’, then Rf. E" is perfect
on X.

Proof. First we note that f is a quasi-compact map ([EGA] I 6.1.10
iii). Thus Rf, has bounded cohomological dimension on complexes with
quasi-coherent cohomology (B.6, B.11), and so Rf. is defined on
D(Ox:-Mod) and D~ (Ox-Mod), as well as the usual D*(Ox/-Mod).
Using the functorial Godement resolution T' to compute sheaf cohomol-
ogy as in Deligne’s treatment in [SGA 4] XVII 4.2, we realize Rf. as
an exact functor defined on the level of complexes, as Rf. = fu o T (cf.
[Th1] Section 1). As RP f. preserves direct colimits of modules by B.6, the
usual uniformly converging spectral sequence argument 4 la 2.4.1 shows
that Rf. preserves up to quasi-isomorphism the colimits of directed sys-
tems of complexes with quasi-coherent cohomology.

Let 7 : U — X be the open complement to Y. Then j is a quasi-compact
map by 2.6.1(a), and is also quasi-separated. Hence the discussion of the
preceding paragraph applies also to Rj.. We define local cohomology RT'y
as the canonical homotopy fibre of the map of complexes 1 — Rj.j*, as
Jjustified by [SGA 4] V 6.5. (More precisely we use the map 1 — j.j* —
J+T3* = Rj.j* induced by the augmentation 1 — T into the Godement
resolution.) Then RTy preserves up to quasi-isomorphism the colimits of
directed systems of complexes with quasi-coherent cohomology, as this is
true of 1 and Rj.j*. Similarly, RTy has finite cohomological dimension on
complexes with quasi-coherent cohomology, and preserves quasi-coherence
of cohomology.

Now to prove (a). Using the finite cohomological dimension of Rf,,
for any k, H¥(Rf.Lf*E") equals H¥(Rf,Lf*t"E’) for all n sufficiently
small. Thus we reduce to the case where £ is cohomologically bounded
below as well as above. Now the usual devissage reduces us to the case
where E’ is a single quasi-coherent module considered as a complex con-
centrated in one degree. For we induct on n using the homotopy fibre
sequence H*(E') — " E" — t"t1E" and the 5-lemma to reduce to prov-
ing the theorem for the H?(E") as complexes. Now as Rf, and Lf*
preserve direct colimits, writing the module E as the direct colimit of its
submodules of finite type ((EGA] I 6.9.9), we reduce to the case where
E is a quasi-coherent module of finite type, and which vanishes off Y.
As the defining ideal J of Y is of finite type, there is a positive in-
teger n such that J"E = 0 ([EGA] I 6.8.4). By devissage, it suffices
to prove that the canonical map 1 — Rf.Lf* is a quasi-isomorphism
for JEE/J*HE with k = 0,1,...,n — 1. Thus we reduce to the case
where E is an Ox/J = Oy module, E = i,.,E = Ri.E. Then using
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2.5.6, which applies as f is flat over the points of Y (recall 2.5.6.4),
we have Rf.Lf*E ~ Rf.Lf*i.FE~ ~ Rf . Lf*E~ ~ i, RfILf™*E~.
But as f/ : Y’ — Y is an isomorphism, we continue the chain of quasi-
isomorphisms: &, Rf.Lf*E~ ~ i,E~ ~ E. This proves (a). The proof
of (b) requires only a change of notation in this argument (e.g., Lf*Rf.
in place of Rf. Lf*, X' in place of X, etc.).

To prepare to prove (c) and (d) we first note that if E’ is acyclic on
X =Y, and if F’ is any complex on X with quasi-coherent cohomology,
then RI'y F' — F' induces an isomorphism:

(2631) MOTD(OX-Mod) (E, RFyF) —:—> MorD(Ox-Mod) (E, F) .

For the homotopy fibre sequence R['y F* — F" — Rj,.j* F induces a long
exact sequence:

Morp (E [1}, Rj.j"F ) = Morpu) ("E[1],i"F) = 0
2]
MOI‘D (E ,R,FyF )
(2.6.3.2)
Morp (E, F)

Morp (E, Rj.j*F) = Morpw) (*E,j*F) = 0

The horizontal isomorphisms result from trivial duality 2.5.7. for j : U —
X, and the fact that 7*E" ~ 0 as E" is acyclic on U. The exactness
of {(2.6.3.2) yields (2.6.3.1), as required. In particular, (2.6.3.1) holds for
E = Rf.E" in (c) and (d).

As final preparation, we note that RI'y is also represented on the level
of complexes as I'y of the Godement resolution on X. This yields RI'y
as a complex of modules over the localization of Ox along Y. As f is flat
over the points of Y, f*R['y would then represent L f* RT'y on the level
of complexes. We now switch over to this representative of RI'y. As a
statement in the derived category, (2.6.3.1) remains true.

Now we prove (c) that Rf.E" is pseudo-coherent. As the question is
local on X, we may assume X is affine and hence has an ample family
of line bundles. We appeal to criterion 2.4.2(g). Let {F,} be a direct
system of strict perfect complexes on X. Then we have a sequence of
isomorphisms:
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(2.6.3.3)
lim Morp oy -mMod) (RfE", T F,)

o

= h_r)n l\/IorD(Ox—Mod) (Rf*El., RFyTnFC;)
a
= h_f_)n lv-[orD(Ox—Mod) (Rf*El‘, Rf*Lf*RFyTnFC;)
= lim Morp(o,,, ~Mod) (Lf*Rf.E", Lf*RTyT"F})
= lim Morp(o,, ~Mod) (E", Lf*RTy7"F,)
@
= N[OI'D(OX/—Mod) (E/., li_r)an*RF;m"F&)
o~ /- * n1: N
= NIOI‘D(OX/—Mod) (E s Lf RryT mFa)
= Mot p(o,-tiod) (LS REE", Lf* Ry " lim F, )

IR

Mot p(o x ~Mod) ( REE", Rf*Lf*RFyr”lE}FC;)

(
Mor p (o x — Mod) (Rf,.E", RFYT”ﬁ_rEF&>

IR

= Morp(ox-Mod) (Rf*E/} Tnl_iE}F&) <

Here the isomorphisms are successively justified by (2.6.3.1), (a), trivial
duality 2.5.7, (b), pseudo-coherence of £/* with the finite Tor-dimension
of Lf*Rl'y = f*Rly and 2.4.2(e), the fact that Lf* and RI'y preserve
direct colimits of complexes with quasi-coherent cohomology, (b), trivial
duality 2.5.7, (a), and (2.6.3.1). By 2.4.2(g), the isomorphism between
the first and last terms of (2.6.3.3) shows that Rf, E” is pseudo-coherent,
proving (c).

The proof of (d) that Rf.E" is perfect requires only removal of the
truncation 7" in the proof of (c), and the use of 2.4.3(d) on X and 2.4.1(f)
on X' in place of 2.4.2(g) and 2.4.2(e).

2.7. Proposition ([SGA 6]). . Let f: X — Y be a proper map
of schemes. Suppose that locally on' Y, the map factors as f = ho1, with
h . Z — Y a flat and finitely presented map, and i : X — Z a closed
immersion. Then

(a) If i.Ox is perfect on Z, and E’ is a perfect complex on X, then
Rf.E is perfect on Y.
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(b) If ixOx Is pseudo-coherent on Z, and if h : Z — Y has an h-ample
family of line bundles (2.1.2(f)), and if E" is a pseudo-coherent complex
on X, then Rf.E" is pseudo-coherent on Y.

Proof. The question is local on Y, so we may assume that ¥ =
Spec(A) is affine, and that the factorization f = h o ¢ exists globally
over Y. In case (b), Z will then have an ample family of line bundles
2.1.2(f).

We write 4 = MAQ as a direct colimit of its noetherian subrings of
finite type over Z. On passing to a cofinal system of «, there will be
flat and finitely presented maps h, : Z, — Y, = Spec(A,) and closed
immersions i, : Xo — Z4, such that f, = hq 0 iy is proper, Zg =
Zo (: )(Ap), Z =lim Zg, etc. This all follows by [EGA] IV 8.9.1, 8.10.5,

I3

11.26. Let g4 : Y — Yy, ¢, : Z — Z, be the canonical maps.

We use this noetherian approximation to do case (a). The complex
i, £ is pseudo-coherent on Z by [SGA 6] III 1.1.1. As E" has finite Tor-
amplitude over X and 7.0 x has finite Tor-dimension over Z, the complex
i« E" has finite Tor-amplitude over Z ([SGA 6] III 3.7.2). Thus i, £" is
perfect on Z by 2.2.12. By 3.20 below, whose proof does not depend on
this 2.7 (or by [SGA 6] IV 3.2), there is an « in the direct system and a
perfect complex E, on Z, such that i, E" is quasi-isomorphic to Lgl* E, .
As i, E is acyclic on Z — X, by taking o larger we may assume that E,
is acyclic on Z, — X,, again by 3.20. (Danger: We do not know that
the maps i, and g/, are Tor-independent, and so cannot appeal to 2.5.6.
Thus we do not claim that we can take E to be i,. of a perfect complex
on X,.)

As Z, 1s noetherian, E, has coherent cohomology sheaves by 2.2.8,
which are modules over Ox, (n) for some infinitesimal thickening X,(n)
of Xo in Zy ([EGA] I 6.8.4). The maps fo(n) = hal| : Xa(n) — Y,
are proper as fored = fo(M)req is proper ([EGA] II 5.4.6, I 5.3.1). Thus
Rh.(E,) has coherent cohomology, and in fact is pseudo-coherent by the
noetherian case of 2.5.4 proved above.

As hy 1 Z, — Y, is flat and E, has finite Tor-amplitude over Oz_, it
follows that £, has finite Tor-amplitude over f~1(Oy, ). Also, Rhqs has
finite cohomological dimension by B.11. Then the projection formula 2.5.5
applies to show that Rhq«(E,) has finite Tor-amplitude. Thus Rhq«(E.,)
is perfect on Y, by 2.2.12. Then Lg} Rhy(FE,) is perfect on Y. But
as h,o is flat, the Base-change Theorem 2.5.6 yields a quasi-isomorphism
Lgi Rho.(E,) ~ Rh.(Lg:E.). But this complex is quasi-isomorphic to
Rh. (1. E) ~ Rf.(E"). Thus Rf.(E") is perfect, proving (a).

To prove (b), it suffices to show for all n that the truncation ™" Rf,E" =
" Rh, (i, E') is n-pseudo-coherent. By B.11, Rh, has finite cohomological
dimension, say, k. Then 7™ Rh,(i. E) is quasi-isomorphic to 7* Rh, (7"~ *



312 THOMASON AND TROBAUGH

ixE"). By the hypothesis of pseudo-coherence of i.Ox on Z and the devis-
sage of [SGA 6] IIT 1.1.1, the complex i, F is pseudo-coherent on Z. The
complex 7" ¥, E is then (n — k — 1)-pseudo-coherent by 2.2.6 and 2.2.5,
as i, E — "%, E is an (n — k — 1)-quasi-isomorphism. By use of the co-
herator B.16, we see that the cohomologically bounded 7~ *i, " is quasi-
isomorphic to a complex of quasi-coherent z-modules. (Note Z meets
the semi-separated hypothesis of B.16, as Z has an ample family of line
bundles.) Then using 2.3.1(c), we see that 7" ~*i, E" is quasi-isomorphic to
astrict (n—k—1)-pseudo-coherent complex E"". Then ¢®~¥~1E" is strict
perfect, and 7"~ %4, E is quasi-isomorphic to 7"~ %¥¢?~%-1E"” So r"Rf,E"
is quasi-isomorphic to 7" Rh, (7" ~¥i, E), hence to " Rh, (" ~¥gn—F-1E"),
hence to 7"Rh.(¢"~*~1E"). But this is n-pseudo-coherent since
Rh.(c""¥=1E") is perfect by part (a). This concludes the proof of (b).

2.7.1. Porism. Let h:Z — Y be a finitely presented map, U C Z a
quasi-compact open. Suppose Oz ; is flat over Oy, with y = h(z), for all
z in Z — U. Suppose for some locally finitely presented closed subscheme
X — Z with Z — X = U (2.6.1) that h{X — Z is proper.

Then for any perfect complex E™ on Z which is acyclic on U, Rh,.(E")
is perfect on Y.

If there is an h-ample family of line bundles on Z and if £ is a pseudo-
coherent complex on Z which is acyclic on U, then Rh,F is pseudo-
coherent on Y.

Proof. This is the main point of the argument proving 2.7, with at-
tention now paid to the fact that the appeals to 2.5.6 and 2.5.5 really
need only the flatness hypothesis in 2.7.1.

2.7.2. Remark. If f = hoiwith h : Z — Y a smooth map and
1: X — Z a closed immersion, then 7,Qx is pseudo-coherent on Z iff f
is a pseudo-coherent morphism by ([SGA 6] II 1.1.4, 1.2, 1.1). We have
that 7,Ox is perfect on Z iff f is a perfect morphism by ([SGA 6] III 1.1,
3.6, 4.1, or III 4.4).

3. K-theory of schemes: definition, models,
functorialities, excision, limits

3.1. Definition. For X a scheme K(X) is the K-theory spectrum of
the complicial biWaldhausen category (1.2.11) of perfect complexes of
globally finite Tor-amplitude (2.2.11), in the abelian category of all Ox-
modules. (By the default conventions of 1.2.11, the cofibrations in this
biWaldhausen category are the degree-wise split monomorphisms, and the
weak equivalences are the quasi-isomorphisms.)
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For Y a closed subspace of X, K(X on Y) is the K-theory spectrum
of the complicial biWaldhausen subcategory of those perfect complexes
on X which are acyclicon X —-Y.

3.1.1. It is clear from the description of Ky in 1.5.6. that Ko(X) is
indeed the Grothendieck group “K°(X)” of [SGA 6] IV 2.2.

3.1.2. For X quasi-compact, any complex of locally finite Tor-ampli-
tude, and in particular any perfect complex, automatically has globally
finite Tor-amplitude.

3.2. Definition. For X a scheme, K"*V¢(X) is the K-theory spec-
trum of the complicial biWaldhausen category of strict perfect complexes
in the category of Ox-modules. Similarly for K™®¥¢(X on Y).

3.2.1. Indeed, K3%"¢(X) is the naive Grothendieck group “K (X )qas”
of [SGA 6] IV 2.2. Soon we will see that K™V¢(X) is the Quillen K-
theory of X in general, and that K“ai"e(X) is homotopy equivalent to
K(X) when X has an ample family of line bundles. Thus locally K"ve
and K agree, but it will be K that has good local-to-global properties (cf.
Sections 8, 10, esp. 8.5, 8.6).

3.3. Definition. For X a scheme, G(X) is the K-theory spectrum of
the complicial biWaldhausen category of all pseudo-coherent complexes
with globally bounded cohomology in the abelian category of all Ox-
modules. For Y a closed subspace of X, G(X on Y) is the K-theory
spectrum of the subcategory of those complexes acyclicon X — Y.

3.3.1. Indeed Go(X) is the Grothendieck group “K (X)” of [SGA 6]
IV 2.2. Quillen [Q1] defined higher K'- or G-theory only for noetherian
schemes, and for these his K’(X) is homotopy equivalent to G(X) as we
will see.

3.4. The construction of the K-theory spectrum proceeds not from
the derived category, but from the underlying complicial biWaldhausen
category, and is known to be functorial only in the biWaldhausen category.
By 1.9.8, the choice of underlying biWaldhausen category is not critical
in that all related choices give the same K-theory. But to exhibit all
the required functorialities in K-theory, many different underlying model
categories must be employed. Hence we proceed to compile lists of the
most useful models.

3.5. Lemma. Let X be a quasi-compact scheme. Consider the
following list of complicial biWaldhausen categories (cf. 1.2.11) in the
abelian category of all Ox-modules (or in cases 6, 7, 8 in the abelian



314 THOMASON AND TROBAUGH

category of diagrams A — B of Ox-modules):

3.5.1. perfect complexes,

3.5.2. perfect strict bounded complexes,

3.5.3. perfect bounded above complexes of flat O x-modules,
3.5.4. perfect bounded below complexes of injective O x-modules,
3.5.5. perfect bounded below complexes of flasque O x-modules,

3.5.6. diagrams E° = F’ consisting of a quasi-isomorphism between
perfect complexes,

3.5.7. diagrams as in 3.5.6, but with E" degree-wise flat bounded above
and F' degree-wise injective bounded below, perfect complexes,

3.5.8. diagrams as in 3.5.6, but with E" degree-wise flat bounded above
and F" degree-wise flasque bounded below perfect complexes.

Then the obvious inclusion functors induce homotopy equivalences of all
their K -theory spectra, so all are homotopy equivalent to K(X). Similarly
there are homotopy equivalences to K (X onY') from the K -theory spectra
of the various subcategories of complexes which are also acyclicon X -Y .

Moreover, the results will hold for non-quasi-compact X if we add
everywhere the extra condition that the perfect complexes have globally
finite Tor-amplitude.

Proof. More precisely, we need to show that the inclusion functors of
categories 3.5.2 through 3.5.5 into 3.5.1 induce homotopy equivalences on
K -theory spectra. We also show that the inclusions of 3.5.8 and 3.5.7 into
3.5.6 induce homotopy equivalences. The two functors from 3.5.6 to 3.5.1
sending F° = F" to E" and to F" respectively both induce homotopic
homotopy equivalences, inverse to the homotopy equivalence induced by
the functor from 3.5.1 to 3.5.6 sending E" to the diagram 1: " = E".

The last statement follows immediately from 1.5.4. The inclusion func-
tors will induce homotopy equivalences in K-theory because they will
induce equivalences on the derived categories of the complicial biWald-
hausen categories, allowing appeal to 1.9.8. (One could also appeal di-
rectly to Waldhausen approximation 1.9.1 given 1.9.5 and the facts below.)

By 1.9.7 (or its dual), to prove the equivalence of derived categories it
suffices to show for all B in the target category that there is an A in the
source category and a quasi-isomorphism A = B (resp., B = A). As
the category of Ox-modules has enough flat and enough injective objects
(e.g., [H] II Section 1), and as all injectives are flasque, 1.9.5 yields the
well-known fact that for any cohomologically bounded complex B, one
has quasi-isomorphisms A" = B° = " where A" is bounded above and
degree-wise flat, and C" is bounded below and degree-wise injective, a
fortiori degree-wise flasque. This immediately proves the equivalence of
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derived categories for the inclusions of 3.5.3, 3.5.4, and 3.5.5 into 3.5.1. If
one considers an intermediate biWaldhausen category whose objects are
diagrams of quasi-isomorphisms E° = F" of perfect complexes with E°
degree-wise flat and bounded above, one sees similarly that the inclusion
of this category into 3.5.6 and the inclusions of 3.5.7 and 3.5.8 into this
intermediate category induce equivalences of derived categories.

It remains only to show that the inclusion of 3.5.2 into 3.5.1 induces
an equivalence of derived categories. But a perfect complex of globally
finite Tor-amplitude is globally cohomologically bounded. Thus such a
perfect E is quasi-isomorphic to the truncations for suitable n < 0 and
m>0:E = mE & rS™(rME’). As T E’ is strict bounded below and
<M (7" E’) is strict bounded, these quasi-isomorphisms show that the in-
clusion of 3.5.2 into the intermediate biWaldhausen category of perfect
strict bounded below complexes and the further inclusion of this interme-
diate category into 3.5.1 induce equivalences of derived categories.

Hence all the inclusions induce equivalences of derived categories, and
1.9.8 yields the result. Clearly the proof works if we impose everywhere
the extra condition that the complexes are to be acyclicon X —Y, yielding
the result for K(X on Y).

3.6. Lemma. For X either quasi-compact and semi-separated
(B.7), or else noetherian, Lemma 3.5 remains true if the following cate-
gories are added to the list in 3.5. So all have K -theory spectra homotopy
equivalent to K(X);

3.6.1. perfect complexes of quasi-coherent O x-modules,

3.6.2. perfect complexes of injective objects in Qcoh(X).

Proof. The inclusion of 3.6.2 into 3.6.1 induces an equivalence of de-
rived categories as Qcoh(X) has enough injectives (B.3). The inclusion of
3.6.1 into 3.5.1 has an inverse equivalence on the derived category, given
by the coherator (B.16). Now we apply 1.9.8.

3.7. Lemma. For X noetherian, Lemmas 3.5 and 3.6 remain true
if the following categories are added to the lists. Hence all have K -theory
spectra homotopy equivalent to K(X):

3.7.1. perfect complexes of coherent O x-modules,

3.7.2. perfect strict bounded complexes of coherent Ox -modules.
Similarly for K(X on Y) if we add the extra condition that the com-
plexes are acyclicon X - Y.

Proof. The inclusion of 3.7.1 into 3.6.1 induces an equivalence of de-
rived categories, as we prove by the Inductive Construction Lemma 1.9.5,
whose hypothesis 1.9.5.1 is met by 2.2.8 and [EGA] I 6.9.9. We conclude
by the usual 1.9.7 and 1.9.8.
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The inclusion of 3.7.2 into 3.7.1 induces an equivalence of derived cat-
egories, as we see using truncations just as for the inclusion of 3.5.2 into
3.5.1.

3.8. Lemma. For X with an ample family of line bundles (2.1.1),
Lemma 3.5 remains true if the following categories are added to the list
in 3.5 and 3.6. In particular, all their K-theory spectra are homotopy
equivalent to K(X):

3.8.1. perfect complexes of quasi-coherent O x-modules,

3.8.2. perfect bounded above complexes of flat quasi-coherent O x-
modules,

3.8.3. strict perfect complexes.
Similarly for K(X onY') if we add everywhere the extra condition that
the complexes are acyclicon X —Y.

Proof. We note by 2.1.1 and B.7 that X is quasi-compact and semi-
separated, so that 3.6 applies. We note 3.8.1 = 3.6.1. Finally the inclusion
of 3.8.3 into 3.8.2 and into 3.8.1 induces an equivalence of derived cate-
gories by 2.3.1(d).

3.9. Corollary. For X ascheme with an ample family of line bun-
dles, there is a natural homotopy equivalence K™*V¢(X) = K(X).

Proof. Lemma 3.8.3 and Definition 3.2. (cf. [SGA 6] IV 2.9).

3.10. Proposition. For X any scheme, K"*V¢(X) is naturally ho-
motopy equivalent to Quillen’s K-theory spectrum of X ([Q1]).

For X with an ample family of line bundles, K(X) is naturally homo-
topy equivalent to the Quillen K-theory spectrum of X.

Proof. The first statement follows from 1.11.7, as strict perfect com-
plexes are precisely bounded complexes in the exact category of algebraic
vector bundles on X. The second statement follows by 3.9.

3.11. Lemma. The obvious inclusions of the complicial biWald-
hausen categories in the following lists induce homotopy equivalences on
K -theory under the conditions preceding each list. In particular, the
K -theory spectra are all homotopy equivalent to G(X).

For X a scheme:

3.11.1. cohomologically bounded pseudo-coherent complexes of Ox-
modules,
3.11.2. pseudo-coherent strict bounded complexes of O x-modules,

3.11.3. cohomologically bounded pseudo-coherent complexes of flat
O x-modules,
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3.11.4. cohomologically bounded pseudo-coherent complexes of injec-
tive O x-modules,

3.11.5. cohomologically bounded pseudo-coherent complexes of flasque
O x-modules,

3.11.6. diagrams of quasi-isomorphisms E° = F' of cohomologically
bounded pseudo-coherent complexes, with E’ degree-wise flat and F-
degree-wise flasque,

3.11.7. asin 3.11.6., except F" is degree-wise injective instead of merely
flasque.

For X either a quasi-compact and semi-separated scheme, or else noethe-
rian, one may add to the list:

3.11.8. cohomologically bounded pseudo-coherent complexes of quasi-
coherent Qx-modules,

3.11.9. cohomologically bounded pseudo-coherent complexes of injec-
tives in Qcoh(X),

For X with an ample family of line bundles, one may add to the list:

3.11.10. cohomologically bounded strict pseudo-coherent complexes.

Proof. Note “cohomologically bounded” means “globally cohomolog-
ically bounded,” and recall the default conventions of 1.2.11 for cofibra-
tions and weak equivalences.

The proof of 3.11 exactly parallels that of 3.5-3.8, and hence we leave
it to the reader.

3.12. Lemma. For X a noetherian scheme, the inclusion of the
following biWaldhausen categories into 3.11.8 induce homotopy equiva-
lences of their K-theory spectra to G(X).

3.12.1. cohomologically bounded complexes of coherent O x-modules,
3.12.2. strict bounded complexes of coherent O x-modules.

Proof. One argues as in 3.7, recalling also that coherent complexes
are pseudo-coherent by 2.2.8.

3.13. Corollary. For X a noetherian scheme, G(X) is naturally
homotopy equivalent to the Quillen G- or K'-spectrum of X defined in

[Q1].
Proof. This follows from 3.12 and 1.11.7.
3.14. K(X) and K"®v¢(X) are contravariant functors in the scheme

X, as a map of schemes f : X — X' induces a complicial exact (1.2.16)
functor Lf* = f* between the biWaldhausen categories of perfect bounded
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above complexes of flat modules (3.5.3), or those of strict perfect com-
plexes. Similarly f induces amap f* : K(X’ on Y’') — K(X on f~}(Y")).

3141, If f: X — X' is a map of globally finite Tor-dimension,
then Lf*E" is cohomologically bounded if E" is. It follows then f* is a
complicial exact functor between categories of cohomologically bounded
pseudo-coherent complexes of flat modules (3.11.3), and so induces a map
f* : G(X') — G(X). This makes G( ) a contravariant functor for maps
of finite Tor-dimension (cf. [SGA 6] IV 2.12 for Gy, [Q1] Section 7 2.5).

3.15. The functor (E',F’) — E’ ((98) F’ preserves degree-wise split
X

L
monomorphisms in either variable. This functor represents £° ® F" and

Ox
preserves quasi-isomorphisms if either £ or F'" runs over a category of
bounded above complexes of flat O x-modules. Thus it is biexact, i.e.,
exact in each variable, on a pair of biWaldhausen categories if either

category consists of flat complexes. It is clear that E- ® F’ is strict

perfect of both E" and F° are strict perfect. Applied locally on X, this
shows E~ ® F" is perfect if both £ and F" are. It is easy to see that

Ox

L
if £ has finite Tor-amplitude, then £’ g@ F’ has finite Tor-amplitude

X

(respectively, is cohomologically bounded) if F* has finite Tor-amplitude
(resp. is cohomologically bounded). (See [SGA 6] I 5.6, 5.3 if you get
stuck.) We have already seen that E" ® F" is pseudo-coherent if both E~
Ox
is perfect (even pseudo-coherent) and F'" is pseudo-coherent, back in 2.5.1.
Thus ® induces biexact functors between various biWaldhausen categories
3.5.3, 3.8.3, 3.11.3. As biexact functors induce pairings between K-theory
spectra ([W] just after 1.5.3), we get various pairings (cf. [SGA 6} IV 2.7,
2.10):

(3.15.1) K(X)ANK(X) — K(X)
(3.15.2) KMV (XYA K™ (X)) — K"™V¢(X)
(3.15.3) K(X)AG(X) — G(X)

and even:

(3.15.4)

K(X on Y)AK(X on Z)— K(X on YNZ)

(3.15.5)
KX on Y)AG(X on Z) = G(X on YNZ).
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As the tensor product ® is associative and commutative up to “coher-
ent natural isomorphism,” K(X) and K™*¥¢(X) are in fact “homotopy-
everything” ring spectra, and the canonical map K™V¢(X) — K(X) and
also f* : K(X') — K(X) and f* : K™V¢(X') — K™'¢(X) are maps of
such ring spectra. The spectrum G(X) is a module spectrum over K(X),
and when it exists, f* : G(X') — G(X) is a map of module spectra over
K(X") (cf. e.g., [Ma2}).

Moreover K (X on Y) has a commutative and associative multiplication
up to “coherent homotopy,” but fails to have a unit when X #Y.

There are also external pairings induced by (E", F') — E’ 6@ F for X

s

flat over S and Z over S.

(3.15.6) K(X)NK(Z) = K(X x Z)
(3.15.7) K(X)AG(2) = G(X % 2)

See [SGA 6] IV 3.3 for how to go further.

3.16. Let f: X — Y be a map of schemes. Then f, is a complicial
exact functor in the sense of 1.2.16 between the complicial biWaldhausen
categories of all bounded below complexes of flasque O-modules on X
and on Y. For flasque modules are deployed for f., so f. represents
Rf. and preserves quasi-isomorphisms on such complexes; and f, also
preserves flasqueness ([SGA 4] V 4.9, and [H] I 5.3 2 or [V] II Section
2 no. 2). To conclude that f. induces maps f. : K(X) — K(Y) or
fx + G(X) — G(Y), we need only find conditions that make Rf. to
preserve the required perfection, pseudo-coherence, and the global bounds
on cohomological dimension or Tor-amplitude in the definitions of the
biWaldhausen categories 3.5.5 and 3.11.5. Considering B.11, 2.5.4 (=
[SGA 6] III 2.5, 4.8.1) and 2.7, we get variously (cf. [SGA 6] IV 2.11,
[Th4] 1.13, [Q1]} Section 7 2.7):

3.16.1. G( ) is a covariant functor on the category of noetherian
schemes and proper maps.

(Note this improves upon [Q1] 7.2.7, which only made G( ) a functor up
to homotopy and for finite or projective maps. Our method avoids the fuss
of Gillet’s Chow envelope method [Gil] of proving 3.16.1. Also after the
usual rectification to make f.g. = (fg). on O-modules strictly, instead of
up to natural isomorphism, our method yields a strictly functorial G( ),
instead of a functor up to homotopy.)

3.16.2. G( ) is a covariant functor on the category of quasi-compact
schemes and flat proper maps with a relatively ample family of line bun-

dles.
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3.16.3. G{ ) is a covariant functor on the category of quasi-compact
schemes and pseudo-coherent projective morphismns.

3.164. K( ) is a covariant functor on the category of noetherian
schemes, with proper maps of finite Tor-dimension (i.e., perfect proper
maps).

3.16.5. K( ) is a covariant functor on the category of quasi-compact
schemes and perfect projective morphisms.

3.16.6. K( ) is a covariant functor on the category of quasi-compact
schemes and flat proper morphisms.

3.16.7. There are analogs of 3.16.2 - 3.16.6 for G(X on Y) and K (X
on Y), using 2.6.3 and 2.7.1. We also note that if Z C Y C X with Z
and Y closed subspaces in X, the exact functor forgetting part of the
acyclicity requirement yields a canonical map K(X on Z) — K(X on Y).

3.17. Proposition. Projection Formula (cf. [SGA 6] IV 2.12, [Q1]
Section 72.10).  Let f : X — Y be a quasi-compact and quasi-separated
map of schemes with Y quasi-compact. Suppose that f is such that
Rf. preserves pseudo-coherence (respectively, preserves perfection), hence
induces a map f. : G(X) — G(Y), (resp. f. : K(X) — K(Y)). For
example, let f be as in 3.16.1 - 3.16.3 (resp. 3.16.4 - 3.16.6). Then f.
is a map of module spectra over the ring spectra K(Y). That is, the
diagram (3.17.1) (resp. the similar diagram where all G( )’s are replaced
by K( )’s) commutes up to canonically chosen homotopy:

K(X)AG(X) —— 6(X)

f*/\l/(

(3.17.1) K(Y)AG(X) fu

K(Y)AGY) —— G(Y)

Proof. It is convenient to represent Rf, on the chain level as f, o T
where T is the total complex (totaled via sums, and not products) of the
functorial flasque Godement resolution indexed by all the points of X, as
in [SGA 4] XVIT 4.2. This Rf. = f. o T is exact on all complexes.

Now consider F'" a bounded above perfect complex of flat Oy -modules,
and E° a pseudo-coherent (resp. perfect) complex of (x-modules. By

L
deployment, we have F” 58) ()=F C()g) ( ), etc. Then 2.5.5 shows that
Y Y

the canonical map (3.17.2) is a natural quasi-isomorphism:



HIGHER ALGEBRAIC K-THEORY OF SCHEMES 321

(3.17.2)
F' & Rf.E =F ® [.TE — f. (f*F' ® TE') — AT (f*F' ® E)
Oy Oy o Ox

|
Rf. (f*F' 5 E)
Ox

As in 1.5.4, this quasi-isomorphism of two functors biexact in (E°, F")
yields the desired homotopy between two maps K(Y) A G(X) — G(Y)
(resp., K(Y) A K(X) — K(Y)).

3.18. Proposition (cf. [SGA 6]IV 3.1.1, [Q1] Section 7 2.11).  Let
(3.18.1) be a pullback diagram of quasi-coherent schemes, with f a quasi-
separated map.

1

X 2 x
(3.18.1) =

Y ——— Y’
9

Suppose f and g are Tor-independent over Y (2.5.6.2). Suppose that g
has finite Tor-dimension (resp., that f has finite Tor-dimension) and that
f and f' are such that Rf. and Rf] preserve pseudo-coherence (resp., that
Rf. and Rf]| preserve perfection), and so define maps f. : G(X) — G(Y)
and f. : G(X') - G(Y'), (resp., fu : K(X) — K(Y) and f] : K(X') —
K(Y")). For example, we could suppose that f and f’ are as in 3.16.1 -
3.16.3 (resp., 3.16.4 - 3.16.6).

Then there is a canonical homotopy between g* f. ~ flg"™ : G(X) —
G(Y') (resp., g* f« =~ flg"* : K(X) — K(Y")).

Proof. The idea is to use the base change Theorem 2.5.6. We fol-
low Deligne’s proof of 2.5.6 in [SGA 4] XVII 4.2, and build yet an-
other model of G(X). Consider E" in the category of bounded above
pseudo-coherent complexes of flat Ox-modules. Let T(E’) be the to-
tal complex, totaled by sums, of the Godement resolution as in [SGA
4] XVII Section 4. Then each stalk T(E,) is chain homotopic to E,
so g"T(E"), ~ ¢"E, = Lg™E,, and T(E") is deployed for Lg'*. As
T(E') is flasque, it is deployed for Rf, (using B.11 to allow T'(E) to
be unbounded below). Using this functor T, the augmentation quasi-
isomorphism E° ~ T(E"), 3.11, and the methods of 3.5, we see the
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complicial biWaldhausen category of cohomologically bounded pseudo-
coherent complexes deployed for both Lg™* and Rf., that of cohomo-
logically bounded above pseudo-coherent complexes of flat O x-modules,
and that of cohomologically bounded pseudo-coherent complexes, all have
equivalent derived categories. Indeed, after identifying the last two de-
rived categories by their known equivalence, the inverse equivalences to
the bideployed derived category are induced by T and the inclusion (cf.
[SGA 4] XVII 4.2.10). So by 1.9.8, the bideployed biWaldhausen category
has K-theory spectrum homotopy equivalent to G(X).

The techniques of proof of 3.11 and 3.5 show that the derived category
of the bideployed biWaldhausen category is equivalent to the derived cat-
egory of the complicial biWaldhausen category whose objects are data
consisting of a cohomologically bounded pseudo-coherent £ on X which
is deployed for both f, and ¢’*, a bounded above degree-wise flat F" on Y
and a quasi-isomorphism F~ = f,E’, and a bounded below degree-wise
flasque G* on X' and a quasi-isomorphism ¢"*FE" < G" on X'. The as-
sociated abelian category is that of all diagrams (A — f.B, ¢"B — C)
with A an Oy-module, B an O x-module , and C an O x-module. (Com-
pare [SGA 4] XVII 4.2.12.) The K-theory spectrum of this biWaldhausen
category is thus also homotopy equivalent to G(X).

In this model of G(X), ¢” f. is represented by the exact functor sending
(F" > fuE', ¢*E = G') to ¢g*F  (recall, F' is flat). The map fg™* is
represented by the exact functor sending the object (F* = fuE', ¢*E" =
G’) to fiG". There is a natural transformation

GF - g B =g fug.g"E =g 9. fog"E — figd"E — f.G".

This is the canonical base change map of Deligne ([SGA 4] XVII 4.2.12),
and is a quasi-isomorphism by 2.5.6 = [SGA 6] IV 3.1. This natural quasi-
isomorphism then induces the desired homotopy g¢* f. =~ flg’* of maps on
G( ) by 1.5.4. The proof for K( ) is essentially the same. Clearly, there
are analogs for K (X on Z), etc.

3.19. Proposition (Excision).  Let f : X' — X be a map of quasi-
compact and quasi-separated schemes. Let Y C X be a closed subspace
such that X — Y Is quasi-compact. Set Y' = f~1(Y) C X. Suppose that

f Is an isomorphism infinitely near Y in the sense of 2.6.2.2 , 2.6.1. Then

f* induces homotopy equivalences

*'K(X on YY) K(X' on Y’
(3.19.1) J7 KX on V) = B(XTon V)
[f:GX onY)SG(X onY').

Proof. We note that the map f is quasi-separated ([EGA] I 6.1.10).
By definition 2.6.2.1, we may choose a scheme structure on Y so that
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i:Y — X is a finitely presented closed immersion with f inducing an iso-
morphism f~1(Y) = Y));X’ — Y. The proposition then results from 2.6.3

which shows Rf. and Lf* are inverse up to natural quasi-isomorphism,
once we realize Rf. and Lf* as exact functors on appropriate model bi-
Waldhausen categories. We represent Rf, by the exact f. o T, for T
the Godement resolution, and note that Rf, preserves perfection and
pseudo-coherence of complexes acyclic on X’ —Y’ by 2.6.3, and preserves
cohomological boundness by the finite cohomological dimension of Rf,
B.11. The most appropriate models for K(X on Y) and K(X’ on Y')
(resp., G(X on Y)...) are the complicial biWaldhausen category of per-
fect (resp., cohomologically bounded pseudo-coherent) complexes of Ox-
modules which are strictly 0 on X — Y. The inclusion functor of this new
model into the category of perfect complexes of O x-modules which are
acyclic on X ~Y is exact, and I'y o T provides an exact functor which is
inverse to the inclusion up to natural quasi-isomorphism. Thus the new
model category indeed has K-theory spectrum homotopy equivalent to
K(X onY), (resp. ...).

As f is flat over the points of Y (2.6.2.1), f* is exact on the category of
complexes strictly 0 on X —Y. Thus f* and f, oT induce exact functors
on the new models, which are inverse up to natural quasi-isomorphism by
2.6.3. By 1.5.4, this yields the result.

3.19.2. Ezamples. Let A be a noetherian ring, and I C A an ideal.
Then the map to the completion A — AT induces a homotopy equivalence:

K(Spec(A) on Spec(A/I)) — K(Spec(AT) on Spec(A/1AT))

For AJ/IAT = A/I, and for A noetherian A — AT is flat over the
points of Spec(A/I), as A(yy is a Zariski ring at ().

For a general commutative ring A, and I C A a finitely generated
ideal, let A% be the henselization of A along Spec(A4/I). Then the map
A — A" induces a homotopy equivalence K((A) on (4/I)) = K((A?) on
(43/143)).

If j : V — X is an open immersion with Y C V, and V is quasi-
compact, then K(X onY) = K(V on Y) is a homotopy equivalence. For
this example, it is in fact trivial to prove 2.6.3 directly.

3.20. Proposition (cf. [SGA 6] IV 3.2, [Q1] Section 7 2.2).  Let
X = @Xa be the limit of an inverse system of schemes, where the
“bonding” maps fap : Xo — Xp in the system are affine. Suppose that
all the X, are quasi-compact and quasi-separated. Let Y, C X, be a
system of closed subspaces with f;ﬂl(Yﬁ) =Y,, and all X, — Y, quasi-
compact. Then:
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3.20.1. The derived category of strict perfect (resp., perfect) complexes
on X is the direct colimit of the derived categories of strict perfect (resp.,
perfect) complexes on the X,, where the maps in the direct system are
the Lfyg. Similarly, there is an equivalence of derived categories where
one imposes the conditions of acyclicity on X —Y and X, — Y, on the
complexes in the derived categories.

3.20.2.  The canonical maps induced by the Lf; are homotopy equiv-
alences:

lim K (Xq) = K(X)
imK(Xs on Yoa) = K(X onY).

o

Proof. The construction of K( ), see 1.5.2 -1.5.3, clearly preserves
direct colimits of biWaldhausen categories, and also converts complicial
exact functors inducing an equivalence of derived categories into homo-
topy equivalences of K-theory spectra, by 1.9.8. Hence 3.20.2 follows from
3.20.1.

To prove 3.20.1, we first consider the biWaldhausen category of strict
perfect complexes (possibly imposing the condition of acyclicity on X4 —
Yo, X —Y). As a strict perfect complex is a finite complex of finitely
presented modules, it follows from [EGA] IV Section 8 as quoted in C.4
that the biWaldhausen category on X is equivalent to the direct colimit
of the biWaldhausen categories on the X, and a fortior: that the derived
categories are equivalent. In more detail, we see that [EGA] IV 8.5.2(ii)
applied to the modules in each degree and [EGA] IV 8.5.2(i) applied to
the differentials, each applied finitely any times, shows that each strict
perfect E° on X is isomorphic to fr E, for a strict perfect £, on some
X4. Given a morphism e : E° — E’" between strict perfect complexes on
X, we apply [EGA] IV 8.5.2(i), first to get maps E* — E’ defined on
some X,, and then to make them satisfy the identities de* = ¢*+18, and
so to obtain a chain map e, : £, — E/, on X, for « sufficiently large,
such that e = fX(eq). Now if V, is an affine open in X,, and £’ is acyclic
on V = V, x X, then as a complex of projective modules it is chain

homotopic to 0 on the affine V. As above, [EGA] IV 8.5.2 shows that
this chain nulhomotopy is defined on E'ﬁle for all sufficiently large 3, so
E;|Vp is acyclic. Applied to affine covers, this shows that if the strict
perfect complex E is acyclic on X, or on X — Y, then for all sufficiently
large B the complex E'ﬁ is acyclic on Xz or X3 — Ys. Finally e is a
quasi-isomorphism iff its mapping cone cone(e) = fZcone(eqs) is acyclic
on X. By the above, this occurs iff for some  sufficiently large cone (eg)
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is acyclic on Xg, i.e., iff for 3 sufficiently large ez is a quasi-isomorphism
on Xg. This completes the proof of 3.20.1 for categories of strict perfect
complexes.

To prove 3.20.1 for perfect complexes, we work in the biWaldhausen
category of perfect strict bounded above complexes of flat modules. This
has the correct derived category by 3.5, and all the f* and f are exact
on this category. By replacing the system of X, by the cofinal system of
all o > g, we may assume that there is a terminal Xg. Then X and all
X4 are affine over Xj.

If Xy, and hence X, and X, has an ample family of line bundles, the
derived category of perfect complexes is equivalent to the derived category
of strict perfect complexes as in 3.8, and 3.20.1 reduces to the strict case
proved above.

We now prove in 3.20.3 - 3.20.6 the result 3.20.1 by induction on the
number n of affine open subschemes needed to cover Xy. If n = 1, X
1s affine, hence has an ample family of line bundles, and 3.20.1 is known.
To do the induction step, let n > 1, and suppose the result is known
for schemes covered by fewer affines. Then we write Xo = Ug U Vj with
Up open affine, and Vj open and covered by n — 1 open affines. Let
Uy = Xo ))(( Uy, etc. Then 3.20.1 is known for U = !iLnUa, V= Ei__mVa,

and UNV ; EEIUQ NVa. We note that UyNVp is quasi-affine, and so has
an ample family of line bundles, so the above indeed yields 3.20.1 for it.

3.20.3. If E, is a bounded above flat perfect complex on X, such
that fXE. is acyclic on X (or on X —Y), then by induction hypothesis
for all 3 sufficiently large f;,E, = Ej has E;|Us acyclic on Up (or on
Up—Yp), and E;|Vp acyclic on Vg (or on V5 —Yp). As acyclicity is a local
question, Ej is then acyclic on Xg (resp., on X3 — Yp) for all sufficiently
large 4. We apply this to the mapping cone of a map e, : E, — E/
to show that if fie, is a quasi-isomorphism on X, then eg = f5 e, is a
quasi-isomorphism on X for all sufficiently large £.

The next step is to show that any bounded above flat perfect complex
on X is quasi-isomorphic to f; of a bounded above flat perfect complex

on X, for some «. For this, we make use of the patching construction of
3.20.4.

3.20.4. Let U and V form an open cover of a scheme X. Denote the
various open immersions as in:

U —

(3.204.1) T e/ Tk
uvnv 1%

jl
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Suppose (Eg;, Fy,Gyav, @, ¥) is a datum consisting of flat perfect com-
plexes Ey;, Fy, Gyyy onU, V, UUYV respectively, and of quasi-isomor-
phisms ¢ : Gyay = kK" Ey, ¢ 1 Gyay = j*Fy on UNV. Let j!:
Oy-Mod — Ox-Mod be the left adjoint to j*. This j! is the extension
by 0 functor, is exact, and preserves flatness (e.g., [SGA 4] IV 11.3.3, V
1.3.1). The quasi-isomorphism ¢ induces a map on X:

o BGyny — Ok By = jIk' k™ Eyy — jIE;,.

The restriction to U, j*(!¢) is isomorphic to the map k''Gynvy — Ej;
adjoint to . On V', k*(lp) is the quasi-isomorphism

i §\Gyny = 7" Ey = k*JIE;,.

Let C'(Ey, Fy,Gyny, e, ¥) be the homotopy pushout (1.1.2) of lp :
Gy qy — J'Ey and the similar map 1 : £1Gyqy — kVFY,.

h h
(32042) C (E,;,F¢,Gi,nv,go,¢)=j!E,']le KIFy SIEQIF.

! unv

For any complex J* on X, a choice of maps Ey; — j*J" and Fy, — k*J",
together with a choice of homotopy between the two restrictions of this
maps via ¢ and ¥ to maps Gyqy — €°J', determine maps j!E; — J',
kl!Fy, — J°, and a homotopy of maps €'Gy 4y — J°, and hence (1.1.2)
determine a map C'(E,F,G,p,¢) — J.

The complex C'(E, F,G, ¢, ) is flat, as the j!, k!, £! preserve flatness,
as does the construction of the homotopy pushout (1.1.2.1).

As 7)) = k*(Yp) : k"G — k*(1E) is a quasi-isomorphism on V| the
corresponding canonical map into the homotopy pushout

Fy = Fy (L?JG.) K (IE") = k*C(E, F,G,p,4) = k*C’
is a quasi-isomorphism on V. Hence k*C" = C'|{V is perfect. Simi-
larly C'|U = j*C" is quasi-isomorphic to Ey;, and so perfect. Hence
C'(E,F,G,p,v) is locally perfect, hence perfect.

Suppose J' is a perfect complex on X, from which we obtain a datum
(Ey, Fv,Guav,: e, ¥) by Epy = 50 = J\U, Fy, =T =TV, Gyny =
&J =J|UUV,and ¢ =1, ¢ = 1. Then the adjunction maps j!E;; =
JiyrJ  — J, k\Fy, = klk*J — J’, and the 0 homotopy between identical
maps £Gyny = £€*J° — J induce a map C'(5°J, k" J, £ J,1,1,) — J°
which is a quasi-isomorphism, as one checks locally on U and V. (Indeed
we have already seen this, as C" here is the mapping cone of the left map
in the exact sequence (2.4.1.10) with E" = J".)
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3.20.5. Now let J° be a bounded above flat perfect complex on X.
We want to show that it is quasi-isomorphic to f? of a bounded above
flat perfect complex on some X,. By induction hypothesis on U and
V, for « sufficiently large, there are flat bounded above perfect com-
plexes E’,‘JQ on Ug,, F",a on V,, and isomorphisms in the derived category
faBy, ~ J|U, fafy, ~ J'|V. By the calculus of fractions we rep-
resent these by strict quasi-isomorphisms of flat bounded above perfect
complexes f3Ey & A" 5 J'|U, faFy, & B° = J'|V. In the derived
category on U NV, we have a composite isomorphism f;Ei]a|U NV ~
J ~ fiFy, UNV. By 3.20.1 for the quasi-affine U, N V,, we see
that for o sufficiently large that this isomorphism is f} of an isomor-
phism on U, NV, represented in the calculus of fractions by strict quasi-
isomorphisms Ey; |Us N Ve & Gy _qy, = Fy [UsNVy. On U NV, the
criterion of the calculus of fractions for equivalence of representations of
maps in the derived category gives a chain homotopy commutative dia-
gram:

1 1
JIwnv —— Juwnv —-  Junv

~lUnv ~ ~lunv
I I I

(3.205.1) Alunv —— D ——Z—~ BWNV

~|Unvl 1~ l~|UnV

JoE|Ua N Ve P faGu, av, BT faFy, lUaN Ve

@

We make choices of homotopies in this diagram, and appeal to the
mapping properties of the construction of 3.20.4. This yields quasi-
isomorphisms of perfect complexes

h h
J e\ U &AL UB S S (!E,; UIF, = Ca) .

JUnv D’ G,
Thus J' is quasi-isomorphic to f3C, for a bounded above flat perfect
complex C, on some X,, as required. If J'|X — Y is to be acyclic,
Cp = f5aCq will be acyclic on X — Yj for some 3 sufficiently large.

3.20.6. To complete the induction step, it remains only to show that
if E, and E are bounded above flat perfect complexes on X,, then
with E5 = f3,E, and E° = fLE,, etc., that the canonical map is an
isomorphism:
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(3.20.6.1) lim Morpx,) (Ej, Ej) = Morpcx) (E,E").
B

By the induction hypothesis, the corresponding maps to (3.20.6.1) for
U, V and for the quasi-affine U NV are isomorphisms. The result follows
for X by the 5-lemma applied to the map (3.20.6.1) between the Mayer-
Vietoris exact sequences (2.4.1.8).

This completes the proof of the induction step, hence of 3.20.1 and of
the proposition.

3.21. Theorem (Poincaré duality) (cf. [SGA 6] IV 2.5, [Q1] Sec-
tion 7-1).  Let X be a quasi-compact scheme. Suppose for every local
ring Ox  of X, that every finitely presented O x o.-module has finite Tor-
dimension over Ox . (In fact, it suffices to suppose that every pseudo-
coherent Ox ,-module has finite Tor-dimension over Ox ,.) (Note that
any regular noetherian scheme meets these hypotheses.) Then the canon-
ical map is a homotopy equivalence:

RK(X) = G(X).

Proof. This follows from the definitions once we show that any
cohomologically bounded pseudo-coherent complex E' on X is perfect.
As X is quasi-compact, there is no need to worry about global bounds,
and the question is local. So we take a point z € X, and restrict to a small
affine nbd U of z. By 2.3.1(e), E"|U is quasi-isomorphic to a strict pseudo-
coherent complex, so we may assume that £~ is strict pseudo-coherent. As
E" is cohomologically bounded, there is an integer k such that H*(E") = 0
for n < k. Then Z"E" = B"E forn<k. Forn<k, E"? - E"1
Z"E — 0 is then exact, so that Z™E is finitely presented. (In fact Z"E"
is resolved by the exact complex of algebraic vector bundles o<"~1E",
and so is a pseudo-coherent module.) Then the stalk Z*¥E, has finite
Tor-dimension, say p. By descending induction, using the facts that E7
is free and that 0 — Z""'E, — E?~! — Z"E, — 0 is exact for n < k, we
get that Z¥~PE’ is flat and finitely presented over Ox r, and hence free.
Then the finitely presented Z¥~PE" is free over some smaller open nbd U
of . Thus TP E" is strict perfect on U, and is also quasi-isomorphic to
E*|U. So E’ is perfect, as required.

3.22. 'To prepare the key Localization Theorem 5.1, 7.4, we must con-
sistently use RK-theory with supports, K(X on Y). We remark that the
absolute case K'(X) is the special case K(X) = K(X on X). Also K (X
on ¢) = 0 for ¢ empty.
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4. Projective space bundle theorem

4.1. Theorem (Projective space bundle Theorem). Let X be a
quasi-compact and quasi-separated scheme. Let Y be a closed subspace
such that X —Y is quasi-compact. Let £ be an algebraic vector bundle of
rank r over X, and let 7 : P€x — X be the associated projective space
bundle. Then there are natural homotopy equivalences

(4.1.1) H K(X)> K (PEx)
(4.12) f[K(X on Y) = K (P€x on PEy).

These equivalences are given by the formula

r—1
(4.1.3) (zo,zl,...,x,._l)l—»Zﬂ'*(m;)@[Opg(—i)].
i=0

Proof. 4.3 - 4.12 below.

4.2 Theorem 4.1 for K is proved in Berthelot’s exposé, [SGA 6] VI,
and for K§¥V¢ goes back to Grothendieck’s early work on Riemann-Roch
and Chern classes. Modifying these arguments to make them functorial on
the Q-category, Quillen ([Q1] Section 8) proved (4.1.1) for K™Ve, Below,
we will modify Quillen’s argument to make it work for K.

Logically, the reader should now proceed to Appendix C before return-
ing to 4.3.

4.3. We first reduce to the case where X is noetherian. By C.9, X is
the inverse limit Lir_nXa of an inverse system of schemes in which all the
bounding maps Xg — X, are affine, and in which all the X, are finitely
presented over Spec(Z), and hence noetherian.

As U = X — Y is quasi-compact, and X is quasi-separated, the open
immersion j : U — X is finitely presented ([EGA] I 6.1.10(iii), 6.3.8(1)).
Of course £ is a finitely presented Ox-module. Then by restricting to a
cofinal system of a, we may assume there are quasi-compact opens U, C
X, and vector bundles &, on X, such that fﬂ"al(Ua) = Ug, f[';a(ga) =
&, U= Eibr_r_an, PE = !iﬂlPSo, is the pullback of 7, : P€, — X, along
X — Xa, ete., ([EGA] IV Section 8, as quoted in C.3, C.4).

We set Yo = Xo — Us. Then by 3.20 we obtain the diagram (4.3.1) in
which the indicated maps are homotopy equivalences:
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lim[]" K (Xo on Y,) —— []"K(X on Y)

o

(4.3.1) l l

lim K (P€x, on Pfy,) —— K (P&x on Péy)

a

Thus it suffices to prove the theorem for the noetherian schemes X, .

4.4. We assume X is noetherian for the rest of Section 4. We need to
recall some standard facts about the cohomology of coherent sheaves on
PE, due to Serre and Grothendieck, and to recall Mumford’s notion of a
“regular” coherent sheaf, to set up Quillen’s argument.

4.5. Recollection. (a)For all integers ¢, RY, preserves quasi-coherence
and coherence.

(b) For ¢ > r =rank £, and F any quasi-coherent sheafon P&, Rinx F =
0.

(c) For F coherent on P&, there is an integer ng(F) = ng such that for
alln >ng and all ¢ > 1, RIn(F @ Opg(n)) = 0.
(d) For F quasi-coherent on PE and for M flat and quasi-coherent on
X there is a canonical isomorphism
Rim, (FQnm*M) = Rim (F) Q@ M.
(e) For all integers n, there are natural isomorphisms
0 q#0, r—1
Rim, (Opg(n)) =< S*E g=10
(ST mEY Q(NEY g=r-1

where S¥€ is the k-th symmetric power of £, considered to be 0 for k <
—1, A€ is the maximal exterior power of &, and ( )V sends a vector
bundle to its dual, ( )¥ = Hom( ,0x).

(f) For all quasi-coherent sheaves M on X, there is a natural isomor-
phism

RIm (Ope(n) @ m* M) = Rim. (Ope(n)) @ M.
Proof. Of course, (a), (b), and (c) are very well-known. ([EGA] I1I

1.4.10, 2.2.2, 2.2.1). The formula (e) results from a standard Cech co-
homology computation [EGA] III 2.1.15, 2.1.16 or [Q1] Section 8.1.1(c).
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(Note both these citations give the formula (e) with different typograph-
ical errors!) We see from (e) that RIm,O(n) is a flat Ox-module. Now
(d) and (f) are recovered from the quasi-isomorphism (2.5.5.1), as this
flatness of the cohomology groups forces the Tor-spectral sequences of
Kiinneth to degenerate (cf. [EGA] III Section 6, Section 7).

4.6. On P&, the canonical map

(1°6) ® O(=1) = (1" 1.0(1)) ® O(=1) » O(1) ® O(-1) = Op¢

is an epimorphism by [EGA] I 4.1.6. Locally on P&, the vector bundle
7*E ® O(—1) is free, hence locally is a sum of line bundles &'L;. As then
@' L; -+ O is epimorphic, for each point p some £; has image not contained
in the maximal ideal of the local ring O,. For this £;, £;; — O, is an
epimorphism of rank 1 free modules over the local ring O,, and so is an
isomorphism.

The Koszul complex of 7*€ @ O(—1) — Opg¢ is thus locally isomorphic
to a tensor product of complexes @ (£; — ), where at each point p
one of the complexes £; — O is acyclic. Thus the Kozsul complex of
T EQ0O(—1) — O is acyclic (cf. [EGA]HI 1.1, [SGA 6] VII 1). Expanding
out the Koszul complex yields the well-known long exact sequence of

algebraic vector bundles on PE ([SGA 6] VI 1.11, [Q1] Section 8):

(4.61) 0— =" (/'\5) ® O(-r) — 7* ('7\15) ®O(1—r)— ...
™ (/2\5) ®O(=2) — 1" E @ O(=1) — O — 0.

Dually, there is the exact sequence:

(462) 0—0— (7*€Y)®0(1) — =* (?\8") ®0(2) — ...
=t (AEM) e O(r) — 0.

4.7.0 Let m be an integer. A quasi-coherent sheaf F on P¢ is said to
be m-regular in the sense of Mumford if R¥m.(F(m-—gq)) =0for allg > 1
(cf. [Q1] Section 8, [SGA 6] XIII Section 1, [Mum] 14). We note that if
F is m-regular, then F(n) is (m — n)-regular.

If F is a coherent sheaf on P&, there exists an integer my such that F
is n-regular for all n > mg. This follows from 4.5(b) and (c) on taking
mg=ng+r—1.
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4.7.1. Lemma [Q1], [SGA 6], [Mum]). Let0 —=F -G —H —0
be an exact sequence of quasi-coherent sheaves on PE. Then

(a) If F and 'H are n-regular, G is n-regular.

(b) If G is n-regular and F is (n + 1)-regular, then H is n-regular.

(c) If G is (n + 1)-regular and H is n-regular and if 7, G(n) — w, H(n)
is an epimorphism, then F is (n + 1)-regular.

Proof. All these results follow from the long exact sequence in coho-
mology:

<= R, G(n—q) = R 'n.H(n—q) 2 Rin F(n—q) — R'm.G(n—q)
— Rim,H(n—q) 2 Rt'n,Fln—q)—....

4.7.2. Lemma ([SGA 6] XIII 1.3, [Q1] 8.1.3, 8.1.7). IfFis
m-regular on P&, then for all k > m we have that:

(a) F is k-regular.

(b) The product map 7. (F(k))®E = m (F(k)) @ mO(1) — mF(k+1)
is an epimorphism on X.

(c) m*m.F(k) — F(k) is an epimorphism on PE.

Proof. To prove (a), we induct on k — m. We must show that if F is
k-regular, then it is (k + 1)-regular. We tensor the Koszul exact sequence
4.6.1 with F(k), to obtain an exact sequence

(4.7.2.1)
0— (w*/’\s) @F(k—r)— - — (1"E) @ F(k — 1) — F(k) — 0.

This sequence breaks up into short exact sequences (4.7.2.2), where the
Z, are the kernels of the maps in (4.7.2.1).

(4.7.2.2) 0—2, — (W*R(‘:) ®@F(k—p)— Zp1 —0.

The sheaf (7* 7\8) ® F is k-regular by 4.5. Hence (7* AP £) @ F(k —p) is
p-regular. By descending induction on p, starting from the (r 4 1)-regular
0 = Z,, and applying 4.7.1(b) to (4.7.2.2), we see that Z,_; is p-regular.
In particular, Zy = F(k) is 1-regular; i.e., F is (k +1)-regular, as required
to prove (a).

We also have obtained that Z; is 2-regular,, so R'7,(Z;(1)) = 0. The
long exact cohomology sequence induced by (4.7.2.2) for p = 1 then shows
that T.(7*£ @ F(k — 1+ 1)) — 7.(Zo(1) = F(k + 1)) is an epimorphism
for all k£ > m. This proves (b).
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From (b), we get that (4.7.2.3) is an epimorphism of graded quasi-
coherent O x-modules for & > m:

(4.7.2.3) SE & mF(k) = [ [ mF(n+k).

n>0

The result (c) now follows on applying the functor Proj to (4.7.2.3) to
show that the corresponding canonical map 7*m, F(k) — F(k) is an epi-
morphism on PE ([EGA] II 3.2, 3.3, 3.4.4).

4.8. Next we recall Quillen’s functorial resolution for quasi-coherent
0-regular sheaves on P&, [Q1] 8.1.11.

For any quasi-coherent F on P&, we inductively define quasi-coherent
sheaves T,F on X and Z,F on PE. We start with Z_F = F. Let
ToF = 1((Zn-1F)(n)), and let Z,F be the kernel of the product map
O(—n)® m*T,F — Zn,_1F, inductively defining these for n > 0.

Clearly Z,, and T, are additive functors, and preserve coherence.

If F is O-regular, then by induction on n we see that Z,_1(F)(n) is
O-regular. This is clear for n = 0 and Z_;F = F. The induction step
results from 4.7.1(¢) applied to the exact sequence

(4.8.1) 0 = (ZpF) (n) — 7T F — (Zn-1 F) (n) — 0.

Note that T, F = 7*n,((Z,_1F)(n)) — (Z,_1F)(n) is an epimorphism
by 4.7.2(c), and (4.8.1) is exact in the other places by definition of Z,, F.
We also note that 7, 7* T, F — 7. ((Zn-1F)(n)) is not only epimorphic as
required by 4.7.1(c), but is actually an isomorphism as we see from the
definition of T, F and the fact that n,n* = 1 for 7 : P€ — X. From this
remark and (4.8.1), we also see that 7.(Z,(F)(n)) = 0.

As Rim, = 0 for ¢ > 1 on the category of 0-regular sheaves, the func-
tor m. is exact on this exact subcategory of quasi-coherent sheaves. By
induction on n, we then see that Z,_1(F) and T, F = m((Zn-1F)(n))
are exact functors on the exact category of 0-regular sheaves.

Next we note that Z._1F = 0 for » = rank £ and F 0-regular. For
(4.8.1) yields a long exact sequence in cohomology for any n > 0:

(482) ... = R0 (ZnggrF) (1) 2 RITe (ZnyoF) (n)
!
Ry (O(—q) @ " Ty g F) — .. ..

Using the facts that 7, ((Z,F)(n)) = 0 and the formula of 4.5, we obtain
from (4.8.2) by ascending induction on ¢ that RI7,((Zn4,F)(n)) = 0. As
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Riw. = 0 for ¢ > r, this shows that (Z,_1F)(r — 1) is O-regular. Then
s(Zr—1 F)(r—1) = 0 combined with 4.7.2(c) shows that Z,_;(F)(r—1) =
0 as required.

Now we tensor (4.8.1) with O(—n), and splice together into a long exact
sequence, to obtain Quillen’s functorial resolution of a 0-regular sheaf.

4.8.4. Lemma. On the exact category of 0-regular coherent
sheaves on P&, there are exact functors T;, ¢ = 0,1,2,...,7r — 1, to the

category of coherent sheaves on X, and a functorial exact sequence on
PE:

0 O0(—r+1)@7" T 1(F)— - = 07" Tp(F) = F — 0.

4.8.4. These T; extend to functors on the category of strict bounded
complexes of O-regular coherent sheaves on P&, by Ti(E' )t = T:E*.
These extended T; preserve mapping cones of complexes. Suppose F°
is an acyclic complex, which is a bounded complex of O-regular coherent
sheaves. By increasing induction on n starting from n < 0 where F™ = 0,
using the exact sequence 0 — Z"F — F™ — B"t1F — 0, the isomor-
phisms Z*"*t1F" = B"*+!F" and Lemma 4.7.1(b) and 4.7.2(a), we see that
ZnH1p = B+ is O-regular and coherent for all n. It follows that 0 —
T;(Z"F') — T;F™ - T;(B"*1F') — 0 is exact, so T;(B"F') = B*(T; F’),
TA(Z"F) = Z*"(T,F’), and so Z*(T;F") = B*(T; F’) for all n. Hence T;F"
is acyclic. Applying this to mapping cones F’, we see that each functor
T; preserves quasi-isomorphisms between strict bounded complexes of 0-
regular coherent sheaves. Thus the T; will be exact functors between the
biWaldhausen categories that we will soon introduce in 4.9.

Also, if F" is acyclic on PEx — P&y = PEx — 7 1(Y), the above argu-
ment shows that T; F" is acyclicon X ~ Y.

4.8.5. Tensoring the exact sequence of 4.8.3 with O(k) for 0 < k <
r — 1, applying 7. and considering 4.5 and 4.7, we obtain for any strict
bounded complex of 0-regular coherent sheaves F° on PE, an exact se-
quence of complexes on X

_>0_»Tk(F)-»S@Tk_l(F)—»Szé'@Tk_g(F)—»

(4.8.5.1) . . .
o SFERTY(F) = mF — 0.

Also, 7, F" represents R, F" as Rin,F' = 0 for all ¢ > 1. Suppose now
that F is perfect. Then m, F" = Ty(F") is perfect by 2.7 for the proper flat
7 : P& — X. By ascending induction on k, using (4.8.5.1) and 2.2.13(b),
it follows that Ty (F") is perfect.
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4.9. Consider the following complicial biWaldhausen -categories
(1.2.11) (with associated abelian categories the categories of all quasi-
coherent sheaves).

A: perfect strict bounded complexes of O-regular coherent sheaves on
P&x (resp., such as are also acyclic on PEx — P&y ).

B: perfect strict bounded complexes of coherent sheaves on PEx (resp.,
such as are also acyclic on PEx — P&y ).

C: perfect strict bounded complexes of coherent sheaves on X (resp.,
such as are also acyclicon X —Y).

From 4.8.3, 4.8.4, and 4.8.5, we get:

There is an obvious exact inclusion I : A — B.

There are exact functors T, :A—C for k =0,1,...,r - 1.
There are exact functors O(—k) @ 7*( ) : C — B for all k.
There is a natural quasi-isomorphism (4.9.1) in B for A" in A

(4.9.1)
I(A") & Total complex [O(-r+ 1)@ 7" T, 14" — - - O T THA] .

As X and PEx are noetherian, we see from 3.7 that K(B) is K(P&x)
(resp., K(PEx on P&y)) and that K(C) is K(X) (resp., K(X on Y)).
Thus the proof of Theorem 4.1 is reduced to showing that the exact
functor

(4.9.2) ;E;B:(?(—k) © 1 ):ﬁC-»B

induces a homotopy equivalence on K-theory spectra. We show the map
on K-theory is both a split epimorphism and a split monomorphism in
the homotopy category of spectra.

4.10. First we show that [[" K(C) — K(B) is split mono up to ho-
motopy. The formulae of 4.5 show that R7.(O(n — k) @ #*E") = 0 for
0<n<k<r-1,and that Rr.(O®7*E’) = Rr.a*E = F', for E" any
complex of quasi-coherent sheaves on X.

Consider the map K(B) — J]'K(C) induced by F' s
(Rr F', Rr (F'(1)),..., Rm (F'(r — 1))). Composing this map with the
[T" K(C) — K(B) induced by (4.9.2), we get an endomorphism of [[" K(C).
This endomorphism is represented in the homotopy category of spectra
by an r x r matrix of maps K(C) — K(C). The calculation of the preced-
ing paragraph shows that this matrix has 0’s above the diagonal and has
1’s along the diagonal. Thus the matrix is invertible, and the composite
endomorphism of [[” K(C) is a homotopy equivalence. This shows that
[T" K(C) — K(B) is a split mono, as required.
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4.11. To show that [[" K(C) — K(B) is a split epi, we use the T;.
By 4.9.1, the inclusion I : K(A) — K(B) is homotopic to the map in-
duced by the total complex of the O(—k) ® #*Tj. Filtering this total
complex so that the O(—k} ® n*T}, are the filtration quotients, and ap-
pealing to the Additivity Theorem (1.7.3, 1.7.4), we see that the map
induced by this total complex is homotopic to L(—1)*O(—k) ® n* T},
where the sum is over k = 0,1,...,r — 1. Thus up to homotopy the map
I: K(A) — K(B) is £(-1)*O(—k) ® n*T; and thus factors through the
map (4.9.2) [[” K(C) — K(B) via the map K(A) — [[" K(C) given by
(K(To),—K(Th),..., (=1 K(T,1)).

Thus it suffices to show that I : K(A) — K(B) is a homotopy equiva-
lence. This will follow from the approximation theorem in the form 1.9.8,
set up by the dual of 1.9.7, once we show that for every B™ in B there is
an A" in A and a quasi-isomorphism B" = A’. So let B" be a bounded
complex of coherent sheaves on P€y. By 4.7.0, there is an n such that
every Bt is n-regular. If n < 0, B’ is in A, as every B' is O-regular by
4.7.2(a). We now proceed by descending induction on n, for n > 0. To do
the induction step, suppose the result is known for complexes of (n — 1)-
regular sheaves. For k > 1 all Bi(k) are (n— 1)-regular by 4.7.0 and 4.7.2.
Tensoring the (locally split) exact Koszul sequence (4.6.2) with B" yields
an exact sequence of complexes. We reinterpret this as a quasi-isomor-
phism of B = B" ® O into the total complex of the rest of the sequence

B — Total complex [W*EV ®@B(1)— - —7n* (;\g\’) ® B‘(r)] = B".

The total complex B’ consists of (n — 1)-regular sheaves. By induction
hypothesis, there is then a quasi-isomorphism B = A’ and so B =
B = A’ with A" in A, as required.

This completes the proof that [[" K(C) — K(B) is split epi up to
homotopy.

4.12. We have shown that [[" K(C) — K(B) is both split mono and
split epl in the homotopy category of spectra. It follows that this map
is a homotopy equivalence, with homotopy inverse given by either of the
splitting maps.

This completes the proof of 4.1.
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5. Extension of perfect complexes,
and the proto-localization theorem

5.1. Theorem (Proto-localization, cf. 7.4). Let X be a quasi-
compact and quasi-separated scheme. Let U C X be a quasi-compact
open subscheme, and set Y = X — U, a closed subspace of X. Let Z be a
closed subspace of X with X — Z quasi-compact. Then aside from possible
failure of surjectivity for Ko(X) ~ Ko(U) and Ko(X on Z) — Ko(U on
U N Z), the usual maps give homotopy fibre sequences

(5.1.1) K(X onY)— K(X)— K(U)
(5.12) K(X onYNZ)— K(X on Z)— K(U on UN Z2).

That is, (5.1.1) becomes a homotopy fibre sequence of spectra after K(U)
is replaced by the covering spectrum K(U)~ with m; K(U)~ = K;(U) for
i >0, and 1o K(U)~ = image Ko(X) — Ko(U). Similarly for (5.1.2).

Proof. The proof will occupy 5.2 - 5.6. First, we make some remarks.

5.1.3. Later in Section 6, we will use 5.1 and 4.1 to define non-connective
deloopings K2(X on Y), etc., with 7, KZ(X on Y) = K,(X on Y) for
n > 0, but possibly # 0 for n < 0. In 7.4, we will show that K® analogs
of (5.1.1) and (5.1.2) are homotopy fibre sequences without any covering
spectrum fudge. This will be the mature localization theorem.

5.1.4. The fibre terms K(X on Y), K(X on Y N Z) have explicit
descriptions in terms of complexes, and satisfy excision 3.19. This makes
Theorem 5.1 very useful. Exercise 5.7 will give an alternate description of
the fibre term comparable to the traditional kind of fibre terms in the very
special cases where some form of localization theorem has been previously

established.

5.1.5. Unlike our results in Sections 1 - 4, which have been at most mi-
nor improvements on the work of Grothendieck, Illusie, Berthelot, Quillen,
and Waldhausen, this result is a revolutionary advance. Quillen proved a
localization theorem for the G-theory of noetherian schemes [Q1], which
is the most important tool in that subject. For K-theory Quillen proved
[Gr1] a localization homotopy fibre sequence similar to (5.1.1) only in the
case where U is affine, and where Y is a divisor defined by a section s of a
line bundle £ which is a monomorphism s : O >+ L, i.e., such that the lo-
cal equation ¢ = 0 of Y has ¢ a non-zero-divisor in Ox. These restrictions
greatly hinder applications of the result even to the K-theory of rings,
and have obstructed the development of K-theory to any level approach-
ing that of G-theory. For noteworthy previous attempts to break out of
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these restrictions, see the work of Gersten [Ge] Sections 5, 6, 7; Levine
[L1]; and Weibel [Wed], [We5].

5.2. We begin the proof of 5.1. Let K(X on Z for U) be the K-
theory spectrum of the complicial biWaldhausen category of those per-
fect complexes on X which are acyclic on X — Z, but where now the
weak equivalences are the maps of complexes on X which are quasi-
isomorphisms when restricted to UU. The open immersion j : U — X
induces an exact functor j*, and so a map j* : K(X on Z for U) —
KU on ZNU).

The Waldhausen Localization Theorem 1.8.2 immediately gives a homo-
topy fibre sequence (5.2.1), after we note that a complex acyclic on X —Z
and quasi-isomorphicto 0on U = X =Y is acyclicon (X —Z)U(X -Y) =
X-ZnNnY.

(52.1) K(X on ZNY)—= K(X on Z)— K(X on Z for U).

This reduces the proof of (5.1.2) to showing that j* : K(X on Z for U)
— K(U on U N Z) induces an isomorphism on homotopy groups =, for
i > 0, and induces a monomorphism on 7y. Cofinality 1.10.1 reduces
this to showing that j* is a homotopy equivalence of K(X on Z for U)
to the K-theory spectrum of the biWaldhausen category of those perfect
complexes on U which are acyclic on U — U N Z, and which have Euler
characteristic in the image of Ko(X on Z) — Ko(U on U N Z). By the
Approximation Theorem in form 1.9.8, this in turn reduces to showing
that j* induces an equivalence of the derived categories of the two com-
plicial biWaldhausen categories. This equivalence follows from the results
5.2.2., 5.2.3, and 5.2.4, below.

5.2.2. Key Proposition.  Adopt the hypotheses and notations of
5.1. Then:

(a) A perfect complex F" on U is isomorphic in the derived category
D(Oy-Mod) to the restriction j*E" of some perfect complex E* on X, if
and only if the class [F’] in Ko(U) is in the image of Ko(X).

(b) More generally, for a perfect complex F' on U which is acyclic on
U -UnNZ, there exists a perfect complex E° on X which is acyclic on
X ~ Z and an isomorphism between F' and j*E" in the derived category
D(Oy-Mod) if and only if the class [F'] in Ko(U on U N Z) is in the
image of Ko(X on 7).

5.2.3. Proposition. Adopt the hypotheses and notations of 5.1.
Then:

(a) For any two perfect complexes E* and E” on X, and for any map
b:j*E — j*E” In the derived category on U, D(Oy-Mod), there is a
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perfect complex E'" on X and mapsa: E" — E', ¢’ : E'" — E” in the
derived category on X, D(QOx-Mod), such that j*a is an isomorphism In
D(Oy-Mod) and b - j%a = j*a’.

(b) Moreover, if in (a) both E* and E'" are acyclicon X — Z, then E'"
may also be taken to be acyclicon X — Z.

5.2.4. Proposition. Adopt the hypotheses and notations of 5.1.
Then:

(a) Let E° and E” be two perfect complexes on X. Suppose that
a, b: E" — E" are two maps in the derived category on X, D(Ox-Mod),
such that j*a = j*b in D(Oy-Mod) on U. Then there is a perfect complex
E” on X, and a map ¢ : E" — E’ in D(Ox-Mod), such that ac = be,
and such that j*(c) is an isomorphism in D(Oy-Mod) on U.

(b) Moreover, if in (a) E~ and E" are acyclicon X — Z, then E'" may
also be taken to be acyclicon X — Z.

5.2.5. These three propositions will be proved in 5.2.6 - 5.6. This will
complete the proof of 5.1.

5.2.6. We begin by showing that 5.2.4 in fact follows from 5.2.3. First
we note that to prove 5.2.4 it suffices to show that if j*(a — b) = 0 then
thereisac: E” — E asin 5.2.4 with (¢ —b)c = 0. Thus we reduce 5.2.4
to the special case where b = 0.

In this case, let F' be the homotopy fibre of a : E° — E’ with f :
F' — E’ the canonical map. Then j*F' — j*E' — j*E" is a homotopy
fibre sequence on U. As j*a = 0 by hypothesis, the long exact sequence
of Mor(j* E[*], ) resulting from this fibre sequence shows that there is a
map ¢ : j*E° — j*F in D(Oy-Mod) such that j*f-g = 1. Then granting
5.2.3, there is a perfect £’ on X and maps d: E"" — F', d' : E"" — E"
such that j*(d') is an isomorphism in D(Oy-Mod) and g - j*(d') = j*(d).
If E* and E”, hence also F’, are acyclic on X — Z, then E'" can be taken
to be acyclicon X — Z by 5.2.3(b). Now f-d: E” — F hasa-f-d=0
asa-f=0. Also j*(f-d)=3*f-¢-7*(d') = j*(d’) is an isomorphism in
D(Opy-Mod). Thus E” and f - d satisfy the conclusion of 5.2.4.

This proves that 5.2.4(a) follows from 5.2.3(a) and 5.2.4(b), from 5.2.3(b).

5.3. To prove Proposition 5.2.2 and 5.2.3, we begin by reducing them
to the case where X is noetherian of finite Krull dimension. (This will be
convenient for studying extensions of morphisms in the derived categories
as the coherator and injectives in Qcoh(X) work well for such X, (cf.
Appendix B)).

For X quasi-compact and quasi-separated as in 5.1, by C.O with A =Z
we have X = lim X, for {Xa} an inverse system of schemes of finite type

over Spec(Z), in which the bonding maps Xg — X, are affine. Then the
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X« are noetherian schemes of finite Krull dimension. As X - Y = U and
X — 7 are quasi-compact open, by C.2 we may pass to a cofinal subsystem
to get opens Xo — Yy = Uy, Xo — Za, with liLnUa = U, etc. Now 3.20.1
shows that the various derived categories of perfect complexes on X, on U,
on X and acyclic on U, etc., are the direct colimits of the corresponding
systems of derived categories of perfect complexes on the X4, on the Uy,
on the X, and acyclic on U,. Also Ky(X) = li_r_)nKo(Xa), by 3.20.2. So
it will suffice to prove 5.2.2 and 5.2.3 for each of the noetherian X,. If X
had an ample of line bundles, we may assume the X, do, by C.9.

5.4. We next turn to the case where X has an ample family of line
bundles, and study the extension of morphisms, i.e., 5.2.3.

5.4.1. Lemma. Let X be quasi-compact and quasi-separated Let
L be a line bundle on X, s € T(X, L) a global section, and let U = X
be the non-vanishing locus, with j : U — X the open immersion.

Let E° be a strict perfect complex on X, and F° a complex of quasi-
coherent O x-modules. Then

(a) For any strict map of the restrictions of the complexes to U, f :
J¥E" — 3*F°, there exists an integer k > 0 and a strict map of complexes
onX, f:E ®L% = F', such that j*f: f sk,

(b) Given any two strict maps of the complexes on X, fi, fo: E = F,
such that j*fl = j*fg on U, there is an n > 0 such that s”fl = s"fg :
EQQL™™ —F.

{c) Given any two strict maps fi, f2 : E© — F on X, such that
P fi~ j*fg are chain homotopic on U, there is an m > 0 such that smfl
and s’"fz are chain homotopic as maps @ L™™ — F" on X.

(Note in (a) and (b), equality of maps means strict equality in the
category of chain complexes, not in the derived category.)

Proof. Under the adjointness of 7* and j, on categories of complexes,
amap f:j*E" — j*F  corresponds to a map £’ — j.j*F’'. But j.j*F"’
is F'[1/s], 1.e., is the direct colimit

(5.4.1.1) F'[1/s]=1ln(F'LF'@ﬁLF'@ﬁZLF'®c3_.+...).

Indeed, there is an obvious map of this colimit into j.j*F", which is easily
seen to be an isomorphism by looking at open affines in X.

The complex E° is finitely presented, as it is even a finite complex
of vector bundles. Hence the mapping complex Hom (E", ) preserves
direct colimits (cf. (2.4.1.4)). Thus we have isomorphisms of mapping
complexes:
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(5.4.1.2)
Hom'( j°E',§*F") & Hom' (E',j.j"F’) = Hom™ (E',lmF" ® C*)

= lim Hom (E',F ® £*) =lim Hom (E ® L~ F').
Yy &

As the cycle group Z°Hom' is the group of chain maps of complexes and
the cohomology group H°Hom' is the group of chain homotopy classes
of maps, applying these functors to (5.4.1.2) yields 5.4.1(a), (b), and (c).
Compare [EGA] I 6.8.

5.4.2. Proposition. Let X be noetherian, and have an ample
family of line bundles. Let j : U — X be an open immersion.

Let E" be a perfect complex on X | and F° a complex on X with quasi-
coherent cohomology and which is cohomologically bounded below (i.e.,
F € D¥(Ox-Mod),.).

Leta: j*E" — j*F be a map in the derived category of U, D(Oy-Mod).

Then there is a perfect complex E' on X, amap b: E” — F' in the
derived category of X, and a map ¢ : E” — E in the derived category
of X such that j*(¢) is an isomorphism in the derived category of U and
such that a - j*(c) = j*(b) there. Moreover, if E" is acyclic off a closed
subspace Z C X, E” may be chosen to be acyclic there.

Proof. We note that the open U is quasi-compact, as X is noetherian.
As X has an ample family of line bundles, there is a finite set of line
bundles £;, i =1,2,...n, and sections s, € I'(X, £,) such that X, CU
and U = U, X,,. This follows from 2.1.1(b), letting the £, be tensor
powers of line bundles in the ample family. Note X, = U, .

As X has an ample family, we may choose a strict perfect representative
E" of the quasi-isomorphism class of the original E", by 2.3.1(d). As X
1s noetherian, the coherator B.16 allows us to choose a representative F’
of its quasi-isomorphism class which is a complex of quasi-coherent Ox-
modules. As F" is cohomologically bounded below, we may then replace
it by a quasi-isomorphic complex of injective objects in the category of
quasi-coherent O x-modules (B.3). As X is noetherian these injectives in
Qcoh(X) are still injective in the category of all O x-modules, and j*F is
a complex of injectives in Qcoh(U), as we see by B.4 and B.5. Henceforth,
we use these representatives for £ and F.

As j*F' is a complex of injectives, the map in the derived category from
J*E" to j*F' is represented by a strict map of complexesa : j*E" — j*F".

By 5.4.1(a), there is a positive integer k such that for i = 1,2,...,n,
the map sfa.|Usl = X, extends to a strict map of complexes on X, b; :

E ®£i—k — F'. On X, NX,, = Xj,4,, we have s;“bl = s}“sfa = sfbj.
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Hence by 5.4.1(b) there is an m > 0 such that s}"s}"sfbi = s;"s;”sfbj on
X. Taking m large enough to work for all pairs (7, j), we get s;"“"k(s;"b,') =
s;"+k(s;-“b]) on X for all (4, ). Then replacing b; by s7b; and k& by m+k,
we may assume that sfbi = s¥b; on X. We have then ska = b;|U.
Consider now the Koszul complex of s¥,... s that is the tensor prod-

3 n
uct of the complexes E,_k — Ox

(5.4.2.1)
K(sf,...,s5) = ® (7" 25 0x)
i=1
I
X(éﬁ:k> —>n/’{l<éﬁi_k> -—>—+/1\(6719/C,_k) — Ox
i=1 i=1 i=1

Let K% be the part of the complex outside of Oy, that is, the part which
consists of the /\p(@ﬁ;k) for p> 1. Let Kt — Oy be the obvious map,
so that K(s¥,...,sk) is the mapping cone of K* — Ox. As sf is an
isomorphism on Xj,, the complex K(s¥,..., sfl) is acyclic there because
,Ci_k — Ox is acyclic there, and so At — (Ox is a quasi-isomorphism
there. Thus At — Ox is a quasi-isomorphism and K(s¥,...,sf) is
acyclic on U = UXj,.

Let E” be K* @ E', and let ¢ : E' — E’ be the map induced by
tensoring K+ — Ox with E'. Then as E’ is strict perfect, hence flat,
7*(c) is a quasi-isomorphism on U. As K% is strict perfect, hence flat,
K*®E is acyclicon X — Z if E" is acyclic there. Also K* @ E is strict
perfect.

The map b : E” = Kt @ E° — F° will be the map induced on total
complexes by the map of bicomplexes (5.4.2.2) induced by the b; : E* ®
[:l—k — F

(5.4.2.2)
A (éc;") QE A (éc,—k) QE (é;z:j") ®E'
| | [
0 0 _ F*

To check this is a map of bicomplexes, we need to see that £b; 08 = 0 on
N (LY = 69,-<]-Ei_k®[,;k®E'. But on the factor ,Ci_k®Lj_k®E‘,
(Eb,) 0fb = Sikbj - S;b,‘ = 0.
We check that j*b = a - j*¢ by restricting to the summands Ei_k QFE
of (éﬁ:k) ® E" where the equation reduces to the valid j*b, = a - j*s¥.
Thus taking this E”, (b) and (c) we have proved 5.4.2.
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5.4.3. Then specialized to the case where F" is perfect, 5.4.2 yields
5.2.3 and hence 5.2.4 for X noetherian with an ample family of line
bundles.

5.4.4. By the reduction of 5.3, we conclude that 5.2.3 and 5.2.4 hold
whenever X is a scheme with an ample family of line bundles (hence
quasi-compact and quasi-separated (2.1.1)).

5.5. We now study the extension of perfect complexes when X has
an ample family of line bundles. We first consider the case X = Z of
unrestrained support of 5.2.2(a).

5.5.1. Lemma. Let X be a scheme with an ample family of line
bundles, a fortiori a quasi-compact and quasi-separated scheme., Let j :
U — X be an open immersion with U quasi-compact. Then for every
perfect complex F' on U, there exists a perfect complex E° on X such
that F" is isomorphic to a summand of j*E’ in the derived category
D(Oy-Mod).

Proof. Consider Rj.F" on X. This complex is cohomologically
bounded below with quasi-coherent cohomology (B.6), and so by 2.3.3
is quasi-isomorphic to a colimit of a directed system of strict perfect com-
plexes E_,

(5.5.1.1) lim £, ~ Rj.F".

We consider the induced isomorphism in D*(Oy-Mod)
(5.5.1.2) limj* E,, = §° (l_an E;,) ~ J*Rj(F)~ F .
By 2.4.1(f), the map (5.5.1.3) is an isomorphism

(55.1.8)  lim Morpw) (F', j*E,) = Morpw) (F li_n}j*Ec',).

(24
Thus in D(Oy-Mod) the inverse isomorphism to (5.5.1.2) must factor
through some j*E,. Thus F" is a summand of j*E, in D{Opy-Mod),
proving the lemma.

5.5.2. Theidea of 5.5.1 is that perfect complexes are finitely presented
objects in the derived category 2.4.4, and so we may adapt Grothendieck’s
method of extending finitely presented sheaves ([EGA] I 6.9.1), as sug-
gested by the Trobaugh simulacrum. While this adaptation does not allow
us to extend all perfect complexes, it does lead quickly to the determina-
tion of which perfect complexes do extend.

Despite the flagrant triviality of the proof of 5.5.1, this result is the key
point in the paper.
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5.5.3. Lemma. Let X have an ample family of line bundles. Let
J : U — X be an open immersion with U quasi-compact. Suppose F| —
F, — Fj3 is a homotopy fibre sequence in D(Oy-Mod), i.e., two sides
of a distinguished triangle. Suppose the three F; are perfect complexes
on U, and that two of the three are isomorphic in D(Oy-Mod) to the
restrictions of perfect complexes on X. Then the third is also isomorphic
in D(Oy-Mod) to the restriction of a perfect complex X .

Proof. By “rotating the triangle,” we see that Fy — F3 — F|[1] and
F3 — F{[1] — F3[1] are also homotopy fibre sequences of perfect com-
plexes. Thus we reduce to the case where Fy and F, are quasi-isomorphic
to j* of perfect complexes E; and E, on X. By 5.4.4, after replac-
ing F; with a new perfect complex whose j*E] is quasi-ilsomorphic to
the old j*E; ~ F|, we may assume that F; — Fy is j*(e) of a map
Ey — E3in D(Ox-Mod). Then the mapping cone cone(e) is perfect on X,
and there are isomorphisms in D(Oy-Mod), j*(cone(e)} ~ cone(j*e) ~
cone(Fy — Fa) ~ Fj, as required.

5.5.4. Proposition. Let X be a scheme with an ample family of
line bundles. Let j : U — X be an open immersion with U quasi-compact.

Then a perfect complex F' on U is quasi-isomorphic to the restriction
to U of some perfect complex on X if and only if the class [F'} in Ko(U)
is in the image of 7* : No(X) — Ko(U).

Proof. This will follow from 5.5.1 and 5.5.3 by a cofinality trick of
Grayson, (cf. [Gr3] Section 1).

Let 7 be presented as the free abelian monoid generated by the quasi-
isomorphism classes (F') of perfect complexes on U, modulo the relations

N
o o
ot O
NS N

1) (F1) + (F2) = (F1 @ F»)
2) (F)=0if F~j"E forsome E perfect on X.

By 5.5.1, for each F there is an F’ such that F @ F’ is quasi-isomorphic
to the restriction of a perfect complex on X. Then (F)+(F') = (F®F') =
0 and « is a group.

Suppose (G} = 0 in 7. This means that there is an F such that GG F is
quasi-isomorphic to H & F for some H quasi-isomorphic to the restriction
of a perfect complex on X. Let F’ be an “inverse to F” as above. Then
GoFoF ~H®F®F', and both H and F® F' hence GO F P F' ~
H&(F& F') extend to perfect complexes on X. Then by 5.5.3 applied to
FoF - G®FadF — (G, we see that G extends to a perfect complex on
X. Thus {(G) = 0 in = iff G is quasi-isomorphic to j*E" for some perfect
complex F" on X.
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Hence it remains only to show that 7 is isomorphic to Ko(U)/ im Ko(X).
Comparing the presentation of 7 by (5.5.4.1) and (5.5.4.2) with the pre-
sentation of Ko(U)/ im Ko(X) resulting from 1.5.6, we see that it suffices
to show that if Fy — Fy — Fj3 is a homotopy fibre sequence of perfect
complexes on U, then (Fa) = (Fy) + (F3) in =.

Let F|, Fjbesuch that Fi@F] and Fs®F} extend to perfect complexes
on X. Thus (F{) = —(F;) and (F4) = —(F3) in m. There is a homotopy
fibre sequence Fy @ F] — Fy & F| @ F} — F3 @ F}, obtained by adding
F| — F{ — 0 and 0 — F} — Fj to the given Fy — F, — F3. By 5.5.3,
we see that Fy @ F] @ F} extends to a perfect complex on X, as Fy @ FY
and F3 @ Fj do. Hence in , 0 = (Fo @ F] @ F§) = (Fo) + (F{) + (F3) =
(Fy) — {F1) — (F3), as required.

5.5.5. Proposition. Let X have an ample family of line bundles.
Let j : U — X be an open immersion with U quasi-compact. Let Z C X
be a closed subspace with X — Z quasi-compact.

Then for a perfect complex F' on U which is acyclicon U —U N Z,
there exists a perfect complex E" on X which is acyclicon X — Z and is
such that j*E is isomorphic to F" in D(Oy-Mod), if and only if the class
[F]in Ko(U on U N Z) is in the image of Ko(X on 7).

Proof. The “only if” part is trivial.

To prove the “if” direction, we suppose that [F''] is the image of a class
in Ko(X on Z). Let F” = k!F" be the extension of F' by 0 along the
open immersion k : U — U U X — Z. Recall that the functor k! 1s exact
and is left adjoint to the exact k* ( [SGA 4] IV 11.3.1). As F" is acyclic
on U —-UnNZ, F" is acyclic, hence perfect on X — Z. The restriction
k*F" of F'" to U 1s isomorphic to F", hence F'" is perfect on U. Thus F”
is perfect on UU X — Z.

Now we consider the commutative diagram of Kp’s.

Ko(X) —— Ko(U U(X - 2))
(5.5.5.1) 1 1
Ko(X on Z) —— Ko(UU(X=Z) on UNZ)
Lok

Ko(U on UNZ)

The map k* is an isomorphism Ko(UU (X — Z) on UNZ) = Ko(U on
U N Z) by excision 3.19, as U is an open nbd of UNZ in U U (X - Z).
The class [F""] in Ko(UU (X — Z) on Z) goes to the class [F'] in Ko(U
on UNZ) under k*. Then the hypothesis implies that [F"] is the image
of a class in Ko(X on Z). It follows that the class [F"] in Ko(UUX — Z)
is the image of a class in I{o(X).
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Then by 5.5.4 there is a perfect complex E” on X such that E'{U U
(X — Z) is quasi-isomorphic to F'. Then the restriction to U, j*E" is
quasi-isomorphic to F"|U ~ F'| and E'|X — Z ~ F"'|X — Z is acyclic.
This proves the proposition.

5.5.6. Corollary. If X has an ample family of line bundles (so
a fortiorl, is quasi-compact and quasi-separated), then Proposition 5.2.2,
5.2.8, 5.2.4, and Theorem 5.1 are true for X.

Proof. 5.5.5,5.5.4,5.4.4, 5.2.

5.6. We now proceed to remove the hypothesis of an ample family of
line bundles, using the techniques of 3.20.4-6.

5.6.1. Lemma. Let X be a quasi-compact and quasi-separated
scheme. Let j : U — X be an open immersion with U quasi-compact.
Let Z be a closed subspace of X with X — Z quasi-compact.

Let V be an open subscheme of X, such that V has an ample family of
line bundles. Suppose X = U U V. Then

(a) Suppose F' is a perfect complex on U, and that F" Is acyclic on
U—-UNZ. Suppose the class [F'{lUNV]in Ko(UNV on ZNUNV) is
in the image of Ko(V on V N Z). Then there is a perfect complex E" on
X, such that E" is acyclic on X — Z and j*E’ is quasi-isomorphic to F’
on U.

(b) Suppose E| and E. are perfect complexes on X which are acyclic
on X — Z. Suppose a : j*E; — j*E, is a map in the derived category
on U, D(Oy-Mod). Then there is a perfect complex E” on X which is
acyclicon X — Z, and mapsc¢ : E'" — E{, b: E" — E, in D(Ox-Mod)
such that j*(¢) is an isomorphism in D(Qy-Mod) and a - j*(c) = b there.

(c) Moreover, in (b) we may choose E' so that [E"] = [E{] in Ko(X
on 7).

(d) The conclusion (5.1.2) of Theorem 5.1 is valid for this X, U, and
Z. In particular, there is an induced exact sequence of homotopy groups
forY=X-U:

(5.6.1.1) -+~ — Ko(X on ZNY) — Ko(X on Z) — Ko(U on ZNU).

Proof. First we note that both V and its open subscheme U NV are
quasi-compact, quasi-separated, and have an ample family of line bundles.

By 5.5.5 applied to the open immersion j* : UNV — V, there is a
perfect complex Fy, on V, acyclic on V-V NZ, and a quasi-isomorphism
of Fi,[lU NV with F'[UNV. By the calculus of fractions, this quasi-
isomorphism is represented by data consisting of a complex G on U NV
and strict quasi-isomorphisms
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(5.6.1.2) FplUnV &G S FiUunv.
In the notation of 3.20.4, let E" be the complex on X given by

(5.6.1.3) E ='Fy 6 IF' = kIFy, G JIF.

G oG’
Then, as in 3.20.4, E'|U = j*E’ is quasi-isomorphic to F', and E'|V =
k*E" is quasi-isomorphic to Fy,. As X = U UV, this shows E" is perfect
on X and acyclic on X — Z. This proves (a).

To prove (b), we consider alUNV : E;{UNV — E,JUNV in D(Oyny
-Mod). By 5.4.4 applied to U NV — V| there is a perfect complex Ej;
on V, which is acyclic on V — V' N Z, and there are maps in D(Oy-Mod)
by : E|, — E3|V, cv : Ey; — E©|V such that ¢y |[UNV is an isomorphism
in D(Ouav-Mod) and a-cy U NV = by |[UNV there. We choose repre-
sentatives of the quasi-isomorphism classes £ and E; among complexes
of injective Ox-modules. Then by, cv, and a are represented by strict
maps of complexes, and a - ¢y JU NV is chain homotopic to by (U NV.

Now in the notation of 3.20.4 we set

(5.6.1.4)
E" =By, U EU=C (B, EGlUNY, EU, 1, e|UNV).
'EL|UNY

Then E”|U is quasi-isomorphic to E;|U and E”|V is quasi-isomorphic to
E{. Thus E” is perfect and acyclicon X — Z.

Let c: E" = C(Ey, E;[UNV,E|U,1,ev |[UNV) — E| be the map
induced by 1 : EjU — FEi|U and ev : Ey, — E{|V according to the
mapping property of 3.20.4. Then j*(¢) = ¢|U is a quasi-isomorphism,
and in fact is inverse to the canonical quasi-isomorphism E;|U — E™*|U.

Let b: E”" — E, be the map induced by by : E}, — E4|V, a: E{|U —
E,|U, and a choice of chain homotopy between by |UNV and a-cy [UNV.
Then it is easy to see that a-c|U = b|U in D(Oy-Mod), and are even equal
up to chain homotopy of strict maps of complexes, as E''|U deformation
retracts to the summand E{|U on which a-¢ = breducestoa-1=a.

This completes the proof of (b).

To prove (c), it suffices to find a new perfect complex on X, which is
acyclic on U, and whose class in Ko(X on Z) is [E]] — [E"]. For then we
may replace the old complex E’" by its direct sum with this new perfect
complex, and extend the maps b and ¢ to be 0 on this new summand. But
clearly the mapping cone of ¢ : E'" — E; meets the requirements to be
the new summand.

Now (d) follows as 5.6.1(a), (b) proves 5.2.2 and 5.2.3 for this X, U,
and Z; and then 5.2 shows that this implies 5.1 for this X, U, and Z.
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5.6.2. Lemma. Let X be quasi-compact and quasi-separated. Let
3 : U — X be an open immersion with U quasi-compact. SetY = X - U.
Let Z be a closed subspace of X such that X — Z Is quasi-compact.
Then 5.2.2, 5.2.3 and 5.1 are true for X, U, Z. That is

(a) If F~ is a perfect complex on U, acyclic on U — U " Z, and with
its class [F'] in the image of Ko(X on Z) — Ko(U on U N Z), then there
is a perfect complex E on X which is acyclic on X — Z and with j*E"
quasi-isomorphic to ¥~ on U.

(b) If E|{ and E, are perfect complexes on X which are acyclic on
X —Z,andifa: j*E; — j*E; is a map in D(Oy-Mod), then there is a
perfect complex E" on X, which is acyclic on X — Z, and has [E""] = [E;]
in Ko(X on Z), and there exist maps b : E'" — E, and ¢ : E"" — E;
in D(Ox-Mod) such that j*(c) is an isomorphism in D(Oy-Mod) and
a-j*(c) = j*(b) there.

(c) There is a homotopy fibre sequence as in 5.1. In particular, there is
an induced exact sequence

(56.2.1) ... > Ko(X on ZNY) - Ko(X on Z) — Ko(U on UNZ).

Proof. There exist a finite set {V4,...,V,} of open affine subschemes
of X such that X = UuViUV,...UV,. We prove the results by induction
on the number n of affines in the set.

For n = 1, the result follows from 5.6.1, as the the affine V; has an
ample family of line bundles. (Note the hypothesis of 5.6.1(a) is indeed
weaker than that of 5.6.2(a).)

To do the induction step, we suppose the results are known for schemes
with a set of less than n affine V’s. Set W =UnNnV,uU..-UV,_,. Then
X =W UV, and the results hold for W.

To do the induction step for (a), we note by induction hypothesis that
there is a perfect complex F~' on W, acyclic on W — Z NW, and such
that F~'|U is quasi-isomorphic to F*. By hypothesis and 1.5.7, there is a
perfect complex H' on X, acyclic on X — Z, and such that [H'|U] = [F]
in Ko(U on UNZ). Then [H'|W]— [F~} in Ko(W on W N Z) goes to
0in Ko(U on UN Z). By 5.6.2(c) for U — W, known by the induction
hypothesis, and 1.5.7, there is a [G"] in Ko(W on WNY N Z) such that
[F* © G] = [H'|W] in Ko(W on Wn Z). This [G7] is the class of
a perfect complex G° on W which is acyclic on U U (W — Z). Then
F~" @ G'|U is quasi-isomorphic to F~ @ O[U ~ F". Replacing the old
F~ by F~' & G’, we may assume that [F"~’] is in the image of Ko(X on
Z) — Ko(W on WNZ). But then [F~'|V, NW] is in the image of Ko(V,
on ZNV,) — Ko(WnNV, on ZNWNV,). We now appeal to 5.6.1(a)
with V = V,,, U = W to get a perfect E* on X, acyclicon X — Z, and
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a quasi-isomorphism E'|W ~ F~'. Thus there is a quasi-isomorphism
E'|\U ~ F~'|U ~ F". This proves (a).

To prove (b), we note by the induction hypothesis that there is a per-
fect complex E~" on W, acyclicon W — W N Z, and maps b~ : E~" —
E,\W, ¢~ : E~" — E{|W in D(Ow-Mod) such that ¢~|U is an isomor-
phism in D(Oy-Mod) and a - ¢~|U = b~|U there. Also we can arrange
that [E~"] = [E]|W] in Ko(W on W N Z). Because of the last condition,
5.6.1(a) shows that £~ on W extends to a perfect complex on X which
1s acyclic on X — Z. Henceforth, we denote this perfect complex by E~",
and the old E~" on W by E~'|W. Now by 5.6.1(d), we may arrange that
[E~"] = [E;] in Ko(X on Z), adding to E~" a perfect complex acyclic on
WU (X — Z) if necessary.

Applying 5.6.1(b) twice on X = WUV, we get perfect complexes G’
and H on X, acyclicon X — Z, and maps G — E~', H — E~ in
D(Ox-Mod) that are quasi-isomorphisms on W, and also maps G* — Ej,
H' — E; in D(Ox-Mod), forming diagrams (5.6.2.2) in D(Ox-Mod) and
(5.6.2.3) in D(Ow-Mod)

E'--— H —— BE

l
(5.6.2.2) G —— E™

E'W - H|W  ——  EW
Ni ~ )
(5.6.2.3) G|wW e  ETW
=
E\|W

By 5.6.1(c) we may assume that [G'] = [H] = [E~] = [E;] in Ko(X
on Z). We choose representatives of the quasi-isomorphism classes of Ef,
E~’, £, among complexes of injective Ox- modules. Then the diagrams
(5.6.2.2) and (5.6.2.3) exist as chain homotopy commutative diagrams of
strict maps of chain complexes.

Let E”" be the canonical homotopy pullback of G* and H™ over E~’
(1.1.2), so E” — G" @ H — E~ is a homotopy fibre sequence. Then
E” is perfect on X and acyclic on X — Z. In Ko(X on Z), [E"] =
—[E~]+ G+ ([H] = —[E~]+ [EV] + [E™] = [E~] = [E{].

Let ¢c: E”" - G — E{ and b : E” — H' — E; be the comnpositions of
the canonical projections of E' onto G* and H" with the maps G* — E;
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and H" — E,. On U C W, the restriction of diagram (5.6.2.3) shows
that c|U = E"|U = G'|U — E; 5 |U is a quasi-isomorphism, and that
a-clU: E"|U — E{\U — E;|U is chain homotopic to b : E”|U — E;|U
as required. This proves (b).

Statement (¢) for X, U, Z follows from (a) and (b) by 5.2. This com-
pletes the induction step and proves 5.6.2.

5.6.3. With 5.6.2, the proofs of 5.2.2, 5.2.3, 5.2.4, and Theorem 5.1
are complete.

5.7. Ezercise (Optional). Let X be a scheme with an ample family
of line bundles. Let i : ¥ — X be a regular closed immersion ([SGA 6]
VII Section 1) defined by ideal 7. Suppose Y has codimension k in X.

Then show that (X on Y) is homotopy equivalent to the Quillen K-
theory of the exact category of pseudo-coherent Ox-modules supported
on the subspace Y and of Tor-dimension < k on X.

(a) Begin by noting that Ox /J is pseudo-coherent and of Tor-dimension
< k by the Koszul resolution. As J"/J"*! is locally a sum of copies of
Ox/J, J"/J"*! is pseudo-coherent of Tor-dimension < k ([SGA 6] VII
1.3 iii). By induction, using the exact sequence 0 — Jn+l/ g7t
Jr/Jnte — gn /gt — 0, show that all 77/J"+? and in particular,
all Ox /JP are pseudo-coherent of Tor-dimension < k (cf. 2.2.13).

(b) Using the functor R(Qcoh) 'y = lir__)n@’((’)x/]”, }, calculated
using injective resolutions in Qcoh(X), construct a map between appro-
priate models of K'(X on Y') (3.6.2, 3.6.1) and show K(X on Y) is homo-
topy equivalent to the K-theory spectrum of the complicial biWaldhausen
category of perfect complexes of quasi-coherent modules that vanish on
X-Y.

(c) Let A be the abelian category of quasi-coherent modules that van-
ish on X — Y. Note every submodule of finite type of an object of A
is annihilated by all 7P for p sufficiently large. Let D be the additive
category generated by all L2? ® Ox/JP withm € Z, p > 1, and L, a
line bundle in the ample family. All objects of D are pseudo-coherent of
Tor-dimension < &k over Oy . The inclusion D — A satisfies the hypothe-
ses of 1.9.5. Hence K(X on Y) is homotopy equivalent to the K -theory
spectrum of the complicial biWaldhausen category of perfect complexes
of pseudo-coherent modules of Tor-dimension < k supported on the sub-
space Y.

(d) Now appeal to 1.11.7, (or to [W] 1.7.1) to conclude that K(X on Y)
i1s homotopy equivalent to the K-theory spectrum of the exact category
as claimed.

(e) An Ox-module of Tor-dim < k is pseudo-coherent iff it has a res-
olution by vector bundles of length < & iff it is k-pseudo-coherent. Thus
for k = 1 with Y — X a regularly immersed divisor, the exact category
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is that of finitely presented O x-modules supported on Y and of Tor-dim
< 1. For X with an ample family of line bundles, prove the conjecture
of Gersten [Gel] Section 7, and recover the localization theorem of [Grl].
Recover the results of [L1].

(f) If U is affine, and open in X, any strict perfect complex on U is
trivially a summand of a strict perfect complex of free Op-modules. If
also U = X, for s : O — L, use [EGA] I 6.8.1 to show that any strict
bounded complex of free modules on U extends to a strict perfect complex
on X. This yields trivially for such U the strict perfect analog of 5.5.1.
Combining this with 5.4.1, prove the analog of 5.1 for K#Ve of such U.
Now assuming also that s : Ox »» £ is a monomorphism, use the ideas
of (a) - (d) to recover Quillen’s localization theorem of [Grl] in general,
without assuming that X has an ample family of line bundles.

(g) Contemplate Deligne’s counterexample in [Gel] Section 7 to an
attempt to generalize the identification of the fibre of K(X) — K(X -Y)
to K( ) of an exact category as above when ¥ — X is not a regular
immersion.

6. Bass fundamental theorem and negative K-groups, K2

6.0. To control the failure of surjectivity of Ko(X) — Ko(U) and
Ko(X on Z) — Ko(U on UNZ) in the proto-localization Theorem 5.1, one
wants to find a non-connective spectrum KP? with K as its -1-connective
cover, so that KB(X on Y) — KB(X) — KB(U) is a homotopy fibre
sequence in 5.1 without fudging, and so that the resulting long exact
sequence of homotopy groups extends through the K2 for n < 0. This
is done by combining Sections 4 and 5 with ideas of Bass [B] (cf. also
Carter [Ca].)

For once it is notationally easier to work first on the level of abelian-
group valued functors, and then to produce a spectrum level version.

6.1. Theorem (Bass fundamental proto-theorem) (cf. {B] XI1 7; [Gr1];
6.6 below). Let X be quasi-compact and quasi-separated. Set X[T] =
X (% Z[T). Let Z be a closed subspace of X with X — Z quasi-compact.

Then

(a) For n > 1, there Is an exact sequence

(6.1.1)
0 —>Kn(X on 7)

G192

(p1,-p3)

Kn(X[T] on Z[T)) ® Kn (X[T™'] on Z[T7Y))

Ko (XIT,T7Y on Z[T,T7']) 2% Kp_1(X on Z)— 0.
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Here p}, p5 are induced by the projections (X[T]) — X, ete. and j},j3
are induced by the obvious open immersions (X [T, T~!]) — (X[T]), etc.

The sum of these exact sequences forn = 1,2,3,... is an exact sequence
of graded K.(X)-modules.

(b) For n > 0, 87 : Knyt(X[T,T7Y] on Z[T,T7]) — K,(X on Z)
is naturally split by a map hp of K.(X) modules. Indeed, cup prod-
uct with T' € K, (Z[T,T~1}) splits 87 up to a natural automorphism of
Ka.(X on Z).

(¢) There is an exact sequence for n =0

®1.03)
0 — Ko(X on Z) —2% Ko(X[T] on Z[T]) & Ko (X[T~1] on Z[T-1))
|t
Ko (X[T,T-Y] on Z[T,T-1))

Proof. Consider PL. By 4.1, there is an isomorphism K.(P% on
PL) = K.(X on Z)® K.(X on Z), where the two summands are K,(X
on Z)[O] and K.(X on Z)[O(-1)] with respect to the external product
K(X on Z) A K(P}) — K(P% on PL) and with [0], [O(-1)] in Ko(P}).
We prefer now to shift to a direct sum decomposition of K,(P% on P})
with basis {[0], [0]-[O(-1)]}.

We consider the cover of P by opens X[T] and X[T'~1], intersecting in
X|[T,T~1). The proto-localization Theorem 5.1 shows that the columns
in (6.1.2) are homotopy fibre sequences. Here the K( )™~ are covering
spectra of the K( ) to change o suitably, as in 5.1.

K(P% on (T =0)NP}) _— K(X[T) on (T =0)N Z[T))

! !

K(P% on P}) — K(X[T) on Z[T))
(6.1.2) l“ 15

K(X[T™ on Z[T7H)~ — K(X[T,T7'] on Z[T,T™'))~

As X[T] is an open nbd of the locus (T' = 0) in P}, excision 3.19 shows
that the top horizontal map in (6.1.2) is a homotopy equivalence. Thus
the bottom square of (6.1.2) is homotopy cartesian. Thus it yields a
long exact Mayer-Vietoris sequence on homotopy groups. Recalling that
mK( )~ =mK() for i > 0, we see this long exact sequence is:
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(6.1.3) l
K1 (X[T, T on Z[T,T7Y))

|o

K.(P% on P})
[es-x)
Ko(X[T] on Z[T]) ® Kn(X[T~!] on Z[T™1))
l(j;,j;)
K (X[T, T'] on Z[T,T7'})

Jo
[
Ko(PY on P})
|-k
Ko(X[T] on Z[T])) ® Ko(X[T~! on Z[T™'])™

Here Ko(X[T7! on Z[T~!])~ is some subgroup of Ko(X[T~!] on
Z[T-1']), namely the image under k3§ of Ko(PY on PL).

Now for k = k; and ks, k*(Op(2)) = O. Hence k*([0]) = [0} =1, and
k*([0]-[0(=1)])) = [0]-[0] = 0in Ko(Z[T}) or Ko(Z[T-']). Thus on the
summand K,(X on Z)[O] of K, (P on P}), k} is the map p} induced by
the canonical p; : X[{T] — X. The map p; has a section T'= 0, so p} is a
split monomorphism. Similarly, on this summand k3 is p3}, which is a split
monomorphism. On the summand K, (X on Z)([0] — [O(-1)]), k7 and
k% are 0. Hence in (6.1.3) the boundary map Jr is onto this summand.
Thus the long exact sequence (6.1.3) breaks up into short exact sequences,
yielding 6.1(a).

To prove (b), it suffices to show that the natural map dp - (TUp*( )):
Kno(X on Z) — K, 1(X[T, T on Z[T,T7!]) - Ku(X on Z) is an
automorphism of K, for n > 0. For we then define hy to be (T'Up*( ))
composed with the inverse of this automorphism. By the 5-lemma applied
to diagram (6.1.4) where the rows are the exact localization sequences 5.1
for X and X — Z and for X[T, T~} and (X - Z)[T,T"], it suffices to
prove the map is an automorphism in the absolute case K,(S) for S = X
and for § = X — Z. (In diagram (6.1.4) we abbreviate X[T,T"!] as
X[T#], ete.)
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(6.1.4)
S Kpp(X) —— Kns1(X - 2) —_

Jor Jor

- Kny2 (X [T*]) —— Knp2 (X = 2) [X[T#]) ~——

laT iar

L Kpp (X)) —— Kop1(X = 2) -
Kn(X on Z) —  Kn(X)  — ...
lUT lUT
Knt1 (X [X[T#] on Z[T#)) K1 (X [T%]) —— ...
Jon Jon
Kn(X on Z) —_— Kn(X) —_

(We see that the squares of (6.1.4) involving dr commute, as they are
derived in a canonical way from a commutative 3 x 3 diagram of homotopy
fibre sequences of spectra.)

To prove that our map is an automorphism in the absolute case I .(S),
it suffices to prove that drT = 41 = [O] in K¢(S), as this is a gen-
erator of K,(S) as a free K.(S) module, and 05.(TU ) = 7T U ( ) is
a map of K,(S) modules. By naturality in S, it suffices to prove this
for S = Spec(Z), i.e., that 87 : K1(Z[T,T7!]) — Ko(Z) sends T to %1.
This is known classically (c¢f. [B], [Grl]). (Briefly one has Ky(Z) = Z,
K1(Z[T,T71)) = units in Z[T,T"'] 2= Z & Z/2 generated by T and —1,
and that Or is onto (examine (6.1.1) and note that K(Z) ~ K(Z[T]) ~
K(Z[T~1]) as Z is regular noetherian). So the torsion element d7(—1) of
Z must be 0, and OrT must be a generator +1.)

(A careful calculation of dr(T) by building categorical models of every-
thing via [Th3], and considering our choice of signs in forming a Mayer-
Vietoris sequence from a homotopy cartesian square yields that in fact
OrT = 1. Infact, - (TU ) =1 on K(X on Z). ) This proves (b).

To prove (c), we consider the diagram:
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(6.1.5)

0 o KeX onZ) — KolX[T]on 2T} & Ko(XIT=1on ZI') — Ko(X[T*] on ZIT*])

hs®hs hs

* Z[SET
0 — Ki(X[5%) on Z[s*]lg(x[s iy en ZIS7H D—» K(X[SE)[T%] on Z[SEIT*])

%)
Ky (X[SE)T~"] on Z[S)T™')

ER 3sBOs
B ]\’O(Xj'on 7) — Ko(X[T] on 217 ® Ro(X[T™1 on Z(T7Y)) — Ko(X[T*] on Z[T#))

hs

lo

0

The middle row is exact by (a). By (b), the composite ds - hs is 1, so the
bottom row is a retract of the middle row. Hence the bottom row is also
exact, as required.

6.2. Lemma (Bass construction) (cf. [B] XII 7). By descend-
ing induction on k = 1,0,—1,-2,—3,... one may define contravariant
abelian group valued functors By on the category of quasi-compact and
quasi-separated schemes X with a chosen closed subspace Z such that
X —~ 7 is quasi-compact. One may also define natural transformations

dir : Bip1 (X [T, T7Y] on Z[T,T7']) — Bi(X on Z)
hir : Be(X on Z) — By (X [T,T7] on Z [T, T71]).

These functors and natural transformations are uniquely characterized by
the following properties that they satisfy:

(a) By(X on Z) = Ky(X on Z), Bo(X on Z) = Ko(X on Z), and
dy = 01, hy are the maps of 6.1.
(b) The sequence induced by the natural maps as in 6.1(a) Is exact:

0— Br41(X on Z)
— Bry1(X[T) on Z[T))® Bry1 (X [T7Y] on Z [T™1))
— By (X [T, 77 on Z[T,T7']) %% B(X on 2Z) — 0.

(C) dvr - d(k+1)S = drs - d(k+1)T : Bk+2(X[T, T—l][S, S'—l]
on Z[T,T7Y[S,S71]) — Bix(X on Z) provided that k < —1.

(d) dk . hk =1on Bk()\’ on Z)

(e) The sequence induced by the natural maps as in 6.1(a) is exact

0 — B(X on Z)— By(X[T] on Z[T])® By (X [T7'] on Z[T7!])
— B (X [T,T7"] on Z[T,T7Y]).
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Proof. We start by abbreviating X[T, 7] as X[T%]. We will give
maps and diagrams for the absolute case Bp(X). To obtain the cor-
rect diagrams for the case with supports, the reader should replace every
Bu(X[T~1](5*]) by Bu(X[T-1][S*] on Z[T~1][S*]).

We prove statements (b) - (e) by descending induction on k, starting
with k£ = 0. The statements (b) - (e) hold for £ = 0 by 6.1, on taking (a)
as a definition. Note (c) says nothing in this case.

To do the induction step, we assume that k < 0, and that the By have
been constructed and satisfy (a) - (¢). Then for k — 1 we define By._;(X)
to be the cokernel of the map By(X[T]) ® Bx(X[T™!]) — Bw(X[T?)),
and d_1yp Bi(X[T%])) — Bi_1(X) to be the cokernel map. Now (b)
for k — 1 results from this definition and (e) for k.

Consider the diagram (6.2.1)

(6.2.1)

Bipa(X[TYS™)) © Byt (X(TIS']) — Benn(XITENST']) — Be(X[S™'))
®Br41(X[T[S]) @ Bie+1 (X[T~][S]) & Bea (X[T*)[S]) Bi(X[S))

Busi(XITS*)) @ Besr(XIT-1IS%])  — Bena(X[TE][SE]) S5 Bu(X[S*])
ds®ds ds ds

By (X[T]) & Bx(X[T™1)) - Bu(X[T%) 2% Biy(X)

All the small squares of (6.2.1) except possibly the lower right one
comrmute by naturality. All rows and columns are cokernel sequences.
Since colimits commute and the dr, dg into By_1(X) are defined to be the
canonical cokernel map, this shows that the lower right square commutes.
This proves (c) for k — 1. (As the reader expects, we will identify By (X)
with KZ(X) = m KB(X) for k < 0, and dr will become a boundary map
in a long exact sequence of homotopy subgroups coming from a homotopy
fibre sequence. So the reader might have expected to see 9rds = ~0s9r
instead of dpds = dgdr. But the natural identification will be B (X) =
moE* KB (X), and the degree k shift changes the sign conventions.)

Now to construct hg;_;yp and prove (d) for k — 1, we consider diagram
(6.2.2) which commutes by naturality and (c).



HIGHER ALGEBRAIC K-THEORY OF SCHEMES 357

(6.2.2)

Be(X[S]) ® By(X[S~']) ~  Bu(X[S%)) = By =0
lhk7‘$hkT her i
Bu(X[SITH) @ Buyy (X(S-T*) —~  Ben(X[SHIT) = BuXIT*) — 0
ldkT @ dit dir l_d(»-x)'r
Bu(XIS]) @ Ba(X[S~1) ~  BuX[S¥) 2 Ba(X) -0

The rows are exact by definition of By_;. We define h¢;_1)r : Bp_1(X) —
B (X[T?]) to be the map induced on the cokernels by h;r in (6.2.2). As
drrhir = 1 by (d) for k, it follows that dx_1yr - h(x-1yr = 1, proving
(d) for k — 1. Note hp is “TU” composed with an automorphism on
@nszn (X)

It remains to prove (e) for k — 1. This follows from (d) dshs = 1 and
the diagram (6.2.3)

(6.2.3)

0 = Bi(X) — Bua(XIN®Bec(X[T7Y])  —  Be(X[T*)
hs hsdhs hs

0 — Bu(X[SE]) — Bu(X(S*|T])® B(X[S*IT7') — Bu(X[S*][T*)
lds ds®ds ds

0 = Bin(X) — Bea(X[IN®Beo(XITY) = Bea(X[T*)

This diagram exhibits (e) for Bx_1(X) as a retract of the exact sequence
(e) for Bi(X[S%]). This proves (e) for k — 1.

This completes the induction step, and hence the proof of the theorem.

6.3. Lemma {Bass Spectral Lemma).  There exist for k = 0,—1,
—2,-3,.- contravariant functors F¥ from the category of (X,Z) as in
6.2 to the category of spectra, such that:

(a) F°(X on Z) = K(X on Z).

(b) There is a natural homotopy fibre sequence
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F¥(X[T) on Z[T])Fk(xuon " FE(X[T7'] on Z[T71])

s
FY (X [T%] on z[T%])
14

SF*YX on Z).

(In particular, we have a natural nullhomotopy of d - b.) The map b
from the homotopy pushout is induced by the obvious open immersions
(X[T%)) — (X[T)), (X[T~']), and the trivial constant homotopy of the
two equal maps F¥(X on Z) — F¥(X[T'%] on Z[T%)).

(¢) The fibre sequence in (b) is a fibre sequence of K(X) modules.

(d) The homotopy groups of F* are given by

Kn,(X on Z) n>0
mF¥(X on Z)=<{ B,(X on Z) 0>n>k
0 k—1>n.

The map 7, (b) in (b) Is a monomorphism for all n.
(e) The map f: F¥ — F*~1 given by

F*(X on Z)

lTu

QF*(X [T%] on Z[T%))

lﬂd

QLF*YX on Z)~ F¥*Y(X on Z)

induces an isomorphism on homotopy w, for n > k.

Proof. The proof is by descending induction on k. F° = K is defined
by (a). Inductively define F¥~1(X on Z) as Q = ©~1! of the canonical
mapping cone of the map b of F* in (b). As the map b is strictly natural in
X, and is a strict K (X) module map, its mapping cone is functorial in X
and is a K (X ) module. Henceso is F*~!. This constructs F¥*~1(X on Z)
and proves statements (b) and (¢} by induction.

As F¥(X on Z) — F¥(X([T] on Z[T)) is canonically split by the map
induced by the 0-section map of schemes X — X[T] = X x A!, the
Mayer-Vietoris sequence for 7, of the homotopy pushout in (b) breaks up
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into split short exact sequences, of which we will print only the absolute
case, by the convention of the proof of 6.2

(6.3.1) 0— 1, F¥(X) — m, FY(X[T])) & m, F* (X [T71])
S (F"(X[T]) O R (X [T-l])> — 0.

F(X)

We substitute (6.3.1) into the long exact sequence of =, induced by the
homotopy fibre sequence of (b). This breaks up this long exact sequence
into short exact sequences like the top two rows of (6.3.2), which we print
only in the absolute case:

(6.3.2)
h —1
0 m (P PEE))
I
0 —— coker (7, F¥(X) — m, FK(X[T)) & 7, F¥(X[T"}])) ——

{

0 ——  coker (Bn(X) — Bn(X[T)) ® B.(X[T"Y])) ——

T F¥ (X [T%]) —— 7, ZF*Y(X) —— 0

l! |

T F¥ (X [T*)) Tu 1 FFY{(X) —— 0
d 1
Ba(X[TE)) —Z &  Bo_y(X) —— 0

By descending induction on k, with an inner descending induction on n
for 0 > n > k, we compare these short exact sequences for n > k to the
exact sequence of B, in the bottom of (6.3.2) that results from the long
exact sequence 6.2(b). The induction starts at & = 0 by 6.2(a) and 6.3(a),
and proves (d) and also that the exact sequences in (6.3.2) for 7, F* and
for B, correspond under the isomorphisms of (d) for n > k.

To prove (e), we first note that “T’U” : Fk(X on Z) — QF¥(X[T*] on
Z[Ti]) factors as the composite of the map p* induced by the projection
(X[T%]) — X and the cup product on 7. F¥(X[T*] on Z[T%]) with
T € K(X[T*]). Thus we see that the homotopy fibre sequence of (b)
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is natural with respect to this map. Now comparing the map induced
by “T"U” in the top of {6.3.2) with a corresponding map “T’"U” on
the B,, and with the inductive construction of the hr in (6.2.2) and
6.1(b), we see that “T'U” is identified by the isomorphisms of (d) to
hr composed with some natural automorphism of B,(X on Z). Also
the “d” on 7,(F) is identified to the “d” on B up to sign. Then 7, f =
7n(d-(TU )) is identified to dp-hr composed with a natural automorphism
of Bo(X on Z). Thus (e) follows from 6.2(d). This completes the proof.

6.4. Definition. Let KB(X on Z) be the homotopy colimit of the
solid arrow diagram (6.4.1), where the F* are the F¥(X on Z) of 6.3,
and the maps F'* — QX F¥~! are the Qd - (TU ) of 6.3(e), corresponding
to the maps f of 6.3 under the homotopy equivalence F¥~1 = Q¥ Fk-1,

(6.4.1)
FO L QyF! ey F7? L P73
J i f
| |
F-!' — - QuF-? |
T |
F-?2 —— QRF-3
F—3
Equivalently, let F'=2 F’~3 ... be the canonical homotopy pushouts of

the indicated squares. Let QLF~! = F'~1. Then let KZ(X on Z) be
the colimit of the direct system F® — F/=1 — F/=2 , p/-3 .

As the maps F¥ — F'® are homotopy equivalences, KB(X on Z) is
homotopy equivalent to the direct colimit of FO — F~! — F~2 — |
where the bounding maps are the maps f of 6.3(e). Thus we have
T KB(X on Z) = Ky(X on Z) for n > 0, and = B,(X on Z) for
n < 0.

6.5. So defined, KB(X on Z)is a contravariant functor in X, just like
K(X on Z). It has the same covariant functoriality with respect to flat
proper, perfect projective, and (for noetherian schemes) perfect proper
maps as does K(X on Z), (cf. 3.16). It is also covariant with respect to
enlarging Z, as in 3.16.7. The canonical homotopy ¢* f. ~ fig"™ of 3.18
extends from K to KB,

There is a canonical map K (X on Z) — KB(X on Z), natural with
respect to both contravariant and covariant functorialities, and which
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induces isomorphisms K,(X on Z)= KB(X on Z) for n > 0.

KB(X on Z) is a module spectrum over K(X). The projection for-
mula 3.17 holds in that f. : KB(X) — KB(Y) will be a map of K(Y)
modules under the hypotheses of 3.17.

All these remarks follow by passing the relevant properties of K through
the inductive construction of 6.3 and the direct colimit of 6.4. (If the
reader wishes to verify exactly the compatibilities of various systems of
homotopies involved, he should build symmetric monoidal category mod-
els of everything starting from the simplicial symmetric monoidal wS.A
and using [Th3], realize the involved homotopies as symmetric monoidal
natural transformations, and calculate compatibilities using the calculus
of 2-categories as in [Th3]).

6.6. Theorem (Bass Fundamental Theorem) (cf. [B] XII Section 7;
[Gr1]). Let X be a quasi-compact and quasi-separated scheme, and let
Z C X be a closed subscheme with X — Z quasi-compact. Then

(a) The natural map K(X on Z) — KB(X on Z) induces isomor-
phism on m, for n > 0 : K,(X on Z) = KB(X on 2), K,(X) =
KB(X).

(b) For all integers n € Z, there are natural exact sequences:

0— KB(X on Z) — KB(X[T] on Z[T))® KB(X[T™'] on Z[T™1))
l
KE(X[T ] on zZ[T™Y))
la
KRB (X on 2)—0

0— KB(X) - RE(X[T) @ KE(X[T7Y) - KB(X[T, T~ 1))
lo
KB (xX)—o.

(¢) There is a homotopy fibre sequence

KB(X[T] on Z{T])KB(XUcm Z)KB(X[T‘I] on Z[T*1))

s
KB(X[T,T7"] on Z[T,T") % SKB(X on Z).

(d) For all integers n € Z, and all positive integers k > 1, the composi-
tion Ok - ... - 01 (T1 U---UTU) is an isomorphism
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KB(X on 2)
lT,u-uuTku
KB (X[, T7Y, . Ty, T Y] on Z[Ty,T7Y, .. T, T YD)
lon,-0r,_, -or,
KB(X on 2)

In particular, this holds in the absolute case of KB(X) = KB(X on X).
(e) For all positive integers k > 1, the composition d - ... d (T U---U
TU) is a homotopy equivalence

S*KB(X on Z)
[mu unw
KB(X[T, 17 Te, T on Z[T, T, . T, T 1)

ldi -dry
SPKB(X on 2)

In particular, this holds in the absolute case of KZ(X) = KB(X on X).
Proof. Parts (a), (b), (c) follow from 6.4, 6.3, 6.2, 6.1, and in fact

just combine pieces of these.
Parts (d) and (e) follow by induction on k from 6.3(e), 6.1(b), and the
definition 6.4.

6.7. By6.6(d), forn > 0, KB, (X)is anatural retract of Ko( X[T}, T},
T, T7Y) and of Ky(X[T1, T, ..., Tat1, T44))- Thus a statement
that certain natural classes of maps (invariant under Laurent extensions to
X[T#]) induce isomorphisms or exact sequences on the K-groups K, for
n > 0 quickly extend to the K'P for all n. For a retract of an isomorphism
is an isomorphism, and the retract of an exact sequence is exact. Section
7 will be devoted to results for K2 derived by this method. Similarly

6.6(e) allows one to deduce spectra level versions.
6.8 Proposition. Let X be a regular noetherian scheme. Then

(a) p* : K(X) = K(X[T)) is a homotopy equivalence.
(b) K(X) = KB(X) is a homotopy equivalence, so KE(X) = 0 for
n < 0.

Proof. Statement (a) results from Poincaré duality 3.21 and the cor-
responding result for G-theory, [Q1] Section 7, 4.1. Similarly, Quillen’s
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localization theorem for G-theory [Q1] Section 7, 3.2 applied as in (6.1.2)
gives G(X[T,T7]) =~ G(X) x £G(X) using G(X[T])) ~ G(X). By
Poincaré duality, we have K(X[T,7T7!]) ~ K(X) x TK(X). In par-
ticular, the map Ao(X) — Ko(X[T,T7!]) is onto, so KZ,(X) = 0 by
6.2(b). Now by descending induction on n, using 6.6(b), KZ(X) = 0 for
n < 0.

6.9. Ezercise (Optional). Show AB(X)is ahomotopy ring spectrum.
Let KB(X) > k < be the coPostnikov truncation killing off , for
n < k. Thus KB(X) > 0 <~ K(X). Consider for k, p > 0 the map

SE(KB(X)> =k <) AZP (KB(X) > —p <)
lTIU...UTk/\SIU...USp

(KB (X [T, T TTY]) > 0 <) A(K P (X [Sy, 578, ..., 8,,5,1]) > 0<)
t

K(X[T,T7' ... T, T ) AK (X [S1,878 ..., 5,,51)

| ®&,

K(X[TT7h . T T 5087 S, SO
l
KB(X ([T, 17! ... Sp. S ) > 0<

10, .. 0s,

TP (RB(X)> —p—k <)

This defines (K2(X) > -k <O AKB(X) > —p <) = KB (X) > —p—k <.
Now take the colimit as & — oo and p — oco.

7. Basic theorems for KB, including the Localization Theorem

7.0. We recall that KB(X on Z) is defined for X a quasi-compact and
quasi-separated scheme X with a closed subspace Z such that X — 7 is
quasi-compact. 2 has the same functorialities as K. There is a natural
transformation K(X on Z) — KZ(X on Z) inducing an isomorphism on
homotopy groups 7, for n > 0. However KZ(X on Z) could be non-zero
for n < 0.
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7.1. Theorem (Excision). Let f : X' — X be a map of quasi-
compact and quasi-separated schemes. Let Y be a closed subspace of X
with X —Y quasi-compact. Set Y' = f~1(Y).

Suppose f is an isomorphism infinitely near Y, in the sense 2.6.2.2.

Then f* : KB(X onY) = KB(X’ on Y') is a homotopy equivalence.

Proof. It suffices to show that 7, f* is an isomorphism on homotopy
groups for all n. We use the trick of 6.7. As w_; f* for X is a retract
of mof* for X[Tl,Tl_l,... ,Tk,Tk'l] when k > 0 by 6.6(d), it suffices to
show that 7, f* is an isomorphism for n > 0 on K2 = K,,. But this holds
by excision 3.19.

7.2. Theorem (Continuity). Let X = limX, be the limit of an
inverse system of schemes X, in which the bonding maps fog : Xo — Xp
are affine. Suppose all the X, are quasi-compact and quasi-separated.
Let Y, C X, be a system of closed subspaces with f;[;(Yﬁ) =Y, and
with X, — Y, quasi-compact. Then the canonical maps are homotopy
equivalences

lim K% (Xq) = KP(X)
lim K% (Xq on Yo) = KP(X on Y).

a

Proof. We use the trick of 6.7. It suffices to show that the maps
induce isomorphisms on homotopy groups w,. By 6.6.(d), it suffices to do
so for n > 0. Then the result follows from continuity 3.20 as K2 = K,
for n > 0.

7.3. Theorem (Projective space bundle theorem). Let X be a
quasi-compact and quasi-separated scheme, and let Y C X be a closed
subspace with X — Y quasi-compact. Let € be a vector bundle of rank
r on X. Then the maps sending (2o, 21,... ,&,—1) to Tr*(z;) ® [O(—1)]
(using the module structure of KB(PEx on PEy) over K(PEx)) induce
homotopy equivalences:

[ 55(x) = K5 (Pex)

1
JI55(X on Y) = KP (P&y on Péy).
1

Proof. Again, we use the trick of 6.7 to reduce this to 4.1.



HIGHER ALGEBRAIC K-THEORY OF SCHEMES 365

7.4. Theorem (Localization Theorem).  Let X be a quasi-compact
and quasi-separated scheme. Let j : U — X be an open immersion with
U quasi-compact. Set Y = X —U. Let Z be a closed subspace of X with
X — Z quasi-compact. Then there are homotopy fibre sequences, induced
by the obvious maps and nullhomotopies:

KB(X onY)— KB(X)— KB(U)

7.4.1
(7.41) KB(X onYNZ)— KB(X on Z) - KB(U on UnN2Z).

There are resulting long exact sequences of homotopy groups:

(7.4.2)
- L KB(X on Y)— KB(X) > KB(U) S KB (X on Y)— ...

2 KB(X on YNZ)— KE(X on Z)— KB(U on Un 2)
(7.4.3) KB XonYNZ)—. ...

Proof. It suffices to prove that (7.4.1) are homotopy fibre sequences.
For this, we must first specify a natural nullhomotopy of the composed
map KB(X on YNZ) - KB(U on UNZ). Themap K(X on YNZ) —
K(U on UNZ)is canonically nullhomotopic, as any complex on X acyclic
on X—(YNZ) 2 X-Y = U is naturally quasi-isomorphic to 0 on U. Thus
1.5.4 provides the nullhomotopy. This nullhomotopy is strictly natural in
X, and in particular is natural for the maps (X[7T,7"!]) — X. Thus
the nullhomotopy is natural with respect to the map b in 6.3(b), and by
inductive construction, as in 6.3, it induces a natural nullhomotopy of
F¥(X on YNZ)— F¥U on UNZ) for k =0,-1,-2,.... By 6.4, on
taking the colimit as k goes to —oo, we get a natural nullhomotopy on
KB,

This specified natural nullhomotopy determines a natural map from
KB(X on YNZ) to the canonical homotopy fibre of the map KB(X on Z)
— KB(U on UN Z). It remains to show this map to the canonical ho-
motopy fibre is a homotopy equivalence. It suffices to show it induces an
isomorphism on homotopy groups n,. By the trick of 6.7, it suffices to
show that it induces an isomorphism on 7, = K, for n > 0. But this
is true by the Proto-localization Theorem 5.1. This proves the result for
KB(X on Z), and so for KB(X) = KB(X on X).

7.5. Theorem (Bass Fundamental Theorem). Let X be a quasi-
compact and quasi-separated scheme, and let Z C X be a closed sub-
scheme with X — Z quasi-compact. Then
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(a) The natural map K(X on Z) — KB(X on Z) induces isomor-
phisms on m, forn > 0 : K,(X on Z) = KE(X on Z), Kn(X) =
KB(X).

(b) For all integers n € Z, there are natural exact sequences:

0
KB(X on 2)

KB(X[T) on Z[T])EB KB(X[T~!Y on Z[T7Y))
KB(Xx([T,T71] ;n Z[T, 7))

a

KB (X on 2)

0— KP(X)— KEB(xm) e KB(X[17Y) -KE(xX[1T,771)
lo
KB (X)—=0

(c) There is a homotopy fibre sequence:

KB(X[T} on Z[T])KB(XC'Jon y EP(X(T™ on Z177))

KB(X[T,T7'] on Z[T,T7Y))

au

LKB(X on Z).
Proof. This is part of 6.6.
7.6. Theorem. If X has an ample family of line bundles, then

K naive

{ (X) — K(X)— KB(X) induces a natural isomorphism forn > 0 :
Kpave(X) = KB(X) where KMVe(X) is Quillen’s K,, of X as in [Q1].

Proof. Combine 7.5(a) with 3.8. and 3.10.
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8. Mayer-Vietoris theorems

8.1. Theorem. Let X be a quasi-separated scheme. Let U and
V' be quasi-compact open subschemes of X. Let Z C U UV be a closed
subspace, with U UV — Z quasi-compact. Then the squares (8.1.1) are

homotopy cartesian:

(8.1.1) KBUwuv)y— KB)
| . {
KB(vy —=KB(UNV)

KB(UUV on 2) — KB(U on UnN 2Z)
l . |
KB(V on VN 2) —— KBUNV on UNVNZ)

Thus, there are long exact Mayer-Vietoris sequences:

(8.1.2)
L KBUuvy - KBUYe KB(V) - KB(UNV)

2LKB (Wuv)— ...

There is a similar sequence for K2 ( on Z).

Proof. Consider (8.1.3)

KB(UUV on (UUV)=V)NZ) SKBWU on(U - V)N Z)

l !

KB(U UV on 2) — KB on UNZ)

l l

(8.13) KBV on VNZ) ——  EK2UNV onUNVNZ)

The columns of (8.1.3) are homotopy fibre sequences by the Localization
Theorem 7.4. The induced map on the fibres is a homotopy equivalence by
excision 7.1. Hence by Quetzalcoatl, the square on the bottom of (8.1.3)
is homotopy cartesian, as required (or more naively, apply the 5-lemma
to show the map of KZ(UUV on Z) into the homotopy pullback induces

an isomorphism on homotopy groups).
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8.1.4. Corollary. Let X be a quasi-compact and quasi-separated
scheme. Let Y7 and Y, be two closed subspaces with both X —Y; and
X —Y> quasi-compact. Then (8.1.5) is a homotopy cartesian square

(8.15)  KB(X on 1nYy) — KB(X on 1))
| a |
KB(X on Vo) ——KB(X on YiUY,)

Proof. Consider diagram (8.1.6)

(8.1.6)
KB(Xon Y1nY?) I\’B(X) ‘I{B(X—Y1UX—Y2)

1\ |\ |

KB(XonY)) — KB(X) —— L KB(X -T))

KB(XonYs) — ——>I{B(X)J ——»I{B(X—Yz)l

N N

KB(XonY,UY;) ——e KB (X) =—— KB (X - 11)N(X - Y2))

The rows are homotopy fibre sequences by Localization 7.4. The right
vertical plane is homotopy cartesian by 8.1, as is the middle plane of
KB(X)’s. Hence by Quetzalcoatl, the left hand plane is homotopy carte-
sian, as required.

8.2. To formulate Mayer-Vietoris theorems for covers by more than
two open sets, we recall the Cech hypercohomology spectrum of a cover,
H'(U; ), from [Th1] Section 1. (The reader unfamiliar with this may skip
ahead to Section 9 and ignore the rest of Section 8).

8.2.1. Let £~ be a Grothendieck topos with terminal object X, and
with a site £ containing X and closed under pullbacks ([SGA 4]). For us,
& will usually be the category of Zariski open subsets of a scheme X, and
&~ the category of sheaves of sets on X.

Let F' : £°P — Spectra be a presheaf of spectra defined on the site £.
(Upon replacing F' by a homotopy equivalent presheaf, we may assume it
satisfies the technical topological conditions to be a “presheaf of fibrant
spectra,” (see [Thl] 5.2.)).

Let i = {U, — X|i € I} be a cover of X in the site £.

8.2.2. Recall ([Th1] 1.9) that H'(/; F) is defined as the homotopy limit
of the Cech cosimplicial spectrum of F and U
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H(U; F)
l
(8.2.3) “
. - =
holim| [TFWUi,) =3 Il F (U,-O X Uil) =
A N\l (20,i1)€T? X -

There is a natural augmentation F(X) — H (U; F).

H'(U; F) is a covariant functor in F, and preserves homotopy fibre se-
quences and homotopy equivalences of presheaves F ([Th1] 1.15). H (U; F)
is a covariant functor with respect to maps of covers, where a map & — V
of covers consists of a function ¢ : J — [ from the indexing set of V to
that of & , and a family of maps over X, V; — U,(,), one for each j € J.
Up to homotopy, the induced map H'(i; F) — H'(V; F) is independent
of the choice of ¢ or the particular maps V; — V,,(j), and exists whenever
V is a “refinement” of the cover & ([Th1] 1.20). Hence if &/ and V refine
each other, their H'( ; F') are homotopy equivalent ([Th1] 1.21)).

Let f : F — & be a map of sites ([SGA 4] III 1, IV 4.9). Then the
cover U on & induces a cover f~YU) = {f~YU;)|i € I} in F. There is
a canonical isomorphism H'(U; foG = G - f~') = H'(f~'(U); G). This
makes H' a contravariant functor with respect to the site &.

There is a spectral sequence relating Cech hypercohomology H'(L{; F)
to the usual Cech cohomology of presheaves of abelian groups

(8.2.4) EDY = HP (U;m F) = my,H (U; F).

This spectral sequence converges strongly if either there exists an integer
N so that 7, /"' = 0 for all ¢ > N, or else, if there exists an integer M such
that HP(U; 7, F) = 0, for all p > M and all g. See [Th1] 1.16, and note
we follow [Th1] in using the Bousfield-Kan indexing of spectral sequences,
so d, : BP9 — Eptratr=1

8.2.5. Lemma. Assume 8.2.1. Let Y and ¥V be two covers of X,
and suppose there is a map of coversd — V, so V is a refinement of U .

Suppose that for every finite set I of U, — X drawn from U, and for
the fibre product Uy over X of the elements of I and for the induced cover
V ;(_ Ur of

(8.2.6) Ur = U,O U,'1 x U,

x Ui x...x U,
x 'x X

that the augmentation map (8.2.7) is a homotopy equivalence
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(8.2.7) FUN=H (v x U,;F) .

In particular, for I = ¢ we suppose that F(X) = H'(V; F) is a homotopy
equivalence.
Then the augmentation map (8.2.8) for U is also a homotopy equiva-

lence
(8.2.8) F(X) S H(U;F).

Proof. We consider the diagram of maps induced by the various aug-
mentation maps €

(8.2.9) FX) ——— H(U; F)
€l ~ ~ | H U;e)
H(WF) —— H (W (v F))
H (Vi) N\ l

H'(V;H'(u; i F))

By the hypothesis the left vertical map of (8.2.9) is a homotopy equiva-
lence. By hypothesis (8.2.7) and the fact that holim preserves homotopy
equivalences, inspection of formula (8.2.3) shows that the right vertical
map H'(U;¢) is also a homotopy equivalence (cf. [Th1] 1.15).

The isomorphism at the bottom right of (8.2.9) is deduced from the fact
that holims commute (e.g., [Th1] 5.7), so that there is an isomorphism:

(8.2.10)

(o (5.7)

= hozlxlm (p — H

(10,31, 2p)

holim(qr—» H F(UZO§...§UZ;:§V]O§.'.§‘/jq>)>

(70,01, -.Jq)
= hokm (p — (hoilm (q — H H F <U,~G ))é . ; Vi,
(io:llv rlp)(JUvjlx :Jq)
= holi i F1U; j
hoilm (q — hoilm <p — H H (U 0 ;( ;( V]q)

(fo,01, ip) (J0,d1, .2q)
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It is easy to see that this isomorphism carries the augmentation ¢ to
H'(V;¢) as claimed in (8.2.9).

We claim that H'(V;e) is a homotopy equivalence since V is a refine-
ment of &. It will suffice to show for each V; = V|, X% V,, that

e: F(Vy) — H' (U x V;; F)is a homotopy equivalence, for then we use
X

the argument above that H'(V; ) preserves homotopy equivalences. But
as V is a refinement of U, V,, — X factors as Vj, — U,(,,) — X for some
Up(yo) — X in U. But then the identity map Vy — Vi factors through
an element of Y ;(( Vi

(8.2.11)
Ax1x--x1
1
Uw(j(,)l;; Vs
1
VJ V] =X x V_]
b'e

This gives a map of covers from U X Vj to the trivial cover {V; = V;}
X
of Vj, so U x Vj is refined by the trivial cover. There is a canonical map
X
of covers from the trivial cover to any cover. So U x V; and the trivial
X

cover of Vy refine each other. It follows that these maps of covers induce
homotopy equivalences of Cech hypercohomologies for these covers ([Th1]
1.21). But the Cech hypercchomology for the trivial cover of Vs and with
coefficients F' is homotopy equivalent via the augmentation map to F(Vy).
(E.g., this is well-known for abelian group presheaves of coefficients, and
the general case then follows by collapse of the spectral sequence (8.2.4); or
else use (8.2.3) for the constant Cech cosimplicial spectrum coming from
the trivial cover, and the dual of [Th1] 5.21.) It follows that € : F(V;) =

W (U x Vz;F) is a homotopy equivalence, and hence that F'(V;¢) is a
X

homotopy equivalence, as claimed.

Now we have shown that three sides of the square in (8.2.9) are homo-
topy equivalences. It follows that the fourth side € : F(X) — H'(U; F) is
also a homotopy equivalence, proving the lemma.

8.3. Proposition (cf. 84). Let X be a quasi-compact and quasi-
separated scheme, and let Z C X be a closed subspace with X ~ Z quasi-
compact. LetU = {Uy,...,Un} be a cover of X by finitely many Zariski
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open subschemes, each of which is quasi-compact. Then the augmentation
maps are homotopy equivalences

831 KB(X)y = H (U; KP)
(8.3.1) KB(X on Z) W U; KB(() on ()N 2Z)).

There are strongly converging Mayer-Vietoris spectral sequences (with
Bousfield-Kan indexing, so d, : EP'? — EP+netr=1);

EPt =W (U;KP) = KP (X

(8.3.2) rd _ g1p B ) .B
ER =W (U;K7(() on ()N Z)) = KP (X on Z).

Proof. The last statement (8.3.2) follows from (8.3.1) by taking the
canonical spectral sequence (8.2.4), and noting that H?(U; ) = 0 for
p > n as Y has at most n distinct elements, so the alternating Cech
cochain complex for ¢ vanishes in degree p > n (cf. [EGA] Oy 11.8 and
[Th1] 1.49). Thus it suffices to prove (8.3.1). To simplify notation, we
give the argument in the absolute case KZ(X),which in fact implies the
case with supports as a corollary, using 7.4, the fact H'(U; ) preserves
homotopy fibre sequences, and the 5-lemma.

We prove (8.3.1) by induction on n, the number of open sets in the
cover Y. For n = 1, U is the trivial cover and (8.3.1) is trivially true (cf.
proof 8.2.5).

To do the induction step, we suppose the result is known for covers of
schemes by < n—1opens. Weset V=U,U...U,_1, and set V to be the
cover {Uy,..., U1} of V.

By the Mayer-Vietoris Theorem 8.1, for any quasi-compact open W in
X, there 1s a homotopy cartesian square, natural in W

KB(W) —— KB(WnNU,)

(8.3.3) l l

KB(WNV) —— KB(WnVNU,)

As W varies, this 1s a homotopy cartesian square of presheaves on X.
Applying H' (U; ) which preserves homotopy fibre sequences and hence
preserves homotopy cartesian squares ([Th1] 1.15), we get a cube
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(8.3.4)

EB(X) ———————HU;K?())

1 KB(U,) — HU;KB(()NU))
KB(V)—l i@y |

KB(U,NnV) > HWU; KB ()NU,NVY))

The left-to-right arrows in the cube are all augmentation maps. The left
and right sides of this cube are homotopy cartesian.

For W open in X, H'(U; KB(( )NW)) is naturally isomorphic to H (4N
W; KB()), as we see by inspection of (8.2.3) (cf. [Th1] 1.25).

In particular, H'(U; KB(( )nU,))is H'(UNU,; KB). AsUNU, contains
U, — U,, there is a map of covers from U« N U, to the trivial cover
{U, — U,}, in addition to the canonical map of covers going the other
way. As before in the proof of 8.2.5, this shows that H'(U N U,; KB) is
homotopy equivalent to KB(U,), and in fact that the augmentation map
KB(U,) — W U; KB(( )NU,)) is a homotopy equivalence.

Also, we get that H'(U; KZ(()NV))is HUNV;KB). AsV =
{Uy,...,Up_1} is a subset of {Uy,... ,Up-1,Up UV} = U NV, there
is a map of covers U NV — V. By the induction hypothesis, for any
W CV,KB(W) - H (WnV;KB)is a homotopy equivalence. Then as
V refines ¥ NV, Lemma 8.2.5 shows that KB(V) - H W nV;K?) is
also a homotopy equivalence. Thus KZ(V) — H(U; KB(( )NV))is a
homotopy equivalence. The argument of the preceding paragraph applies
also to V N U,, to show that KB(VNU,) - HUNVNU,;K?P)is a
homotopy equivalence.

Thus we have seen that three of the four left-to-right arrows in (8.3.4)
are homotopy equivalences. As the left and right sides of (8.3.4) are ho-
motopy cartesian, and as taking homotopy pullbacks preserves homotopy
equivalences of diagrams, it follows that the fourth left-to-right arrow
KB(X) — H(U; K®B) is also a homotopy equivalence. This completes
the proof of the induction step, and hence of the theorem.

8.4. Theorem. Let X be a quasi-compact and quasi-separated
scheme. Let Z be a closed subspace of X with X — Z quasi-compact. Let
U = {U;|i € I} be any open cover of X by quasi-compact open U;.

Then the augmentation maps are homotopy equivalences:

KB(X) = H U; KP)
KB(X on Z) =W (U; KB(( ) on ()N 2Z)).
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Proof. If U 1s a finite cover, the augmentation maps are homotopy
equivalences by 8.3. If i = {U;]¢ € I} is not finite, it has a finite subcover
V= {Upmlk =1,... ,n} as X is quasi-compact. There is an obvious
map of coversid — V. It now follows from Lemma 8.2.5, where hypothesis
(8.2.7) is met by 8.3 for the finite cover V, that the augmentation map
for U is a homotopy equivalence.

8.5. Ezercise (Optional). (a) The homotopy cofibre of K — KZ has
non-zero homotopy groups 7, only for ¢ < 0. Conclude from the spectral
sequence (8.2.4) that m,H (&; cofibre(K — KB)) = 0 for n > 0. Deduce
that K, (X) — m,H (U; K) is an isomorphism for n > 0.

(b) Let X be quasi-compact and quasi-separated. Take an open cover
U of X by affines. Then the intersections Uy = U;, N...NU,, of the U; in
U are quasi-affine, and hence the Uy have an ample family of line bundles.
Thus A"*Y¢(Ur) >~ K(U;). Conclude that for n > 0, K,,(X) is isomorphic
to WnH'(Zl; K™v¢). Thus it is necessary to use K and not Quillen’s K"21ve
to make the Mayer-Vietoris theorem work for any scheme X where these
theories are not equivalent. (Recall that such a bad X cannot have an

ample family of line bundles.)

8.6. Ezercise (Optional). Let k be a field, and let n be an integer,
n > 2. Let X be affine n-space with the origin doubled, the union of two
copies of affine n-space A" glued together on the open A™ — {0}. This X
is noetherian.

Using Poincaré duality 3.21, and Quillen’s localization sequences for G-
theory, G(k) — G(AR™) — G(AR" — 0), G(k) — G(X) — G(A"), and the
homotopy equivalence G(A™) ~ G(k), show there are homotopy equiva-
lences

K(X)~G(X)~G(A") x G(k) ~ G(k) x G(k) = K (k) x K (k).

On the other hand, show that the open immersion A” — X induces
homotopy equivalences

Kmave(X) 2 K™ (A") = K (A") ~ K (k).

(Hint: j : A® — X induces an isomorphism of the categories of algebraic
vector bundles. For j* is fully faithful as X — A™ is a codimension > 2
in X. Also any vector bundle on X consists of two vector bundles on the
two copies of A" together with a patching isomorphism on A™ — 0. But
as 0 has codimension > 2 in A", this isomorphism extends over A™ and
the vector bundle on X is a pullback of a vector bundle on A" via the
canonical map identifying the two origins X — A". See [EGA] IV 5.10,
5.9).
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Conclude that K"V¢(X) # K(X). Also note that G(X) = K(X), but
G(X) # K"ve(X).

9. Reduction to the affine case, and the homotopy,
closed Mayer-Vietoris, and invariance-under-infinitesimal
-thickenings properties of K-theory with coefficients.

9.1. Suppose F(X) and F'(X) are homotopy limits of diagrams of
KB(Z)’s for a diagram of schemes Z over X natural with respect to base
change. Suppose there is a natural map F(X) — F/(X) and one wishes
to prove it is a homotopy equivalence. Then if this result is known for X
affine, it will follow for X quasi-compact and quasi-separated. First one
proves it for X quasi-compact and separated. Such an X has a finite open
cover {U,} with all U;, and hence all finite intersections U;; N --- N U;,
being affine schemes. Then F(U;; N---NU;,) — F'(Ui, N---NU;,) is
a homotopy equivalence, and it follows that H'(U/; F) = H'(U; F') is a
homotopy equivalence. But as homotopy limits commute, H'(U;F) is a
homotopy limit of the H' (¢4; KB (( );Z)) for KB(Z)’s in the diagram for

F(X). Hence by the Mayer-Vietoris Theorem 8.3, it follows that F(X) =
H'(U; F) is a homotopy equivalence. Similarly F'(X) = H'(U; F') is a
homotopy equivalence, and it follows that F(X) — F/(X) is a homotopy
equivalence for X is quasi-compact and and separated. In particular this
is true for X quasi-affine. Now if X is quasi-compact and quasi-separated,
it has a finite open cover {U;} by affines, and all the finite intersections
Ui, N---NU;, are quasi-affine. Now arguing as above, we conclude that
H(U; F) - A (U; F') and F(X) — F'(X) are homotopy equivalences as
required. We note we could also use 8.1 and induction on the cardinality
of U in place of using 8.3 above.

9.2. To apply this method of reduction to the affine case, we need
to find some K-theory results known in the affine case. There are not
too many, since lack of a localization theorem like 7.4 for X affine but
U quasi-affine has hindered the development of K-theory of commutative
rings. For example, for X the Spec of an integral domain A, and &/ =
{U1,...,Un} a cover by affine opens of the form U; = Spec(A[1/a,]), the
Mayer-Vietoris Theorem 8.3 was hitherto known for n = 2, but not for
n > 3, as the proof of the latter requires consideration of the typically
non-affine scheme U, U ... UU,,_;.
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However, a few results are known in the affine case. These are: the Bass
Fundamental Theorem, which we have already proved in general; Swan’s
theorem on quadric hypersurfaces over an affine [Sw]; Gabber’s rigidity
theorem for henselian pairs of rings [Gab]; and the work of Stienstra,
Vorst, van der Kallen, Goodwillie, Ogle, and especially Weibel on the
failure of K(A) — K(A[T]) to be a homotopy equivalence for a general
commutative ring A. This last failure is closely related to the failure of
K(A) — K(A/I) to be a homotopy equivalence when I is a nil ideal,
and to the failure of K to send fibre squares of rings to homotopy fibre
squares of K-spectra. These failures can be remedied by passing to K-
theory with appropriate coefficients. In this section we will extend these
results to schemes.

9.3. We recall K-theory with coefficients first considered by Karoubi
and Browder.

For n > 2 an integer, let K& /n(X) be the mod n reduction of the spec-
trum KB(X), that is, its smash product with a mod n Moore spectrum
X% /n. Tt fits in a homotopy fibre sequence

(9.3.1) KB(X)3 KB(X) = KB/n(X).

The long sequence of homotopy groups of (9.3.1) induces short exact
universal coefficient sequences, {which are split if n > 3)

(93.2) 0— K2(X)®Z/n — KE(X) — Tory (K& (X);Z/n) — 0.

KB /n(X) is a product of the KZ/£¥(X) for the prime powers £ divid-
ing n, so usually we consider only the KZ/£”(X). As reduction mod
£¥ preserves homotopy equivalences and homotopy fibre sequences, and
commutes with H'(i{; ) (all this is clear from the fibre sequence (9.3.1)),
all results of Sections 7 and 8 immediately adapt to K& /¢*(X).
Similarly, for any multiplicative subset S of Z, we form a spectrum
KB(X)®Zsy by taking the colimit along the direct system of multipli-
cation maps n: KB(X) — KP(X) for n € S. Then clearly we have

(9.3.3) 7 (KB(X) @ L(s)) 2 KP(X) ® L(s).

9.4. For X a quasi-compact and quasi-separated scheme, we define
the group NKZ(X) as the kernel of the map induced by the O-section
X — (X[T]) embedding X as (T' = 0) in (X[T1)

NEEB(X) =ker (K2(X[T]) = K2(X)).
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As the O-section splits the projection p : (X[T]) — X, the map KZ(X[T))
— KEP(X) is a naturally split epimorphism, and NK2(X) is naturally
isomorphic to the cokernel of p*.

For X = Spec(A), Stienstra, following work of Almkvist and Grayson,
showed that N KB(A) was a module over the ring of Witt vectors of A
([We6] or [We2] for n > 0, hence for n < 0 by 6.7). As Weibel noted, it
follows that if 1/¢ € A, then NKB(A)is a Z[1/f]-module, and if #™ = 0 in
A, NKB(A) consists of £-torsion elements (as it is a “continuous” module
over the ring of Witt vectors). Then considering the universal coefficient
sequence (9.3.2) and (9.3.3) leads to the affine case of the following results.

9.5. Theorem (cf. Weibel, [We2], [We3], [Web]). Let X be a
quasi-compact and quasi-separated scheme. Let £ be a prime integer,
and ¢¥ a prime power. Suppose 1/ € Ox. Then

(a) The projection p : (X[T]) — X induces a homotopy equivalence
KB /v (X)) = KBer(X[T)).
(b) More generally, for S, = 6>3 S, any sheaf of positively graded com-
n>0

mutative quasi-coherent (’)X-alggbras, with Sy = Ox, the projection in-
duces a homotopy equivalence

KBev(X) = KB /" (Specy (S.)).

{(c) Ifp: W — X is a torsor under a vector bundle, then p induces a
homotopy equivalence

p KB (X) = KB/er(w).

Proof. The method of reduction to the affine case 9.1 shows that it
suffices to prove the maps are homotopy equivalences when X is affine.
For X affine, (a) is [We3] 1.1, generalized from K/£¥ by the trick of 6.7.
Similarly (b) follows from [We6]. We may also deduce it from (a). We
show the zero section X — Spec(S.) induced by §. - Sy = Ox in-
duces on KP /¢ a homotopy inverse to the map of (b). Consider the map
S. — S.[T] of algebras sending an element s € S, to sT™, and the induced
map Spec(S.[T]) — Spec(S.). When composed with the section at 7' =1,
Spec(S.) — Spec(S.[T]), this map yields the identity map of Spec(S.).
When composed with the section at T = 0, this yields the composite
Spec (S.) — X - Spec(S.). But both sections yield homotopic maps
KB /e"(Spec(S.[T))) — KB /¢ (Spec(S.)), as they are both inverse to the
homotopy equivalence of (a) for Spec(S,) in place of X. Thus the com-
posite map KB /¢¥(Spec(S.)) — KB/¢/(X) — KB /¢ (Spec(S.)) is homo-
topic to the identity. As the composite K2 /¢”(X) — KB/¢"(Spec(S.)) —
KB/ (X) is also the identity, this proves (b).
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To prove (c), we reduce to the case X is affine. Torsors under a vec-
tor bundle space V(£) on X are classified by the cohomology groups
HY(X;&"), which is 0 as X is affine. Thus the torsor is trivial on X,
and W is isomorphic to V(&) = Spec(S'(£)). Thus the affine case of (¢)
reduces to (b). (See [Gir], [Jo], [Wel] for torsors.)

9.6. Theorem (cf. Weibel, [We2], [We3], [We6]). Let X be a
quasi-compact and quasi-separated scheme. Let £ be a prime integer,
and £¥ a prime power. Suppose £ is nilpotent in Ox. Then

(a) The projection p : (X[T']) — X induces a homotopy equivalence
KB(X)® Z(1/0 = KB(X[T) ® Z[1/4].

(b) For S. a sheaf of positively graded commutative quasi-coherent O x -
algebras with Sg = Oy, the projection induces a homotopy equivalence

KB(X)®1[1/6 = KB(Spec(S.)) @ Z[1/4].

(c) Ifp: W — X is a torsor under a vector bundle, then p induces a
homotopy equivalence

P KB(X)® 11/ = KB(W)e Z[1/4).

Proof. First we observe that for a finite open cover &, H (U/; ) pre-
serves direct colimits up to homotopy, as this is trivially true for
HP (U; 7p( ), and we have the strongly converging spectral sequence (8.2.4)
with HP (U; ) =0for p > N = number of open sets in the cover /. In par-
ticular, H'(i; ) commutes with formation of ®Z[1/€]. Now the method
of 9.1 goes through to reduce the problem to the case where X is affine.
Then (a) follows from [We2] 5.2. As in 9.5 (a) implies (b) and (b) implies
().

9.7. Theorem (cf. Weibel, [We2], {We3], [Wel]). Let X be a
quasi-compact and quasi-separated scheme. Let i : X' — X be a closed
immersion defined by a nil ideal of Ox. Let £ be a prime integer, and £
a prime power. Then

(a) If1/€ € Ox, i* : KB/e"(X) = KB /£*(X') is a homotopy equiva-
lence.

(b) If € is nilpotent in Ox, i* : KB(X)® Z[1/€) — KB(X") @ Z[1/4] is

a homotopy equivalence.

Proof. The method of 9.1 reduces this to the case X, and hence X', is
affine. The obvious direct colimit argument reduces us to the case where
the nil ideal is finitely generated, and hence nilpotent. Then (a) follows
by [We3] 1.4 and its proof. Similarly (b) follows by [We2] 5.4.
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9.8. Theorem (Weibel, [We2], [We3], [Wel]). Let X be a quasi-
compact and quasi-separated scheme. Let Y and Z be closed subschemes
of X, such that X = Y U Z as spaces. Let Y N Z be the fibre product
scheme of Y and Z over X. Let £ be a prime integer and £ a prime
power. Then

(a) If1/¢ € Ox, the square (9.8.1) is homotopy cartesian

KB/(X) ——  KB/e(Y)

(9.8.1) l l

KB/#(Z) —— KB/t"(Y 0 Z)

(b) If ¢ is nilpotent in Ox, the square (9.8.2) is homotopy cartesian

KB(X)®1Z[1/f) —— KB(Y)®1[1/{]

(9.8.2) l l

KB(Z)®1[1/f] —— KB(YNZ)®Z[1/{]

Proof. The method of 9.1 reduces this to the case where X = Spec
(A) is affine. Then Y and Z are affine, corresponding to ideals I and J of
A. The hypothesis that X = Y U Z says that any prime ideal of A either
contains I or else contains J. Thus any prime of A contains I N J, so the
ideal I'NJ is nil. By 9.7, we may replace 4 by A/I N J without changing
the relevant K-theory spectrum, and so may assume that 7NJ = 0. Then
0—-A—A/I®A/J — A/I+J — 0is exact, so A is the pullback of A/T
and A/J over A/I + J. The result then follows by [We3] 1.3 and [We2]
5.5.

9.9. We remark that the integral KZ analogs of 9.5, 9.6, 9.7, 9.8 are
false even for affine X unless one adds additional hypotheses. Indeed,
N K.(A) may be non-zero (e.g., [We2] 4.4, 4.5), K1(Q[z]/2?) — K1(Q) is
not an isomorphism as the unit 1+ z is in the kernel, and 9.8 fails as first
shown by Swan’s famous “counter-example to excision” (cf. [We3d] 1.6).

9.10. Ezercise (Optional). For X affine over Q and ¢ : X' — X a
closed immersion defined by a nil ideal, the fibre of i* : KZ(X') — KB(X)
is homotopy equivalent to the fibre of ¢* on cyclic cohomology HC~ by
a theorem of Goodwillie [Goo]. As cyclic cohomology is calculable, this
gives some control on the fibre of ¢*.

Similarly, Ogle and Weibel have proved (JOW], after reducing to I N
J = 0) that the double relative K2 measuring failure of 9.8 is homotopy
equivalent to double relative HC™ for X affine over Q.
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Using the result of Brylinski, Loday, J. Bloch, et. al that HC™ sat-
isfies the Mayer-Vietoris property for open covers ([Lo] 3.4), generalize
the results of Goodwillie, Ogle,and Weibel to quasi-compact and quasi-
separated schemes over Q. (This generalization is due to Weibel, who
suggested this exercise.)

9.11. Ezercise (Optional). For X a quasi-compact and quasi-separated
scheme, define KZH(X) as the homotopy colimit of K® applied to the
product of X with the Gersten resolution of Z by polynomial rings

KBH(X) = hocolim (pr— KP (X [To,Tn,... \ Tp)/To+-+T, =1)).

See [Wel] for details in the affine case.

(a) Show KBH(X) > KBH(X[T)) is a homotopy equivalence, essen-
tially by construction.

(b) Show for a finite cover & by open subsets, that H'(i/; ) commutes
with homotopy colimits, not only with homotopy limits. For homotopy
pullback squares of spectra are also homotopy pushout squares, and so

commute with homotopy colimits. Now argue by induction on the number
of open sets in the cover U, as in the proof of 8.3.

(¢) From (b), and 8.3, conclude that KPH(X) = H(U; KB H) is a
homotopy equivalence for &/ a finite open cover of X.

(d) Use the method of 9.1 to generalize the results of [Wel] for KB H of
affines to quasi-compact and quasi-separated schemes. In particular show
that:

() If ¢ : X' — X is a closed immersion defined by a nil ideal, then
KBH(X) — KBH(X') is a homotopy equivalence.

(f) If X = YUZ as in 9.8, then the following square is homotopy
cartesian

KBH(X) —— KBH(Y)

! !

KBH(Z) —— KBH(YNZ)

(g) If 1/€ € Ox, then KB/¢*(X) — KB H/#”(X) is a homotopy equiv-
alence.

(h) If ¢ is nilpotent in Ox, then K3(X)® Z[1/¢] — KBH(X) ® Z[1/4]
is a homotopy equivalence.

9.12. Ezercise (Optional). The Cech cohomological descent results
of [Vo] 1.7 and [vdK] 1.3 for NK of commutative rings are cluttered with
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stupid hypotheses that the rings are reduced, or that every non-zero-
divisor is contained in a minimal prime. These hypotheses are required
to justify appeal to [Vo] 1.4, which needs the hypothesis that f is a non-
zero-divisor (or more generally, that 3¢, fg = 0, f + ¢ a non-zero-divisor)
to be able to appeal to Quillen’s Localization Theorem for projective
modules [Grl1]. Use the Excision Theorem 7.1 and Localization Theorem
7.4 to remove this hypothesis on f in {Vo] 1.4, and hence to remove the
stupid hypotheses from [Vo] and {vdK].

(a) Note NK,{A) = coker (K.(A) — K.(A[T))).

(b) Argue as in [Vo] 1.4, but using the coker formulation of NK, in
place of Vorst’s ker (K.(A[T]) — K.(A)) formulation to show that the
critical Vorst isomorphism NK,(Ay) ~ NK,(A)U] results from showing
the canonical map is an isomorphism (9.12.1):

(9.12.1)
coker (K, (A) = Kn (A4 X A;[X])) S coker (Kn (Af) — Kn (Af[X])).

(¢) Deduce that (9.12.1) is an isomorphism for any f € A by applying
7.1 and 7.4 to the diagram

KB(A on (f=0)) —— KB(A+ XA;[X] on (f =0))

! !

(9.12.2) KB(A) - KB(A+ X A[X])
KB(A) —_— KB (A;[X])

9.13. Ezercise (Optional). Let X be quasi-compact and quasi-separated.

(a) Let & be a vector bundle on X. The O-section i : X — Vx& is a
regular immersion. Using ideas of 2.7 as in 3.16.5, show there is a map
i»: KB(X) — KB(VE on i(X)).

(b) For £ = Ox, V& = X[T], consider the diagram (9.13.1)
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(9.13.1)

KB (P% on (T=0)) — KB (Pk) — KB (X[T"1])

KB(X[T] on (T =0)) [ ~ %
KB(X) —— KBX)x KB(X) —— KB(X)

Note that the rows are homotopy fibre sequences, and conclude that there
is a homotopy equivalence

fibre (n* : KB(X) — KB (X [T7'])) ~
cofibre (4, : KB(X) — KB(X[T] on (T =0))).

(¢) Now suppose X has an ample family of line bundles. Use 5.7 and the
ideas of [Grl] to show K(X[T] on (T = 0)) is the K-theory of the exact
category of vector bundles on X together with a nilpotent endomorphism.
Thus the cofibre of i, 1s a sort of NilK, and in fact is the usual NilK in
the case X is affine.

(d) Generalize the “NilK” form of the Bass Fundamental Theorem from
the affine case of [Grl] to the case X has an ample family of line bundles.

9.14. It need not be true that K2/¢,(X)=0forn < 0if 1/¢ € Ox.
See [We4] 0.3 for £ = 2, and X affine of finite type over Q.

10. Brown-Gersten spectral sequences and descent

10.1. Let X be a scheme with underlying space a noetherian space of
finite Krull dimension. For example, X should be a finite dimensional
noetherian scheme.

10.2. A theorem of Grothendieck [Gro] 3.6.5 reveals that the Zariski
cohomological dimension of such an X is at most its Krull dimension dim
X,so HY, (X; )=0for p> dim X.
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10.3. Theorem. Let X be anin 10.1, andY C X a closed sub-
space. Then the augmentation maps into Zariski hypercohomology spec-
tra are homotopy equivalences (10.3.1):

KB(X) = Hy,, (X;KB())

(10.3.1) KB(X on Y) = Hy,, (X;I{B(( ) on ( )r]Y))'

Thus there are stronlgy converging spectal sequences

B} = H,. (X; f(f) — KB (X)
(10.3.2) _

B3t = 1, (X, R2(() on ()N y)) = KB (X onY).
(In (10.3.2), I?f is the sheafification of the presheaf mKB( ), and the
spectral sequences have the Bousfield-Kan indexing with differentials d, :
EPt — E£+r,q+r—1_)

Proof. For Zariski hypercohomology Hy,., see [Thl] Section 1, and
references there to earlier work of Brown.

The theorem follows from the Mayer-Vietoris property 8.1 by a result
of Brown and Gersten ([BG] Thm 4). For the reader’s convenience and
to prepare for the generalization to the Nisnevich topology, we will give a
complete proof following the sketch in [Th1} Exercise 2.5. For notational
simplicity, we will give the proof for the absolute case X =Y. To prove
the case with supports in Y, one just replaces all KZ(( ) on ( )N Z)
below with KZ(( ) on ( )N ZNY).

The spectral sequences (10.3.2) follow from (10.3.1) and 10.2 by [Th1]
1.36. It remains to prove (10.3.1).

Let Z C X be a locally closed subspace, the intersection of a closed
and open subspace of X. Then Z = ZNU for some open U and Z
the closure of Z. We define KZ(X on Z) to be the direct colimit of
KB(U on Z) over the inverse system of such opens U with Z closed in
U. Note by excision 7.1 that all KB(U on Z) are homotopy equivalent,
and hence all are homotopy equivalent to KZ(X on Z). (We need to
take the colimit to avoid an arbitrary choice of U, so that KB(X on Z)
will be strictly functorial.)

If Z' and Z are locally closed in X with Z’ closed in Z, the Localization
Theorem 7.4 for 2’ C Z C U, Z closed in U, shows that (10.3.3) is a
homotopy fibre sequence

KB(X on Z') —KB(X on Z2) —  KB(X on Z-2Z")

(10.3.3) z| | |
KB(U on Z') —KBU on Z) — KB(U-2" on Z - 2"
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This fibre sequence is natural for open immersions V — X, Z NV — Z,

Z'NV — Z’', and hence yields a homotopy fibre sequence of presheaves
on X:

(10.3.4)
KB((Yon Z'n())—= KB(( ) on Zn()) = KB(( ) on (Z-2")n()).

Now for p > 0 a non-negative integer, we define

(10.3.5) SPKB(()on YN()) :liTr)nKB(( Yon YNZ'N())
ZI

as the direct colimit over all closed Z’ of codimension > p in X. Note
SPKB =0if p> dim X.

We claim that the obvious map SP*! KB — SP KB induced by inclusion
of direct systems is part of a homotopy fibre sequence (10.3.6), where the
last term is a wedge over the points z of codimension p in X of skyscraper
sheaves i, F(z) supported at z:

(10.3.6) SPHIRB(Yy 5 SPRB() - Y. i=F(@).
codimX = p

In fact, the F(z) are given by

(10.3.7) F(z) = KP (Spec(Ox ;) on z)

and i, F(z)(V) = F(z)ifz € V,and = 0if ¢ ¢ V. (In the case with
supports Y, F(z) = KB(Spec(Ox,¢) on zNY),s0 F(z)=0ifz2 ¢ Y.)

To begin the proof of the claim, we fix a codimension p closed subspace
Z in X. We look at the fibre sequence of (10.3.4) for all Z' C Z closed
and of codimension > p+ 1 in X.

(10.3.8) KBV on Z’nV)— KBV on ZNnV)
- KBV on (Z-2VnV)=KB(V -2 on (Z-2")nV).

As the space of X is noetherian, Z contains finitely many points 2y, 22, ... ,
21, of codimension p in X. The union of the z; N z; over all distinct pairs
z; # zj is a closed subspace of codimension > p+1 in X, and we consider
only the cofinal system of Z’ that contains this union. Then Z — Z’ is
a disjoint union of k components z; — Z’. Thus Z — Z' has an open nbd
ViuWVaU- - UV so that V,'ﬂ(Z—-Z/) = (Ei—Z’). Then V]ﬂ(Z-—ZI) =¢
for Vi=V;,N...V;, if I = {ip,...,i,} contains two distinct indices 1.

in



HIGHER ALGEBRAIC K-THEORY OF SCHEMES 385

Adding X — Z to each V;, we may assume that {V;} = V is a cover of
X—Z'. As KB(Vy on Vin(Z - 2")) = KB(V; on ¢) ~0if I contains
two distinct indices,the Mayer-Vietoris spectral sequence (8.3.2) collapses
(even at the E! term if this is calculated by alternating cochains) yielding
homotopy equivalences

(103.9) KB(V -2 on Z-2')~ ,GIKB VNV, on NV, - 2"
1=

k

~ ‘VIKB (V-2"on z-2").
1=

(One may also prove this from 8.1 by induction on k). Substituting

(10.3.9) into (10.3.8) and taking the direct colimit over Z’ contained in

our fixed Z and of codimension > p+1 in X, we obtain a homotopy fibre

sequence

SPHKB(V on ZNV)— KB(V on Z)
l

lim K%(V - 250V - 2').
ZI

<l

(10.3.10)

By excision 7.1, the right hand term of (10.3.10) is not changed up to
homotopy if V —~Z’ is replaced by an open W C V — Z’ such that Z;NW =
Z NV — Z'. As Z' runs over the codimension > p + 1 subspaces of Z, the
inverse limit of z; — Z' is the point z;, and the inverse limit of the various
W’s for the various Z’’s is the spectrum of the local ring Spec (Ox ,,).
The subsystem of such W’s which are affine is cofinal in the full system.
Applying continuity 7.2 to this subsystem, we get a homotopy equivalence

(10.3.11)
limK? (V- 2" on NV -2")~K?(VNSpec(Ox,,) on zNV)
ZI
=6, F (2) (V).

Now substituting (10.3.11) into (10.3.10), and then taking the direct co-
limit over all Z closed and of codimension > p in X yields a homotopy
fibre sequence which is (10.3.6), proving our claim. We now prove the
theorem.

As ViyF(2) is a skyscraper sheaf, it is Zariski cohomologically trivial,
and the augmentation map (10.3.12) is a homotopy equivalence
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(10.3.12) VF(z) = Hyy (X; Vie F(2)).

(In more detail, m,(, Vi, F(2)) = @i 7, F(z) is for all n a skyscraper sheaf
of abelian groups, hence flasque, hence Zariski cohomologically acyclic.
Then the hypercohomology spectral sequence [Th1] 1.36 collapses, yield-
ing (10.3.12).)

Now we prove by descending induction on p that the augmentation is
a homotopy equivalence

(10.3.13) SPRB(X) = Hy,, (X;8PK5( ).

For p > dim X, this is trivial as SP KB ~ 0. To do the induction step,
suppose the augmentation is known to be a homotopy equivalence for
SP+LK B We consider the diagram

SPHIKB(X) ——— Hy, (X;SPHEKB())

! !

(10.3.14) SPKB(X) —— Hg, (X;SPKP())

Zar

l J

VF(X) —— Hy, (X; \zlz'xF(:c))

The columns are homotopy fibre sequences by (10.3.6) and the fact that
hypercohomology Hy, .(X; ) preserves homotopy fibre sequences ([Th1]
1.35). The top horizontal arrow is a homotopy equivalence by induction
hypothesis, and the bottom arrow is such by (10.3.12). Hence the middle
arrow is a homotopy equivalence by the 5-lemma, completing the proof
of the induction step. Hence (10.3.13) is a homotopy equivalence. For
p=0, S°KB = K¥ 50 this yields the theorem.

10.4. Remark. The sheafification K’f in the Zariski topology of the

presheaf Kf has as stalk at a point ¢ € X the Kf of the local ring Ox .
in X

(10.4.1) (i\‘f)x = KB (Ox.).

This is immediate from continuity 7.2 (cf. {Th1] 1.44). Thus the spectral
sequence (10.3.2) reduces problems in K-theory to the question of what
happens at a local ring.
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10.5. Corollary. Let X have underlying space noetherian of finite
Krull dimension, and let Y C Z be a closed subspace. Then there Is a
natural homotopy equivalence

(10.5.1) KB(X on Y) - Hy (X;KB()),, .
Thus there is a strongly converging spectral sequence of cohomology with
supports in Y

(10.5.2) EDY = HY, (X;f{f( ), = KE (X on V),
Zar

Proof. (10.5.1) follows from the 5-lemma applied to diagram (10.5.3)
where the indicated maps are homotopy equivalences by 10.3, and the
rows are homotopy fibre sequences by localization 7.4, and the definition
of Hy (X; ) as the homotopy fibre of H(X; ) — H'(X =Y} ), (see
Appendix D).

(10.5.3)
KB(XonY) —— KBX) —— KBX-Y)

i )Zar - Hiar (X’I\’B) - H'Zar (X - Y’I\,B)
(The canonical choice of nullhomotopy of K2(X on Y) — KB(X - Y)
and the strictly commutative right half of (10.5.3) determine a strictly
natural map of fibres KZ(X on Y) — Hy (X; K¥).)

The spectral sequence {10.5.2) follows from (10.5.1) and D 4.

10.6. Remark. The analogof 10.3 for G-theory of noetherian schemes,
and hence for K-theory of regular noetherian schemes is due to Brown and
Gersten [BG] using Quillen’s Localization Theorem for G-theory. Quillen
constructed another version of the G-theory spectral sequence [Q1]. Much
work has been done to perturb Quillen’s ideas to produce 10.3 in special
cases where X has dimension < 1, or where X has isolated or otherwise
very mild singularities. See {Co], [PW], [L1], [L2], [Wed], [We5], [Gi3].

Note that the result 10.3 is new even for X affine of dimension > 2. One
was not able to prove this affine case using Quillen’s projective module
Localization Theorem [Grl], as the proof involves considering all open
sets U C X, which will not in general be affine.

10.7. By modifying the above argument, we can prove KB(X on Y)
has cohomological descent for the Nisnevich topology on X. This topology
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is close to the Zariski topology, but has as its local rings the henselian
local rings. Thus the descent theorem for this topology allows us to reduce
problems in K-theory to the case of henselian local rings, bringing them
within range of Gabber’s form of the Rigidity Theorem, 11.6. This step
will be essential in the comparison of algebraic and topological K-theory
in Section 11.

The Nisnevich topology also plays an essential role in the work of Kato
and Saito on higher-dimensional global class field theory [KS], where it is
called the henselian topology, and originated in Nisnevich’s work on alge-
braic group schemes [N1], where it is called the completely decomposed
topology.

The basic references for the Nisnevich topology are [N2], [N3] Section
1, and [KS] 1.1-1.2.5. We collect the basic facts in Appendix E, which the
logical reader will turn to before resuming 10.8.

10.8. Theorem. Let X be a noetherian scheme of finite Krull
dimension, and let Y C X be a closed subscheme. Then the augmentation
maps into Nisnevich hypercohomology are homotopy equivalences

KB(X) = Hy, (X;KB()

(10.8.1) KB(X on Y) = Hy, (X;KB(( ) on ( )NY)).

Thus there are strongly converging spectral sequences

B} = Hy, (X KP) = KB (X)
(10.8.2) N
By = By, (X RE(() on ()NY)) = K2 (X on Y).

Proof. The spectral sequences result from (10.8.1) via the standard
hypercohomology spectral sequence [Th1] 1.36. The strong convergence
holds as X has finite Nisnevich cohomological dimension by E.6(c). So it
suffices to prove (10.8.1).

As pullback along flat, a fortiori along étale, maps preserves local codi-
mension at each point ([EGA] Ory 14.2.3, 14.2.4, IV 6.1.4, IV 2.4.6), the
constructions SPKB(( ) on Y; ( ) of (10.3.5) extend to presheaves on

the Nisnevich site. The localization fibre sequence (10.3.6) is natural for
flat, hence for étale maps, and so induces a fibre sequence of presheaves
on the Nisnevich site, whose value at U — X is the sequence

(10.8.3) SPHIKB (U on U;Y) — SPKB (U on U x Y)

- v KB (Spec((')u,z) on z X Y) .

€U
codim z=p
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The henselization Spec (O[’},z) — Spec(Oy ) is pro-étale, hence flat,
and induces an isomorphism of residue fields k(z) = k(z). Hence it is an
isomorphism infinitely near z (2.6.2.2), and so by excision 7.1 it induces
a homotopy equivalence

(10.8.4)
KB (Spec(OU’Z) on z X Y) ~ KB (Spec ((9(’}’,,) on z X Y) .

For £ € X of codimension p, let F(z) be the presheaf of spectra on
the Nisnevich site of the residue field k(z), which associates to each étale
Spec (k') — Spec (k(z)), the spectrum K (Spec (Of ,) on 2 X Y) where
(’)?,,z is the henselization of the local ring Ox  at the residue exten-
sion k(z) C k(z) = k', that is, 0{;,,, is the stalk of the structure sheaf
Ox at the point of the Nisnevich topos corresponding to Spec(k(z)) —
Spec (k(z)) — X (see E.4, E.5). For the closed immersion of z into X,

i: Spec(k(z)) — X, let igF(z) be the induced presheaf of spectra on
XnNis, 50 (igF)(V) = F(i"1(V)). Then using E.5, we get isomorphisms

(1085) (#FE) W) FE O Y, FEE)
X

= vV KB((’)('_‘,Z on zxY).
2€U x k() : b
b'e

Thus the fibration sequence (10.8.3) becomes a homotopy fibre sequence

(10.8.6) SPH KB (( ) on ( );((Y) — SPKEB (( ) on ( );Y)

— zé/X Z#F(.’l:).

codim z=p

Now by descending induction on p, we show that the augmentation
(10.8.7) is a homotopy equivalence for S? K B

(108.7) SPKB(X on Y) = Hy, (X;SPKB (( ) on ( );Y)).

For p > Krull dim X, both sides are 0, which starts the induction. To
do the induction step, as in (10.3.14), by using the localization sequence
(10.8.6) and the 5-lemma, we reduce to proving that the augmentation is
a homotopy equivalence for Vig F(z):
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(10.8.8) VvV F(z)(k(z)) = Hy, (X; 1% i#F(z)) .
codiri z=p codiri r=p

To show this, we consider the sheafification of the presheaf of homotopy
groups 7, (Vig F(z)) = @%niyg F(2) = ®i.%, F(z). In the Nisnevich topos
of k(z), the only covering sieve of a field ¥’ is the trivial sieve of all
objects over Spec (k'), by E.4. Thus every sheaf in the Nisnevich site of
k(z) is acyclic for the topos in the sense of [SGA 4] VI 4.1, because the
Spec (k') have the cohomology of points, and every object in the site is
a disjoint union of such Spec (k’). It follows that i, 7, F(z) = F,ix F(z)
for ¢ : Spec (k(z)) — X is acyclic for the Nisnevich site of X ([SGA 4]
V 4.9). As Hf; (X; ) preserves direct colimits (E.6) and finite sums, it
also preserves infinite sums. Hence we get @i.%, F(z) is acyclic, so

o (Xi70 (Vig F(2))) = @70 F(2)(k(=))

(10.8.9)
HE, (X;ii'n (\x/i#F(x))) =0 for p>0.

Plugging this into the hypercohomology spectral sequence of [Th1] 1.36
for the right hand side of (10.8.8) yields that (10.8.8) is a homotopy

equivalence. This completes the induction step to prove {10.8.7). For
p =0, (10.8.7) yields the theorem.

10.9.  Remark. By continuity 7.2, and the description of stalks in the
Nisnevich topology E.5, the stalks of the sheaves KZ(( ) on ( );é Y)

at the point corresponding to Spec (k') — Spec(k(z)) — X are the
I\ff(@{}z on z X Y), where OF , is the henselization of the local ring
: X :

Ox . at an étale residue field extension k(z) — k' = k(z), or equivalently
the usual henselization Og,z of an appropriate U étale over X at a point
z over z with k(2) = &’ over k(x).

Thus the spectral sequence (10.8.2) reduces problems in the K-theory
of X to the case of hensel local rings of schemes étale over X.

10.10. Corollary.  Under the hypotheses of 10.9, there is a natural
homotopy equivalence

(10.10.1) KP(X on Y) = Hy (X;K2( )y, -

Thus, there is a strongly converging spectral sequence
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(10.10.2) By = 1Y (X RE( ))le = KP (X on Y).
Proof. This follows from 10.8 as 10.5 follows from 10.3.

10.11. Remark. The analogof 10.8 for G-theory of noetherian schemes,
and hence for A'-theory of regular neotherian schemes is due to Nisnevich,
circa 1983, although the paper has just now appeared as a preprint [N3].
This paper also has a proof that under certain hypotheses on F, that
F(X) ~ Hy, (X; F), which hypotheses are met by K® thanks to 7.1 and
7.4.

11. Etale cohomological descent and comparison
with topological K-theory

11.1. Hypotheses.

11.1.0. Let X be a noetherian scheme of finite Krull dimension. Let £
be a prime integer, and £ a prime power.

Suppose 1/£ € Ox. If £ = 2, also suppose V-1 € Ox.

11.1.1. Suppose there is a uniform bound on the étale cohomological

dimension with respect to £-torsion coefficient sheaves, of all the residue
fields k(z) of X.

11.1.2. Suppose further that the extension of each residue field k(z)
to its separable closure has a Tate-Tsen filtration by subextensions of
cohomological dimension 1, [Thl] 2.112.

11.2. Remark. Ifkisa field with 1/¢ € k (and /=1 € kif £ = 2), and
k is of finite transcendence degree over a separably closed field, or over a
global field (e.g., over Q), or over alocal field (e.g., over Fp, F¢((?)), Qp);
then k has finite étale cohomological dimension for ¢-torsion sheaves (in
fact, it is < 2 + the transcendence degree of k), and has a Tate-Tsen
filtration. This follows from [SGA 4] X, (cf. [Thl] 2.44).

11.3. Remark. If X is a scheme with 1/¢ € Oy, (and with /=1 € Oy
if £ = 2), and if X is of finite type over any of Z, Q, Fy, Fy((?)), Qp,
Z}, or over a separably or algebraically closed field, then X satisfies all
the hypotheses of 11.1. This results from [SGA 4] X and various obvious
facts.

In particular, 11.1.1 and 11.1.2 follows from 11.1.0 in the cases of in-

terest to number theory or classical algebraic geometry.
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114. Let K/€"(X)[87!] be the localization of the ring spectrum
K /¢ (X) by inverting the Bott element as in [Th1] Appendix A. The dis-
cussion there extends immediately to our K(X) from Quillen’s K™Ve(X),
(We note that for £ = 2 or 3, there are technical complications in putting
a ring spectrum structure on mod £ reductions, see [Thl] A for details of
what to do in this case.)

As in [Thl] A, K/¢*(X)[8~!] is homotopy equivalent to the mod ¢
reduction of the Bousfield K-localization of K(X), K/¢*(X)k.

We have by [Th1] A that for a suitable integer N depending on X and
& (N =1 for X over a separably closed field), there is a Bott element
BN in K/#5(X), and so an isomorphism

(11.4.1)

v - . R ug™ .,
K/ (X)B I]E%("‘Hklln+k(2N)(X) — I‘/Zn+(k+1)(2N)(X)*"-')'
k

Similarly for K2/¢"(X)[8~!], the localization of the module spectrum
over K/¢¥(X). As n + k(2N) becomes positive as k increases, and as
K[ (X) = KB/L’;(X) for ¢ > 1 (by 6.6(a) and the universal coefficient
sequences like (9.3.2)), the canonical map K(X) — KZ(X) induces a
homotopy equivalence

Kje(X) [Tl = KPje(x)[677]
(11.4.2) | U
K/ (X)k KB /0 (X)k
We also note that localization ( )[3~!] and ( )k = ( ) A Zk of spec-

tra preserve homotopy equivalences, direct colimits, and homotopy fibre
sequences.

11.5. Theorem. Under the hypotheses of 11.1, the augmentation
is a homotopy equivalence into étale hypercohomology

(11.5.1) K/¢(X) [B7'] = Hy (G K/ () [871]) -
Moreover, the sheaf of homotopy groups in the étale topology is given by

/()= p®  ¢=2, i€l

(11.52)  #®K/¢()[p71] = { 0 q odd

where Z/£¥ (i) is generated locally by §'. Hence there is a spectral se-
quence which converges strongly to K/¢’(X)[3~!] from étale cohomology
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(1153) B! = {Hgt (x;oz/e”(i)) ;’dedi } = K/l;_,(X) [67'].

(The spectral sequence has Bousfield-Kan indexing, so d, : EF? —
E1;‘7+r, q+r—1_)

Proof. As the hypotheses 11.1 imply that X has finite étale cohomo-
logical dimension for ¢-torsion sheaves ([SGA 4] X), the strongly converg-
ing spectral sequence (11.5.3) results from (11.5.2) and (11.5.1) via the
canonical hypercohomology spectral sequence [Th1] 1.36.

The proof of (11.5.1) and (11.5.2) will spread over 11.6 - 11.8. Both
depend on Gabber’s form of the Gabber-Gillet-Thomason Rigidity The-
orem.

11.6. Theorem (Gabber [Gab]). Let A be a commutative ring
with 1/€ € A, and let I be an ideal of A such that (Spec (A), Spec(A/I))
is a henselian pair ((EGA] IV 18.5.5). Then the map A — A/I induces a
homotopy equivalence

(11.6.1) K/t (A) = K/ (A]T).

In particular, if (9{})1 is a hensel local ring with residue field k(z), and if
1/t e 01}5,2, then Ol’})z — k(2) induces a homotopy equivalence

(11.6.2) K[ (0F,) = K/ (k(2)).

Proof. This is Theorem 1 of [Gab]. Gabber’s proof extends ideas of
Suslin who proved the special case of A an algebra over a field in {Su2] 2.1
from an even more special case due to Gabber and to Gillet and Thomason
[GT], which in turn was inspired by a theorem of Suslin [Sul].

11.7. To prove (11.5.2), we note that the inclusion of the subgroup
generated by g induces a map of sheaves Z/£ (i) — K /£5,( )[8~]. It suf-
fices to show that this map is an isomorphism and that 0 — I:’/EZ( B~
is an isomorphism for ¢ odd. For this, it suffices to show the maps are
isomorphisms on the stalks of sheaves for each point in the étale topol-
ogy. The stalk of I:/Zi( Y8~1] at a point z is K/ff,’((?ﬂ?'x) for 03}]@ the
strict local henselization of X at z (e.g., [Th1] 1.29, 1.43). This OF,

is a hensel local ring whose residue field k(z) is separably closed. So by
Gabber rigidity (11.6), K/£(0% ,)[81] = K/¢(k(z))[3~"] is a homo-
topy equivalence. Thus it suffices to show that (11.5.2) gives the values
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of K/4(k(x))[87'} for k(z) a separably closed field. But this is true by
[Th1] 3.1 or by a trivial extension of the results of Suslin [Sul], [Su2] 3.13

from the algebraically closed to the separably closed case. This proves
(11.5.2).

11.7.1. Remark. Suslin’s result shows that without inverting 3, I?/f;
is 0 for ¢ < 0 or for ¢ odd, and is Z/£(i) for ¢ = 2 > 0. Thus invert-
ing (3 does not change m,H_ (X; K/¢( )) for n > 0. The inversion of §
is necessary to make this isomorphic to K/¢%(X)[8~!], and inverting 3
makes the minimum possible change to K/€%(X) to create this isomor-
phism. However, this minimum change is not zero in general, as one sees
by the examples K/€45(X) # K/€5(X)[8!] for X a K3 surface, or for
X = Spec(R[1/4]) for R any ring of integers which has at least two
distinct primes over £, ([Thl] 4.5).

11.8. It remains to prove (11.5.1) is a homotopy equivalence. The aug-
mentation map (11.5.1) is strictly natural in X, and hence induces a map
of presheaves on the Nisnevich site of X. Hence we have a commutative
diagram

(11.8.1)
E/e(X)[p7Y] —— H., (X; K/¢ () [871])

Hiie (X K/€( ) [87']) — Hy (X5H ((); K/€0( ) [B71]))

The left vertical map of (11.8.1) is a homotopy equivalence by Nisnevich
cohomological descent 10.8 (using also the facts that Hy;,(X; ) preserves
homotopy fibre sequences as in reduction mod ¢, and direct colimits
as in forming the localization ( )[371], E.6(d)). The right hand vertical
map is a homotopy equivalence because the étale topology is finer than the
Nisnevich topology, and hence étale cohomology cohomologically descends
for the Nisnevich topology. (In more detail: Apply the Cartan-Leray
Theorem [Th1] 1.56 for the map of sites f : Xe¢ — Xnis, considering
[Th1] 1.65. The cohomological dimension hypotheses of {Th1] 1.56 hold
by the proof of [Th1] 1.48.)

As the two vertical maps in (11.8.1) are homotopy equivalences, the
top horizontal map will be a homotopy equivalence iff the bottom hor-
izontal map i1s so. To show the latter is, it suffices by the strongly
converging hypercohomology spectral sequence [Thl] 1.36 to show that
I?/E';( B~ — #.HL( ; K/€7()[B7?)) is an isomorphism of sheaves in
the Nisnevich topos of X. For this, it suffices that it is an isomorphism
on stalks. From the description of stalks in E.5, and the continuity of K-
theory and étale cohomology (7.1, [Th1] 1.43, 1.45), this in turn reduces
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to showing that the augmentation map (11.5.1) is a homotopy equivalence
whenever X is replaced by Spec(@{}yz), the henselization at a point z of
a scheme U étale over X.

To prove this reduced statement, we consider diagram (11.8.2)

K/ (0f,) [[B71] —— H. (0f.;:K/¢( ) [871])
(11.8.2) :l :l
K/t (k(2)) [871] —— Hy (k(2);K/€( ) [67Y])

The vertical maps are induced by the map of a hensel local ring OF ,
to its residue field k(z). The left vertical map is a homotopy equiva-
lence by Gabber 11.6. The right vertical map we see to be a homotopy
equivalence by combining the formula (11.5.2) for the coefficients, the
strongly converging hypercohomology spectral sequence [Th1] 1.36, and
the isomorphism Hgt((’)z‘,’z;l/f"(i)) = H(k(2);Z2/¢" (7)) for the hensel
local ring as provided by [SGA 4] VIII 8.6.

By diagram (11.8.2) we further reduce to proving that the augmentation
is a homotopy equivalence in the special case of a field, k(z). This is
hard, but was done in [Th1] 2.43. This quote completes the proof of the
theorem.

11.9. Corollary.  Under the hypotheses of 11.1, the Dwyer-Fried-
lander map induces a homotopy equivalence from K /£ (X)[37!] to the
étale topological K-theory of X ([DF])

(11.9.1) p:K/(X)[B71] = K/ P(X).

Proof. This follows from 11.5 by the method of [Th1] 4.11, 4.12. The
naive idea is that the spectral sequence (11.5.3) has the same F, term as
the Atiyah-Hirzebruch spectral sequence of [DF].

11.10. Proposition. For X a noetherian scheme of finite Krull
dimension, the augmentation map is a homotopy equivalence:

(11.10.1) KE(X)®Q>H, (X;KB()®Q).

Proof. Note that K?(X) ® Q is a direct colimit of KZ(X) along a
system of multiplication by intergers, so E.6(d) shows that Hy, (X; )
and ( ) ® Q@ commute. We also note that all schemes étale over X have
bounded étale cohomological dimension for @-sheaves, by the methods of

[SGA 4] X (cf. [Th1], proof of 1.4.8).
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Then by Nisnevich cohomological descent for the two sides of (11.10.1),
as in (11.8.1), it suffices to prove that the map is a homotopy equivalence
in the special case where X = Spec(R;) is a hensel local ring with residue
field k(z).

Let ko run over the finite Galois extensions of k(z), and let G, be
the Galois group Gal(k,/k). As X is hensel local, to each k, there is a
corresponding finite étale covering of hensel local rings, fo : Xo — X,
inducing Spec (ko) — Spec(k) over the closed point of X ([EGA] IV
18.5.15). As f, is flat and finite, it induces a transfer map f. : KZ(X,) —
KB(X), e.g., by 3.16.6 and 6.5. By 3.17 and 6.5, the composite f.f* :
KB(X) — KB(X) is multiplication by [f.f*Ox] = [f.O0x.] in Ko(X).
As X is local, f.Ox,_ is free of rank equal to the degree [k : k] of the
extension. So f. f* is multiplication by the integer [kq : k] and f. f*®@Q is
a homotopy equivalence. By 3.18 and 6.5, we see that the other composite
f*fo: KB(X,) — KB(X,) is induced by the functor

Ox., ®ox Ox, @ox ()

Galois theory gives an isomorphism

(11.10.2) k:0x, Qo, Ox, —f::*HOXO,
Ga

where k(z ® y) has component z - gy in the factor indexed by g € G,.
Indeed, k corresponds to the action map G4 x Xo — Xo X X, sending
X

(g,z) — (z,gx), which is an isomorphism as X, — X is a Galois covering,
hence a torsor under G, = Gal(X,/X) = Gal (k,/k) ((EGA] IV 18.5.15,
[SGA 1] V). This isomorphism & shows that f*f, = Xg* equals the sum
of the g* for ¢ : Xo — X in the Galois group (cf. [Thl] 1.50, 2.12
- 2.13). It follows by a standard transfer argument from f*f, = ¥g*
and f,f* = [ks : k] = order of G, that the augmentation induces an
isomorphism (cf. [Thl] 2.14)

(11.10.3)
KB(X)®Q = H'(Ga; KP(Xa)®Q) 2limH(Ga; kP (Xa) @ Q).

a

As G, is a finite group, its rational cohomology is trivial by a standard
transfer argument, so

(11.10.4) 0=1lim H?(Go; KB (Xo)®Q) for p> 1.

—
[+3
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But by ([SGA 4] VIII 8.6, 2.3), for any sheaf of abelian groups I:,,( ) on
the étale site of the hensel local ring X, there is a canonical isomorphism

(11.10.5) lim (Ga; R. (Xa)) ~ HP, (X; 1()

Combining (11.10.5), (11.10.4), and (11.10.3), we see that the hyperco-
homology spectral sequence [Thl] 1.36 collapses to yield an isomorphism
for X hensel local and all integers n

(11.10.6) KE(X)eoQ=mH, (X; KB()2Q).

This proves that {11.10.1) is a homotopy equivalence for X hensel local.
But by our previous reductions, this proves the theorem.

11.11. Theorem. Let X be a noetherian scheme of finite Krull
dimension. Let S be a set of prime integers such that the hypotheses of
11.1 hold for every £ € S. Let KB( )k denote the Bousfield K -localization
of KB, [Th1] A), and let KB( )k ® Z(s) be the further localization by
inverting all primes not in S.

Then the augmentation is a homotopy equivalence

(11.11.1) KB(X)k @ sy > Hy (X; KBk ®Z(s)).

Proof. This follows from 11.10 and 11.5 for the various £ in S. In-
deed the homotopy fibre of KB(X)g — H..(X; KPB( )k) becomes triv-
1al upon forming ®Q by 11.10, and so its homotopy groups are torsion.
By 11.5, the mod ¢” reductions of the fibre are trivial for £ in S, and
hence the homotopy groups are uniquely ¢-divisible torsion groups for £
in S (9.3.2). Thus the torsion groups have no ¢-torsion for £ in S, and
®Z sy of them are zero. Thus ®Z gy of the homotopy fibre is homotopy
trivial, so (11.11.1) is a homotopy equivalence.

11.12. The analogs of 11.5, 11.10, 11.11 for G-theory appeared in
[Th1].
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Appendix A

Exact categories and the

Gabriel-Quillen embedding

Al. We recall Quillen’s definition of an exact category [Q1] Section 2.
An exact category £ is an additive category together with a choice of a
class of sequences {E; » E; -+ E3} said to be exact. This determines
two classes of morphisms: the admissible epimorphisms E3 —+ E3 and
the admissible monommorphisms E; »» F5. The exact category is to
satisfy the following axioms: The class of admissible monomorphisms is
closed under composition and is closed under cobase change by pushout
along an arbitrary map E; — E7 (cf. 1.2.1.3). Dually, the class of admis-
sible epimorphisms is closed under composition and under base change by
pullback along an arbitrary map E% — E3. Any sequence isomorphic to
an exact sequence is exact, and any “split” sequence

B
0 [0,1)

F-—5SFaoF—>SF

is to be exact. In any exact sequence E; >+ E3 - E3, the map E; » E,
is a kernel for £y —+ F3, and E; — Ej is a cokernel for Ey »» E5. Finally,
there is the obscure axiom:

A.ll. Leti: F — F be amap in £ which has a cokernel in £. If
there exists a map k : F — G such that ki : £ »» G is an admissible
monomorphism, then ¢ : E > F is itself an admissible monomorphism.

Dually if i : F — F has a kernel in £, and if there exists a k : G — F
such that ik : G +E is an admissible epimorphism, then i : F -+ F is an
admissible epimorphism.

A.2. The concept of exact category is self-dual, so £ is exact iff the
opposite category £°P is exact, where £} — E3 — FEj3 is exact in £ iff
E, « Fy «— E3is exact in £°P.

A.3. Anexact functor f : £ — &, is one that sends exact sequences in
£, to exact sequence in £,. An exact functor reflects exactness if whenever
f of a sequence in &; is exact in &, the original sequence is exact in &).

If C is a full subcategory of an exact category £, we say C is closed
under extensions in £ if whenever A »» B — (C is exact in £ with A and
C in C, then B is isomorphic to an object of C.

A.4. Let &£ be an additive full subcategory of an abelian category A.
Suppose £ is closed under extensions in A. Declare a sequence E, —
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E3 — E3in £ to be exact iff it is short exact in A; i.e., iff E; — Ej is the
kernel of Fy — E3, and Fs — Fj3 is the cokernel of £; — E5 in A. Then
£ 1s an exact category.

A.5. Many exact categories satisfy a stronger version of A.1.1, namely:

Ab51. Axiom: If f: F — F is a map in £, and there is a map
s : F — F which splits f so f-s = 1p, then f is an admissible epimorphism
E - F.

A.5.2. Assuming that A.5.1 holds for &, suppose ¢ : F — F has a
t:E — Fwitht-g=1p. Then by A.5.1, ¢ is an admissible epimorphism
and so has a kernel in £€. Then there is an isomorphism E = F' @ kert,
under which g corresponds to the canonical inclusion of the summand F'.
Thus ¢ is an admissible monomorphism. Hence A.5.1 implies its dual in
the presence of the axioms A.1.1.

A.6.1. Definition. An additive category £ is Karoubian (in Karoubi’s
terminology [K] 1.2.1, “pseudo-abelienne”) if whenever p : E — E is an
idempotent endomorphism in £ (i.e., p? = p), then there is an isomor-
phism in £, E = E‘® E” under which p corresponds to the endomorphism
14 0. Note then E’ is an image for p, and E” is a kernel for p.

A.6.2. Lemma. If an exact category £ is Karoubian, it satisfies the
extra axiom A.5.1.

Proof. Given f, s asin A.5.1,sf : F — E is idempotent as sfsf =
s(1)f = sf. Hence £ = im(sf) @ ker (sf). Clearly s : F — E induces
an isomorphism of F' onto im(sf), and f : E — F corresponds to the
projection F' @ ker(sf) — F. Thus f is an admissible epi, as required by
Ab5.1.

A.7.1. Theorem (Gabriel-Quillen Embedding Theorem) (cf. [Ga] 1T
Section 2, [Q1] Section 2).  Let £ be a small exact category. Then there
is an abelian category A, and a fully faithful exact functori : £ — A that
reflects exactness. Moreover £ is closed under extensions in A.

A may be canonically chosen to be the category of left exact functors
E°P — Z-modules, and i : £ — A to be the Yoneda embedding i(E) =
Homg( , E).

A.7.2. The proof of A.7.1 and its elaborations will occupy all of Section
A.7, and is derived from the Grothendieck-Verdier theory of sheafification
in [SGA 4] II.

Let B be the abelian category of additive functors F' : £P — Z-mod
where Z-mod is the category of abelian groups. Limits and colimits exist
in B, and are formed pointwise, so (lim F4)(E) = lim(Fo(E)), etc. Then
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it is clear that direct colimits in B are exact, i.e., Grothendieck’s axiom
AB5 holds. Also, B has a set of generators consisting of the functors
yE = Hom( ,F) for E in £. The Yoneda embedding y : £ — B is fully
faithful by the Yoneda lemma. Thus B is a Grothendieck abelian category,
as 1s well-known.

A73. Definttion. Let G : £°P — Z-mod be an object of B. One
says G is separated if for all admissible epimorphisms F -» F in &, the
induced map G(F) — G(FE) is a monomorphism. One says that G is “left
ezact” if for all admissible epimorphisms F — F in &, then (A.7.4) is a

difference kernel, where the maps d are induced by the two projections
p: ExFE—E:
F

do=G(Po)
(A.7.4) G(F\-G(E) = G (E X E) .
d'=G(p1) F

Thus G(F) is the kernel of d° — d' : G(E) — G(E X E).

A.7.5. Let A be the full subcategory of B consisting of the “left exact”
functors £°P — Z-mod. Let j. : A — B be the inclusion. Later, we will
show that j, has a left adjoint j* so that j*j, = 14. Then A will be a
Grothendieck abelian category such that j* is an exact functor, and j. is
left exact (in the covariant abelian sense that j. preserves kernels).

A.7.6. The Yoneda embedding y : £ — B factors through A, so y =
Jw -t for a functor ¢ : &€ — A. To show this, it suffices to show that
yG = Hom( ,G) is “left exact” for all G in £. But for any admissible
epimorphism E — F, E;E’)—» E®FE »Fisexactin&;so E@E - F

is the cokernel of E x E — E @ E. Thus
F
(AT.7)
0 — Hom (F,G) — Hom (E,G) ® Hom(E,G) — Hom (E X E,G)
F

is exact, so Hom(F,G) is the kernel of d° — d! : Hom(E,G) —
Hom (E X E,G). Thus Hom( ,G) is “left exact” as required.

A.7.8. (cf. [SGA 4]113.0.5,2.4). For Ein &, let Cg be the following
directed category. The objects of Cg are admissible epimorphisms e’ :
E' — E. There is at most one map between any two objects of Cg.
There exists a map (¢/ : E/ - E) — (e” : E” - E) in Cg iff there is a
map (backwards!) a : E” — E’ in £ such that ¢’a = ¢”. It is easy to
check that Cg is directed.

Note that any two choices of a;, a3 : E” — E’ with ¢’ - a; = ¢ induce
the same map on the kernels of d° — d' in (A.7.9)
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ker (G (") —2 G(E' % E"))
(A.7.9) lG(a.) lG(a.xa,)

ket (G(E") =2 G (B x E"))

For aylay : B — E' X FE’ induces a “homotopy” h : G(E’ X E) —

G(E") such that h - (d0 dl) = G(al) — G(az) on G(E"), showmg that
G(a1) — G(az) = 0 on ker(d® — d*).
Thus sending E’ to ker(G(E') — G(E’ X E"}) is a functor from the

directed category Cg to the category of abelian groups. Define LG(E) to
be the direct colimit

(A710) LG(E)=  lim (G(E’) -4 G(E';;E’)).

(E'=E) in Cg

We note that LG is a covariant functor in E, and that LG is an additive

functor as G is additive and as Cg,gg, = Cg, X Cg,, since E' - Ey ® E,

canonically decomposes as E' = E'x E1® E’' x E; for E'x E; —+ E; in Cg, .
E E E

There is a natural transformation  : G — LG induced by the obvious
map G(E) — ker(G(E') — G(E’ x E')). As kernels and directed colimits
E

commute with finite limits in Z-mod, and as limits in B are formed by
pointwise taking limits in Z-mod, the functor L : B — B preserves finite
limits.

A.7.11. Lemma. (a) For any ¢ € LG(F), there exists an ad-
missible epimorphism e : E' — E in &, and a y € G(E’'), such that
n(y) = LG(e)(z) in LG(E").

(b) For any z € G(E), then n(z) = 0 in LG(E) iff there exists an
admissible epimorphism e : E' - E such that G(e)(z) = 0 in G(E").

(¢) LG =0iffforall E in € and all z € G(E), there exists an admissible
epimorphism e : E' -+ E such that G(e)(z) = 0 in G(E").

(d) If G is separated, then for all E in £ the map n(E) : G(E) — LG(F)
is a monomorphism.

(e) If G is left exact, then for all E in £, n(E) : G(E) — LG(F) is an

1somorphism.

Proof. Statements (a), (b), (d), and (e) are clear from the definitions.
Statement (c) follows immediately from (a) and (b).
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A.7.12. Lemma (cf. [SGA 4] II 3.2).

(a) For all G in B, LG is separated.
(b) For all separated G in B, LG is “left-exact.”

Proof. (a) Suppose z € LG(A), and that b: B -» A is an admissible
epimorphism for which LG(b)(z) = 0. We need to show then that z = 0.
By construction of LG(A), z is represented by y € ker(G(C) = G(C x C))

A

for some C - A in C4. As z goes to 0 in LG(B), the image of y in
ker (G(C X B) = G((C X B) X (c A B))) is equivalent to 0 in the direct

colimit over Cp that defines LG(B). Hence there is a map D — C x B

in & such that the composite with the projection to B is an admiss?ble
epimorphism D — B, and such that y goes to 0 in G(D). But then
D —+ B -+ Aisin Cq4, and y is equivalent to 0 in the direct colimit over
Ca that defines LG(A). Hence z = 0 in LG(A), as required.

(b) Suppose G is separated, we must show for any admissible epi B -» A
in £, that LG(A) — LG(B) =3 LG(B X B) is a difference kernel. As

G is separated, LG(A) — LG(B) is a monomorphism. It remains to
show that if z € LG(B) has d°z = d'z, ie., LG(p1)(z) = LG(p2)(z)
in LG(B X B), then z is in the image of LG(A). But by A.7.11, there

isac:C - Band ay € G(C) such that n(y) = LG(c)(z). Then
nG(p1)(y) = nG(p2)y) in LG(C x C) D LG(B x B). As G is separated,
A A

n: G — LG is a monomorphism, so G(p;1)(y) = G(p2)(y) in G(C X ).

Hence y € ker(G(C) = G(C x C)) is a class in LG(A) which represents
A

z. This shows z is in LG(A), as required.

A.7.13. Proposition. Let j* : B — A be j* = L- L. Then j*
is left adjoint to j. : A — B, and the adjunction map j*j. — 14 Is an
isomorphism. Hence A is a reflexive subcategory of B, and j. is fully
faithful.

A is an abelian category, and j* iIs an exact functor. The functor j, is
left exact, i.e., it preserves kernels.

A has all limits and colimits, and is a Grothendieck abelian category.

Proof. The adjointness of j* to j, and the isomorphism j*j. = 14
follow immediately from the fact 7 : G — LG is an isomorphism for G in
the subcategory A of “left exact” functors.

The cokernel of a map in A is simply j* of the cokernel taken in B. As
J* = L. L preserves finite limits, it preserves kernels. It is then clear that
A is abelian since B is, and that j* : B — A4 is exact. Then the right
adjoint j. must be left exact.
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A has all limits and colimits, and is a Grothendieck abelian category,
since it is a retract of B which has these properties.

A.7.14. Proposition. The Yoneda functori: & — A of A7.6 is
fully faithful and exact.

Proof. As y:& — B is fully faithful by the Yoneda lemma, and as
J« 1 A — B is fully faithful, and as y = j. - ¢, it follows that ¢ : &€ — A is
fully faithful.

As y:& — Bis clearly left exact,and i = 1-i =35 - j. - i = j* - y, the
functor 7 : £ — A is left exact. It remains to show that the functor 7 is
right exact.

Let A » B —» ( be an exact sequence in £&. We have already shown
that 0 - i4 — iB — iC, ie, 0 — Hom( ,A) — Hom( ,B) —
Hom( ,C) is left exact in A. Let H be the cokernel of Hom( ,B) —
Hom( ,C) in B. For 0 — iA — ¢B — iC — 0 to be exact in A, it
suffices that 7*H = 0. For this, it suffices to show that LH = 0. We
show LH = 0 by applying criterion A.7.11(c). Take any £ € H(E). We
must show Z goes to 0 in H(E') for some E/ -+ E. As Z € H(E) =
Hom (E,C)/Hom (E, B), T is represented by a map z : £ — C. We con-
sider the pullback along z of B -+ C, B >C<' E - E. Then Z goes to 0 in

H(B x E) = Hom (B X E,C)/Hom(B x E,B) as the map z’' : B X E -»
E—»C’fa,ctorsthroughBasBxE—»B—»C ThusBxElsthe
required E’.

A.7.15. Lemma. Lete:FE — F be amapin&. Then i(e) is an
epimorphism in A iff there isa k : E' — E in £ such that ek : B! -+ F Is
an admissible epimorphism.

More generally, forany Ain Aand Fin€,amape: A— i(F)in Ais
an epimorphism in A iff thereis a k : i(E') — A (i.e.,, a k € A(E’")) such
that ek : E' —» F is an admissible epimorphism in €.

Proof. Ifek:E’ — F is an admissible epimorphism in &, the exact i :
& — A preserves the exact sequence ker(ek) = E' —+ F', so ek : i(E') —
i(F') is an epimorphism in A. Hence e : A — #(F) is an epimorphism in
A.

Conversely suppose that e : A — i(F') is epi in A. We let H be the
cokernel of e in B. Then j*H = coker e = 0in A. As 0 =j*H = LLH,
and LH is separated, it follows that LH = 0. Consider z € H(F) =
Hom (F, F)/Hom (F, A) corresponding to 1 in Hom (F,F). As n(Z) = 0
in LH(F), by A.7.11(b) there is an admissible epimorphism E’ —» F in
& such that Z goes to 0 in H(E’) = Hom (E’, F)/Hom (E’, A). That is
to say, that iE’ — (F factors as the composite ke of a k : iE' — A4 and
e: A — iF, as required.
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A.7.16. Proposition. (a) The embedding i : & — A reflects ex-
actness.

(b) If € satisfies the extra axiom A.5.1, and if e is a map in £ such that
i(e) is an epimorphism in A, then e is an admissible epimorphism in £.

Proof. Let A — B — C be a sequence in &€ such that 0 — 74 —
iB — iC — 0 is a short exact in A. Then iA — iB is the kernel of
iB—iCin A Asi:& — A is fully faithful, A — B is the kernel of
B—-Cin¢.

By A.7.15, as iB — iC is epi in A, there is a B’ — B such that the
composite B’ — B — C is an admissible epimorphism B’ —» C in &.
As B — C has a kernel in £, this implies that B - C is an admissible
epimorphism in £, by the hitherto obscure axiom A.1.1. Then the kernel
A — B is an admissible monomorphism and A »» B — C'is exact in &.
This proves (a).

Suppose now that & satisfies A.5.1, and that e : B — C is a map in £
such that i(e) is an epimorphism in A. By A.7.15, thereis a B’ — B in
£ such that the composite B’ — B — (' is an admissible epimorphism in
E. If we knew that B — C had a kernel in £, we would conclude that
e : B - C is an admissible epimorphism by A.1.1. Hence it suffices to
show that e : B — C has a kernel. We consider the pullback square in &:

Bx B —— B
c
(A7.17) ¥ o 3
B

—_

The map 1: B’ —» B’ and B’ — B induce amap B’ — B é B’ that splits
the map B é B’ — B’. By axiom A.5.1, we conclude that B >c<' B'— B'is

an admissible epimorphism in £, and so has a kernel in £. But as (A.7.17)
is a pullback, the kernel of B (); B’ — B’ is also a kernel of B — C in £,

as sought.
A.7.18. Lemma. £ is closed under extension in A.

Proof. Let 0 - A — G — B — 0 be a short exact sequence in A4
with A and B in £. By A.7.15, the condition that G — B is epi in A
implies that there is an admissible epimorphism C —- B in & that factors
as C — G — B. We consider the pullback diagram in A:
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! !

CxG —— G
B

(A.7.19) l O l
Ky C —»B

! !

0 0
The maps 1 : C — C and C — G induce a map C — C x G that splits
C >< G — C. Hencein 4, C >< G is isomorphic to A ® C, an object of £.

Let i : K »+ C be the kernel of the admissible epi C - B. As (A.7.19) is
a pullback, K — C x G is the kernel of the epimorphism in A4, C});G - G.
B

We write K = Cx G2 A C as [?],a:K—»A,i:KHC. Then the
B

exact sequence K — A® C — G — 0 in A shows that G is isomorphic to
the pushout

IX;A

(A.7.20) ,.I l

C — G

But as K, A, C are in £, and as ¢ is an admissible monomorphism in
£, this square also has a pushout G’ in £. Then by Lemma A.8.1 below
applied to the exact functor i : £ — A, we have an isomorphism G = G’
of G to an object of £, as required.

A.7.21. Modulo A.8.1, this completes the proof of A.7.1.

A.8.1. Lemma. Letf:€& — & bean exact functor between exact
categories. The f preserves pushouts along an admissible mono, and f
preserves pullbacks along an admissible epi.

Proof. Consider A — B and A — C in &, and the pushout Cg B.
We have an exact sequence C' »+ CqujB —» B/A. Taking f of this sequence

yields an exact sequence in £'. Also, fA »—+ fB is an admissible mono in
&', so &' has apushout ijLJJqu and an exact sequence fC »» foL[J‘fB -

fB/fA. Consider the diagram in £":



406 THOMASON AND TROBAUGH

fC>—— fC U fB —» fB/fA

!l 1 =

JC—— f(CYB) — 1(B/4)

Note f(B/A) = fB/fA by exactness. We consider the fully faithful
exact embedding & — A’ of A.7.14. By the 5-lemma in the abelian
category A’ applied to the diagram, we see that fC fLi fB— f(C LAJ B)

is an isomorphism in A’, hence in £’, as required. Dually, f preserves
pullbacks along admissible epis.

A.8.2. Proposition. Let f:& — &' be an exact functor between
exact categories. Let i : £ — A and i’ : & — A’ be the Gabriel-Quillen
embeddings into the categories of “left exact” functors.

Then there is a right exact additive functor f* : A — A’ extending f in
that f*-i= ¢ . f. This f* has an additive left exact right adjoint functor
fo : A — A

Proof. We follow the analogy with [SGA 4] III. Consider fg : B’ — B
given by sending the additive functor G : £'P — Z-mod to fG =G - f
with (f3G)(E) = G(f(E)) for E in £. We claim that if G is ‘left exact,”
sois fu G, so that fy restricts to a functor f, : A" — A. For let G be “left
exact” on &', and let E - F be an admissible epi in £. Then fE — fF
is an admissible epi in &', and f(E ? E)= fE f)} fE by A.8.1. Then

(A.8.3) is a difference kernel, as required (A.7.3)

(A8.3) G(fF)—»G(fE):zG(f (E;gE))

Clearly fg : B’ — B preserves all limits. As the inclusions A" — B/,
A — B preserve and reflect all limits, it follows that the induced f, :
A" — A preserves all limits. In particular, it preserves finite products
and kernels, so is additive and left exact.

As A’ has limits and has a set of generators, the special adjoint func-
tor theorem shows that f, has a left adjoint f* : A — A’. This f*
must preserve all colimits, in particular direct sums and cokernels. So
f* is additive and right exact. As Hom (fE,G) 2 G(fE) = (f.G)(E) =
Hom (E, f.G) for E in £ and G in A’, it is clear that this adjoint f* is
isomorphic to f when restricted to £.

A.8.4. In general f* : A — A’ need not be an exact functor of abelian
categories. If R is a ring, and & is the exact category of finitely generated
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projective R-modules, A is the abelian category of all R-modules. For
R — S aring map, f = S% extends to f* = S% : R-mod — S-mod,

which need not be exact. Compare [SGA 4] IV 4.9.1.

However if £ and £’ have all pushouts and if f : £ — £’ preserves all
pushouts, that is if £ and &' are abelian categories with some exactness
structure (possibly not the canonical one) and if f : £ — £’ is exact with
respect to both the chosen and the canonical exactness structures, then
f*: A— A is exact. We will not need this, but the interested reader
may prove it as an exercise, guided by [SGA 4] IV 4.9.2, TIT 1.3.5, ....

A.8.5. Although f* : A — A’ may not be exact, it does preserve the
exact sequences in £, as £ — £ — A’ does so.

A.9.1. Theorem. Let & be an exact category. Then

(a) There is a Karoubian (A.6.1) additive category £ and a fully faithful
additive functor f : £ — &' such that any additive functor from £ to a
Karoubian additive category factors uniquely-up-to-natural-isomorphism
through & — £'.

(b) Every object in &' is a direct summand in & of an object in £. We
say a sequence in &' Is exact iff it is a direct summand of an exact sequence
in £. This makes &' an exact category. The inclusion functor f : &€ — &’
is exact and reflects exactness, and £ Is closed under extensions in £’.

(c) K(&) is a covering spectrum of K(&'), in fact f induces an isomor-

phism of Quillen K-groups K,(£) =, K,(&') forn > 1, and a monomor-
phism Ko(€) C Ko(&').

Proof. (Compare Karoubi [K] 1.2.2.) Let & be the category whose
objects are pairs (E,p), with E an object of £ and p = p? an idempotent
endomorphismof E. Amape: (E,p) — (E',p')in& isamape: E — E'
such that p’e = ep. (The identity map of (E,p) is p.)

The functor f: £ — &' sending E to (F, 1) is fully faithful.

The category &' is additive with (E,p)®(E’,q) = (E®E',pdq). (E,p)
is a summand of E, as there are obvious isomorphisms (£, p)®(E,1-p) =
(FoEppl—-p) 2 (E®FE,140) = (E,1) = FE. It is easy to check
that £’ is Karoubian, and has the universal mapping property claimed for
E-¢&.

To show that £’ is an exact category, we consider the Gabriel-Quillen
embedding £ — A. This induces a fully faithful functor between Karou-
bianizations, £ — A’. By definition of exact sequence in the Karoubian-
ization, and the fact £ — A preserves and reflects exactness, the in-
duced functor £’ — A’ preserves and reflects exact sequences. But as
A already has images of idempotents, A’ is equivalent to the abelian
category A. We claim that &£ is closed under extensions in .A. For let
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0 - A— B — C — 0 be an exact sequence in 4 with A and C in &'.
Then there are A’, C' in £ so that A @ A’ and C & C' are isomorphic to
objects of £. The sequence 0 - A9 A' - C' B A - CC -0
is exact in A4, and shows that C' @ B @ A’ is isomorphic to an object of
£, since £ is closed under extensions in .A. Thus B is a summand of an
object of £, hence is isomorphic to the image of an idempotent in £, and
hence is isomorphic to an object of £. This proves the claim. Now &’ is
an exact category by A.4. As the functors £ — 4 and & — A preserve
and reflect exactness, so does the functor & — &'.

It remains to prove part (¢). But this follows from (b) and the classical
cofinality theorems in Quillen K-theory, e.g., [Gr2] 6.1 or [Sta] 2.1.

A.9.2. The point is, that because of A.9.1(c), it is no real loss of
generality in K-theory to consider only Karoubian exact categories &.
For these exact categories, A.6.2 and A.7.16(b) show that the Gabriel-
Quillen embedding £ — A satisfies hypothesis 1.11.3.1. So it is harmless
to make this hypothesis in K-theory.
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Appendix B

Modules vs. Quasi-coherent modules

B.0. This appendix reviews the relations between the categories of
quasi-coherent @ x-modules and of all Ox-modules in the Zariski topos
of a scheme X. Most of these facts are well-known in outline, although
many people exhibit some confusion and fuzziness on the details when
pressed. The theory of the “coherator” is more esoteric, but essential for
this paper.

The results in this appendix are all due to Grothendieck and his school,
and are collected from scattered parts of [Gro], [EGA], [SGA 4], and
[SGA 6], with some slight sharpening due to the new concept of “semi-
separated.”

B.1. For X a scheme, let Ox-Mod be the abelian category of all
sheaves of Ox-modules (for the Zariski topology on X), and let D(X) =
D(Ox-Mod) be the derived category of Ox-Mod.

The category Ox-Mod has all limits and colimits, and has a set of
generators. Direct colimits are exact. Hence Ox-Mod is a Grothendieck

abelian category and has enough injectives. Also it has an internal hom
sheaf, Hom( , ) and a tensor product ®o, ([Gro], [SGA 4] IV).

B.2. Let Qcoh(X) be the full subcategory of Ox-Mod consisting of
the quasi-coherent Ox-modules, i.e., those which locally on X have a
presentation by free Ox-modules. This category Qcoh(X) includes all
O x-modules of finite presentation.

Let ¢ : Qcoh (X) — Ox-Mod be the inclusion. Then Qcoh (X) is an
abelian category, closed under extensions and tensor products in O x-Mod.
The functor ¢ is exact and reflects exactness. In particular, ¢ preserves
all finite limits and colimits. It also preserves and reflects infinite direct
sums, and hence all colimits. Thus Qcoh(X) has all colimits, and satisfies
Grothendieck’s axiom AB5 that direct colimits are exact. For F a finitely
presented O x-module, and G a quasi-coherent O x-module, Hom (F,G) is
quasi-coherent. ([EGA] I 2.2).

It seems to be unknown whether, for general schemes X, Qcoh(X) has
a set of generators, enough injectives, or even all limits.

When X is affine, say X = Spec (A), the category Qcoh (X) is equiva-
lent to the category of A-modules. Of course, in this case Qcoh (X) has
all limits, a set of generators, and enough injectives.

In general, let D(Qcoh (X)) be the derived category of Qcoh (X).

B.3. If X is a quasi-compact and quasi-separated scheme, every sheaf
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in Qcoh(X) is a direct colimit of its sub-O x-modules of finite type. Also,
every sheaf in Qcoh(X) is a filtering colimit of finitely presented Ox-
modules. ([EGA] 1 6.9.9, 6.9.12.) In this case, the set of finitely pre-
sented O x-modules forms a set of generators for Qcoh(X), which is then
a Grothendieck abelian category and has enough injectives (cf. B.12.).

B.4. DANGER: For a general quasi-compact and quasi-separated X,
¢ Qcoh(X) — Ox-Mod does nof preserve injectives, nor need it send
injectives in Qcoh(X) to flasque sheaves in Ox-Mod. For Verdier’s coun-
terexample in which X is even affine with noetherian underlying space,
see [SGA 6] IT App. 10.1.

On the other hand, if X is a noetherian scheme, then ¢ does preserve
injectives. For let F be injective in Qcoh(X). By [H] II 7.18, thereisa G in
Qcoh(X) with ¢(G) injective in Ox-Mod, and a monomorphism F »+ G.
In Qcoh(X) this splits as F is injective. Then ¢(F) is a direct summand
of the injective ¢(G), and so is injective in Ox-Mod, as required.

The fact that ¢ does preserve injectives in the noetherian case can lure
one to a false sense of security. In general, when one computes by injective
resolutions various derived functors evaluated on a quasi-coherent sheaf
F, one must distinguish between the possibly different derived functors
taken in Ox-Mod and those taken in Qcoh(X) (see [SGA 6] II App. I
0.2). We may add “Ox-Mod” or “Qcoh(X)” to the name of the derived
functor to indicate the distinction, so that we have R"(Ox-Mod)f.(F)
vs. R*(Qcoh (X))f (F) for a quasi-coherent F. When these are shown to
be equivalent in some cases, the notation reverts back to R f,.(F) (e.g.,
B.8).

B5. If j : U — X is an open immersion of schemes, and F is an
injective in @x-Mod, then j*F is an injective in Ox-Mod. For j* has
an exact left adjoint functor j!, extension by 0 off U ([SGA 4] V 4.11,
IV 11.3.1). As j! does not preserve quasi-coherence, this argument does
not apply to injectives in Qcoh(X), and in fact j* need not send them to
injectives in Qecoh(U) ([SGA 6] IT App. I).

However, if X is noetherian and F is injective in Qcoh(X) then j*F is
injective in Qcoh(U). For by B.4, pF is injective in Ox-Mod, so j*pF =
pj*F is injective in Oy-Mod. But as ¢ is exact and fully faithful, this
implies that j*F is injective in Qcoh(U). (For another proof that j*F is
injective in the noetherian case, use the pro-existing left adjoint denoted
7!in Deligne’s letter in [H] p.411.)

B.6. Lemma. For X aquasi-compact and quasi-separated scheme,
the cohomology functors H*(X; ) : Ox- Mod — Z-Mod preserve direct
colimits.

For f : X — Y a quasi-compact and quasi-separated map of schemes,
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R¥f, = R¥(Ox-Mod)f. : Ox-Mod — Oy-Mod preserves direct colimits.
Also, if F is a quasi-coherent sheaf, f, F and indeed the R¥(O x-Mod) f.(F)

are quasi-coherent for such an f.

Proof. To prove the first statement, we note by [SGA 4] VI 1.22
that the Zariski topos is coherent in the sense of [SGA 4] VI, and then
we appeal to [SGA 4] VI 5.2. Similarly, R* f. preserves direct colimits
by appeal to [SGA 4] VI 5.1, or by the obvious reduction to the first
statement.

The last statement is [EGA] III 1.4.10, IV 1.7.21, and is based on
using Cech complexes of finite affine hypercovers ([SGA 4] V Section 7)
to compute cohomology.

B.7. We say a scheme is semi-separaled if there is a set A = {U,} of
open subschemes of X which is a basis for the topology of X such that
each Uy in A is affine, and which is such that the intersection U, N Up
of any two members of A is also in \A. This A is then said to be a
semi-separaling affine basis. Note that any open or closed subscheme of
a semi-separated scheme is itself semi-separated.

We say an open cover B = {V,} of a scheme X is a semi-separating
cover if all the V,, and also all the pairwise intersections V, N Vp are
affine schemes. Then the open immersions V, — X are affine maps, and
it follows all finite intersections of V,, are affine. If X has a semi-separating
cover B, then X is semi-separated, for we take a semi-separating affine
basis .4 to consist of all open affine subschemes U of X for which there
is some V3 in B with U C V. Similarly, X is semi-separated if it has an
open cover {V,} with each V,, semi-separated and each open immersion
Va NV — V3 an affine morphism.

We say a map f : X — Y of schemes is semi-separated if for every
affine scheme Z and map Z — Y, then the fibre product Z x X is a

semi-separated scheme. The class of semi-separated maps is clos‘;d under
composition and base-change. If f : X — Y is a semi-separated map
and Y is a semi-separated scheme, then X is a semi-separated scheme.
(Consider B = {f~!(Uq)} on X for {U,} a semi-separating basis for Y.
Note each f~!(U,) is semi-separated, and that each f~1(U,)Nf~1(Up) —
f~1(Up) is an affine map as it is the base-change of the affine map U, N

Given a morphism f: X — Y, suppose Y has an open cover by affines
{Va} with all V, NV — V, being affine morphisms and all f=}(V,)
being semi-separated schemes. Then f : X — Y is a semi-separated
morphism. In particular, any map between semi-separated schemes is a
semi-separated morphism.

A semi-separated scheme or morphism is quasi-separated ([EGA] I
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6.1.12). A separated scheme is semi-separated, with semi-separating basis
A consisting of all affine open subschemes of X. A separated map is semi-
separated.

A scheme with an ample family of line bundles (2.1.1, or [SGA 6] II
2.2.4) is semi-separated. For let A be the set of all affine opens of the form
Xy = {z|f(x) # 0} as f runs over the set of all those global sections of
tensor powers of line bundles in the family for which X is indeed affine.
Then A is a basis for the topology by ampleness. Also X; N X, = Xy,
and this is affine if either X; or X, is by [EGA] II 5.5.8.

B.8. Proposition. Let X be either noetherian, or else quasi-com-
pact and semi-separated (B.7). Let F be a quasi-coherent O x-module.
Then the canonical map is an isomorphism for all integers k > 0:

(B8.1) R*(Qeoh)I(X;F) = R (Ox-Mod)T(X;F) = H*(X;F).

Moreover, if V = {V,} is a semi-separating open cover of X (so the
Vo and all their finite intersections are affine), then there is a canonical
isomorphism to the Cech cohomology of V

(B.8.2) HYX; Fy= H*(V; F).

Proof. B.8.2 follows from the collapse of the Cartan-Leray spectral
sequence in the usual way, [God] II 5.4.1, just as in [EGA] III 1.4.1.
The key point is that since the intersections V4, N ... NV, are affine,
HY(Vy, N ...V, ;¢F) =0 for ¢ > 0 by Serre’s Theorem [EGA] III 1.3.1.

For X noetherian, B.8.1 holds as ¢ : Qcoh (X) — Ox-Mod preserves
injective resolutions by B.4.

To prove B.8.1 for X quasi-compact and semi-separated, we take a
semi-separating cover V = {V,}. We may assume V is a finite cover, on
passing to a subcover on the quasi-compact X. For all finite sequences of
indices I = (ay,...,an),let Vi = Vo, N...NV,_, and let j; = V7 — X be
the open immersion. As V is semi- separating, each Vr is an affine scheme
and each jr is an affine map. In particular jr. preserves quasi-coherence.

We consider the Cech complex of quasi-coherent sheaves

(B.8.3)
0= F = ®jorfoaF = & JriiF— @ jrifF—....

=(ag,01) I=(ag,01,02

This is an exact sequence of sheaves, and in fact the complex has a canon-
ical chain contraction when restricted to any V,.

As V; is affine, T(Vr; ) is exact on Qeoh(V;), so R¥( Qcoh )I\(Vy; F) =
0 for k > 0. Similarly, as j; is an affine map, R¥(Qcoh)jj+ = 0 for
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k > 0. So in the derived category R'(Qcoh)I'(Vy; )} = T'(Vr; ), and
R'(Qeoh)jre = jr-.

We consider the Grothendieck spectral sequence (B.8.4) for the derived
functors of the composite I'(Vy; ) =T(X; ) - jre

(B.8.4)
Ey? = RP(Qeoh )T (X; RY(Qeoh )jir- () = RP*4(Qeoh )T (V5 ).

By the above, it collapses to yield isomorphisms for k > 0, R¥(Qcoh)
T(X;jr+( ) = R¥(Qcoh )I(Vy; ) =2 0. So the sheaves j;- j3 F are acyclic
for R'(Qcoh )T{X; ). Now the usual hypercohomology spectral sequence
that results from applying R’ ( Qcoh )T'(X; ) to the Cech resolution B.8.3
of F collapses, yielding isomorphisms for & > 0

(B.8.5) R*(Qcoh)T(X;F)

~ gk (r (X;%aja.j;}') —..I (X;@,.ﬁf) — ) = 7 (V; F).

Comparing this with (B.8.2) yields (B.8.1).

B.9. Corollary. Let f: X — Y be either a quasi-compact and
semi-separated map of schemes, or else a quasi-compact and quasi-
separated map of schemes with X locally noetherian. Then for an quasi-
coherent sheaf F on X, the canonical map is an isomorphism for all
integers k

¢ : R*(Qcoh)f.F = R* (Ox-Mod) f. F.

Proof. This follows from B.8, as RFf. is the sheafification of V —
R¥T(f~1(V); ). We apply B.8 to f~1(V) for V affine open in Y.

{Note Qcoh(X) might not have enough injectives under our hypothesis,
but that the Qcoh(f~!(V')) will for V affine in Y, and this suffices to define

R*(Qcoh)fy.)

B.10. The conclusion of B.9 is that there is a natural isomorphism

R (Ox-Mod) f. - ¢ = ¢ - R(Qcoh ) f. : D¥(Qcoh (X)) — DH(Y).

B.11. Proposition. Let f : X — Y be a quasi-compact and
quasi-separated map with Y quasi-compact. Then there exists an in-
teger N such that for all k > N and all quasi-coherent Ox-modules F,
one has R¥f,(F) = 0 (i.e., R¥(Ox-Mod)f.(F) =0 for k > N).
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Moreover N can be chosen to be universal in that same N works for
any pullback f': X' =Y’ of f by any map Y’ — Y.

Proof. ([EGA] IIT 1.4.12, IV 1.7.21). The question is local on Y
for Y quasi-compact, so we reduce to the case where Y is affine, and
hence where X = f~!(Y) is quasi-compact and quasi-separated. We
first consider the case where X is also semi-separated. Then let W be a
finite semi-separating cover, and let N be the number of opens in W. By
B.8, H¥(X,F) = H*(W,;F). But computing H*(W; F) with the Cech
complex of alternating cochains shows that it is 0 for £ > N. Moreover,
given any Y/ — Y, let V' be any affine open in Y’. Then V’ 1>§ W is

a semi-separating cover of V X X, so H¥(V' X X;F)=0for k > N.

Sheafifying this yields R¥ f/(F') = 0 for k > N and F’ quasi-coherent on
X'=Y ;ﬁ X.

Now we do the general case without assuming X 1s semi-separated.
Let W be a finite affine cover of X. As X is quasi-separated, the W; =
W, N ...N W, are quasi-compact open in the affine W;,, so all the Wy
are quasi-affine, hence semi-separated. (For V' affine in Y, V/ — Y is
affine as Y is affine, so V' X W is an affine cover of V’ x X.) By the

semi-separated case, there is an integer N; such that for all the finitely
many Wy, H¥(W;; F) = 0 for k > N;. (Moreover, N is universal in that
HE(V! ))5 Wi; F') = 0 for k > N, for the V/ X Wr which are affine over

Wi, and any quasi-coherent sheaf 7'.) We now consider the Cartan-Leray
spectral sequence

(B.11.1) EbY = HP (W, H (Wy; F)) = HPYI(X;F).

If W has N, open sets, H?(W; ) = 0 for p > Na, and it follows that
H¥(X;F) =0 for k > N; + Ny and F quasi-coherent. (This holds also
for V! X X))

B.12. Lemma ([SGA 6] I1 3.2). Let X be a quasi-compact and
quasi-separated scheme. Then the exact inclusion functor ¢ : Qcoh(X) —
Ox-Mod has a right adjoint, the coherator @ : Ox-Mod — Qcoh(X).

The adjunction map 1 — Q - ¢ is an isomorphism, so Qcoh(X) is a
reflexive subcategory of Ox-Mod. In particular, Qcoh(X) has all limits.

Proof. By B.3 and B.2, Qcoh(X) has a set of generators and all co-
limits. As ¢ preserves colimits, the special adjoint functor theorem in-
sures that ¢ has a right adjoint Q. As ¢ is fully faithful, the adjunc-
tion map 1 — Qyp is an isomorphism. (For, under the adjunction iso-
morphism Mor(pF,( )) =& Mor(F,Q( )), the map induced by 1 —
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Q¢, Mor(F,G) — Mor (F,Q¢G) is the isomorphism ¢ : Mor (F,G) =
Mor (¢F, ¢G).)

As the category O x-Mod has all limits, so does its reflexive subcategory
Qcoh(X), as @ sends limits taken in Ox-Mod to limits in Qcoh(X).

B.13. The coherator @ : Ox-Mod — Qcoh (X) preserves all limits
as it is the right adjoint of the functor ¢. As ¢ is exact, hence preserves
monomorphisms, @ sends injectives in O x-Mod to injectives in Qcoh(X).

Let f : X — Y be a quasi-compact and quasi-separated map of schemes.
As f* preserves quasi-coherence, px - f* = f* - py. As @Q is right adjoint
to ¢ and f. is right adjoint to f*, it follows that Qy - fu = f. - Qx. (We
note that indeed f, restricts to a functor f. : Qcoh (X) — Qcoh (Y) by
B.6.)

B.14. For X = Spec(A) an affine scheme, Qx is clearly the functor
sending an Ox-module F to the quasi-coherent sheaf associated to the
A-module T'(X; F). For this functor is the adjoint to .

To deduce a formula for Qx on a general quasi-compact and quasi-
separated scheme X, we let {U;} be a finite cover of X by open affines.
Each U; N U; is quasi-compact, so we can choose a finite cover {Uj;i}
of U; N U; by open affines. We denote all the various open immersions
U,'jk—>X asj:U,-jk - X.

For any sheaf F of Ox-modules, the sheaf axioms show that F is the
difference kernel of the start of a Cech hypercover complex, where the two
right maps are induced by Uy, — U;NU; — U; and Uy — Ui NU; — U;

(B.14.1) 0—-F —aj. (FIU;) = ('Q'Bk)j* (flU,'jk) .
3 ,IJY

Hence by B.13, we have

(B.142) Qx = ker (9. (Qu. (FIUN) = & J. Qo (FIUip)).

Here, Qu, and Qu,,, are given by the first paragraph, as the U; and
Uijy are affine.

B.15. Lemma. For X aquasi-compact and quasi-separated scheme,
Q : Ox-Mod — Qcoh(X) preserves direct colimits.

Proof. The global section functor I'(X; ) preserves direct colimits
by B.6. For A a commutative ring, the “associated sheaf” equivalence
A-Mod — Qcoh (Spec (A)) preserves direct colimits. This proves the
lemma for X = Spec{A) affine, by B.14. The case for a general X now
follows from (B.14.2), the fact that difference kernels commute with the
exact direct colimits of a Grothendieck abelian category, the result for
Qu 1n the case U is affine, and B.6 for the maps j..
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B.16. Proposition (cf. [SGA 6] II 3.5). Let X be either quasi-
compact and semi-separated, or else noetherian. Then for any positive
integer ¢ > 0 and any quasi-coherent sheaf F on X, one has (R!Q)(¢F) =
0. We recall that R°QuF = QpF = F.

For any complex E' in D% (Qcoh(X)), the canonical map E° —
(RQ)(¢E") is a quasi-isomorphism.

For any complex F' in D% (Ox-Mod) with quasi-coherent cohomology,
the canonical map ¢(RQ(F’)) — F' is a quasi-isomorphism.

Proof. The last two statements result from the first by the collapse
of the usual hypercohomology spectral sequence

(B.16.1) RPQ(HI(G)) = HY (R Q(G)) .

To prove the first statement, we first consider the case where X is affine.
Then by B.14, RIQ(pF) = HY(X;pF). But this is 0 for ¢ > 0 and X
affine, by Serre’s Theorem [EGA] III 1.3.1.

For the general case of X quasi-compact and quasi-separated, we con-
sider the exact Cech complex of sheaves (B.8.3) of a finite semi-separating
cover V. Applying RQ -y and considering the resulting bicomplex, we get
a canonical spectral sequence

(B.16.2) HP ( — &R (Qjr) (19 F) — ) = (RPHQ) (p7).

As j; : Vi — X is an affine map, R*jj+(G) = 0 for k > 0 and G
quasi-coherent. As V7 is affine R¥Q(G) = 0 for k¥ > 0 and G an Oy,-
module by the affine case done above. As Qx - j. = j« - Qv,, the result-
ing collapse of the Grothendieck spectral sequence R%j,(R*Qv,(G)) =
R***(Qx j1+)(G) yields that R?(Qjr+) = 0 for ¢ > 0. Then the spectral
sequence (B.16.2) also collapses. This yields that R¥Q(pF) is just H*
of the complex formed by applying @ to the complex (B.8.3) for ¢F.
But commuting ¢ past the j. and j*, and using Q¢ = 1, this is just the
complex (B.8.3) for F, which is exact. Thus R¥Q(pF) = 0 for k > 0.

To prove the first statement in the noetherian case, we take an injective
resolution of F in Qcoh(X). By B.4, for X noetherian, ¢ of this resolution
is an injective resolution of ¢F in Ox-Mod. Taking @ of this yields the
original resolution as Q¢ = 1, so using this resolution to compute R*Q
yields that R¥Q(pF) = 0 for k > 0.

B.17. The right exact functor @ induces a derived functor RQ :
D*(Ox-Mod) — D*(Qcoh(X)). But this derived functor does not
extend to unbounded complexes without further assumptions. Suppose
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however that RQ has finite cohomological dimension, i.e., that there is an
integer N such that for all ¢ > N and all Ox-modules G, RIQ(G) = 0.
Then RQ extends to derived functors RQ : D(Ox-Mod ) — D(Qcoh (X))
and RQ : D™(Ox-Mod) — D~ (Qcoh (X)), by [H] I Section 7, or [V] II
Section 2 no. 2 Corollary 2-2 to Theorem 2.2 (one learns to appreciate
the elegant and complete Wittgenstein-Grothendieck multi-decimals).

If X is quasi-compact and semi-separated, and if there is a bound on
the Oy-Mod cohomological dimension of the functor H*(U; ) for all fi-
nite intersections U = V; = V;; N... NV, of the opens in some finite
semi-separating cover V = {V;} of X, then RQ has finite cohomological
dimension, as we see by examining the proof of B.16. Indeed, the argu-
ment of [SGA 6] II 3.7 to prove this in the separated case immediately
generalizes to the semi-separated case.

If X is neotherian, and if there is a uniform bound on the Opy-Mod
cohomological dimension of H*(U; ) for all open U in X, then RQ has
finite cohomological dimension by [SGA 6] II 3.7.

We recall that if X has a noetherian underlying space of finite Krull di-
mension, then for any open U in X, the Oy-Mod cohomological dimension
of H*(U; ) is at most the Krull dimension of X by [Gro] 3.6.5.

In any case where RQ) has finite cohomological dimension and extends
to a derived functor on D(Ox-Mod ), the canonical maps E° = RQ(¢E")
and @RQ(F") = F" will be quasi-isomorphisms for £ in D(Qcoh (X))
and for F" in D(Ox-Mod) with quasi-coherent cohomology. This follows
as in B.16 by collapse of the spectral sequence B.16.1, which converges
strongly even for unbounded complexes thanks to the finite cohomological
dimension of RQ.

In particular, B.16 remains true if we delete the hypotheses that E"
and F° are cohomologically bounded below, and at the same time add
the hypothesis that either X is noetherian of finite Kruil dimension, or
else is semi-separated and has underlying space a noetherian space of
finite Krull dimension.
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Appendix C:

Absolute noetherian approximation

In this appendix we review part of Grothendieck’s theory of inverse
limits of schemes from [EGA] IV Section 8. We then extend his theory
of noetherian approximation to the case of general quasi-compact and
quasi-separated schemes which are not necessarily finitely presented over
an affine. Presumably, this would have been in [EGA] V or VI.

C.1. ([EGA] IV 8.2) Consider an inverse system of quasi-compact
and quasi-separated schemes X,, where the maps of the system (the
“bonding maps”) fus : Xo — Xj are all affine morphisms. Then an in-
verse limit scheme X = {iLnXa exists, and the canonical maps fo : X —
X, are all affine morphisms. Indeed, over an affine open Spec(A45) C X3,
f1(Spec(Ag)) is Spec(4) for A = lim A,, where A, runs over the di-
rect system of rings A, such that Spec(A4,) = f;ﬁl(Spec (Ag)) C X, for
a>p.

C.2. ([EGA] IV 83.11, 8.6.3). For a system as in C.1, given any
quasi-compact open U C X = EE]XO,, there is an a and a quasi-compact

open Uy C X, such that U = f71(Uq). If we set Us = Xp );( Uy, then
U= HﬂUﬁ, with the limit taken over the cofinal system 8 > a. Also the
closed subspace X — U will be fﬂ"l(Xg — Ug) for any 8 > a.

C.3. ([EGA] IV 88, 8.10.5). Given a system X, as in C.1, let ¢ :
Y — X be a scheme finitely presented over X. Then there is an o and a
finitely presented g, : Yo — X4 such that

§=ga X X: Y=Y, x X - X.
X

o XCI

Then Y = limYj for Yp = Yo X X over the cofinal system of § > a.

If h: Z — X is also finitely };xresented, andk:Z—-Y = Lir_an is any
map over X, it follows that k : Z — Y is finitely presented. Hence k is
Y ;( ko for some o and some k, : Z, — Y,. The finitely presented map

k: % — Y is respectively an immersion, a closed immersion, and open
immersion, separated, surjective, affine, quasi-affine, finite, quasi-finite,
proper, projective, or quasi-projective, iff kg has the same property for
all § > « for some «, iff k4 has the same property for some a.

C4. ([EGA] IV 85). Suppose X = lim X, for a system as in C.1.
Then for any finitely presented, hence quasi-coherent, Ox-module F,
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there exists an «, a finitely presented Ox-module ¥, on X,, and an
isomorphism F = fiF,. Let Fg = f5,Fa on Xg for all 8 > a. Then
F = @fg as a module over Ox = moxﬂ as a sheaf on X,.

The sheaf F is a vector bundle on X iff there is an a such that F, is
a vector bundle on X,. When the later condition is satisfied, 5 will be
a vector bundle on X for all 8 > a.

For any map k : F — G between finitely presented O x-modules, there
will be an « and a map ko : Fo — Gqo such that k corresponds to f}(kq)
under the isomorphisms F = F,, G = fG,. The map k is an isomor-
phism on X iff there is an « such that k, is an isomorphism on X,, and
hence such that ks is an isomorphism on Xj for all 3 > «. A sequence
F — G — H - 0 of finitely presented modules is right exact on X iff
there is an a such that F, — G, — H4 — 0 is right exact on X,, and
hence such that Fg — Gg — Hp — 0 is right exact on Xz for all § > «.

A sequence of finitely presented modules on X is locally split short exact
iff there is an o« such that the corresponding sequence on X, is locally
split short exact. In particular, a sequence of algebraic vector bundles on
X is short exact iff there is an o such that the corresponding sequence on
X is short exact, iff there is an « such that the corresponding sequence
on Xpg is short exact for all 3 > .

C.5. ([EGA]IV 8.14.1). Let f:T — S be a map of schemes. Then
f is locally finitely presented iff for all inverse systems of schemes over S,
{Xa}, satisfying the conditions of C.1, the canonical map (C.5.1) is an
isomorphism

(C.5.1) lim Mors (Xa, T) — Mors (anXa,T) .

[0 4

C.6. Proposition. Let A be a commutative ring. Let {X,} be an
inverse system of schemes as in C.1, and with all X, finitely presented
over Spec(A) and all bonding maps fg, : Xg — X, being maps over
Spec(A). Then if X = Li_r_nXa is an affine scheme, there exists an a such
that X4 is affine for all > a.

Proof. First note that we cannot quote C.3 or [EGA] IV 8.10.5, since
we do not assume that X is finitely presented over Spec(A).

As the fzq are all affine maps, it suffices to show some X, is affine.

Let A = I'(X,0x), so X = Spec(A). We write A = limA, as a
direct colimit of algebras finitely presented over A. Applying C.5 to %in
Spec(Ay) = X — Xg, we see that there is a v so that X — X factors as
X = Spec(4) — Spec(Ay) — Xp. We now apply C.5 to !i_n_lXa =X -
Spec(A,) to see that there is an « such that X — Spec(A,) factors as
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X — Xa& — Spec(Ay). By C.5, we may choose « sufficiently large so
that the composite X, — Spec(A,) — Xp is fag. As Spec(4,) is affine,
hence a separated scheme, the map Spec(4,) — X is a separated map.
Hence the graph of the map X, — Spec(A,) gives a closed immersion of
X4 into the fibre product of X, and Spec(Ay) over Xg, as in (C.6.1)

Xo —— Xa; Spec (Ay) —— Spec(Ay)
B8

(C6.1) | |

XO( Jap Xﬂ
As fup is an affine map, the right top arrow of (C.6.1) is affine. As
closed immersions are affine maps, the composite map X, — Spec(A4,) is
then an affine map, and X, is an affine scheme as required (cf. [EGA] I
9.1, esp. 9.1.16(v) and 9.1.11.).

C.7. Proposition. Let A be a commutative ring, and let { X4} be
an inverse system over Spec(A) of schemes finitely presented over Spec(A),
satisfying the conditions of C.1. Then if X = &LnXa is a separated

scheme, there is an a such that for all 8 > a, Xg is separated.

Proof. As the maps X3 — X, are affine, hence separated, it suffices
to show some X, is separated.

Let {U;} for i = 1,... ,n be a finite open cover of X by affines. As X is
separated, the maps U;NU; — U; xU; are closed immersions, so the U;NUj;
are affine and the maps of rings I'(U;, 0) ®z I'(U;,0) — T'(U; N U;,0)
are onto. Passing to a cofinal system of a by C.2, we may assume that
Ui = Lir_nU;a, uinl; = lj_rr_lU;a NUjo. By C.6, on passing to a cofinal
subsystem, we may assume that all U;, and all U, MU, are affine. We
denote I'(Uia,0) = Aia, T'(Uia NUja,0) = Aija. Then if for all (¢, j)
the map Ajq @ Ajo — Aija is onto, Uia NUja — Uiq X Uje will be a
closed immersion for all (4, j), and X, will be separated ([EGA] I 5.3.6).

As U,'anjp is the pullback of U,-o,ﬂU]-o, under Xﬂ — X, or U,'p — Usq,
there is an isomorphism of coordinate rings

(C.7.1) A,‘jp = A,’ja RA,a A,‘p.

As X is separated, A; @ A; = li_n}(A;a ® Aja) — l'lr}(A;ja) = Aij is
onto. Fix a v in the direct system of rings. As A;;, is finitely generated as
an algebra over A, there is an a > v in the direct system of rings such that
for all B > o and all the finitely many pairs (3, j), the image of Aio ® Ajq
in A;js contains all the generators of, and hence the image of, A;;,. Thus
the image of Aj, ® Aj, in Ajj, contains the image of A;, ® Ajijy, and
hence is all of Ajjo by (C.7.1). Thus Aiqa ® Aja — Aijo is onto for all
(7,7), and X, is separated, as required.
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C.8. Proposition. Let A be a commutative ring. Suppose X =
lim X is an inverse limit of an inverse system over Spec(A), satisfying
C.1, and with the schemes X, finitely presented over Spec(A). Then if X
has an ample family of line bundles (2.1.1, or [SGA6] I 2.2), there is an
« such that for all # > a, X has an ample family of line bundles.

Proof. As all bonding maps Xg — X, are affine, it suffices to show
some X, has an ample family (2.1.2(g)).

If X has an ample family, there is a finite set of line bundles, Lf‘,
i =1,...,n, which are tensor powers of line bundles in the family, and

sections s; € T'(X, ,C’c ) such that each X, is affine, and X = U X,' By

C.4, by taking « sufficiently large we may assume that the L: a.re folio
for line bundles £;, on Xa, and that the sections s; on X are induced
by sections siq € I'(Xq, LOF*) on Xo. Then X, = f~(Xas ,o)- As each
X,, is affine, by C.6, on takmg a sufficiently large, we may assume the
Xas,. are affine. As the X, cover X, taking o larger still, we may assume
that the Xo, , cover Xq (apply C.3 to the finitely presented surjection
I Xs, — X). But then {L;o} is an ample family of line bundles for X,
by criterion 2.1.1(c).

C.8.1. In the situation of C.8, if X has a single line bundle £ which is
ample, there is an « such that for all # > a, Xz has an ample line bundle
Lp with fzLs = L, as the proof of C.8 shows.

C.9. Theorem. Let A be a commutative noetherian ring (e.g.,
Z). Let X be a quasi-compact and quasi-separated scheme over Spec(A).
Then X is the limit l(iLnXa of an inverse system over Spec(A) of schemes

X finitely presented over Spec(A). The bonding maps of the system
Xo — Xp are all affine maps, and are schematically dominant, so Ox, —
fapOx, is a monomorphism ([EGA] I 5.4).

All the X, are noetherian. If A has finite Krull dimension, all the X,
will have finite Krull dimension.

If X has an ample family of line bundles, we may arrange that all
the X, do. If X is semi-separated, we may arrange that all the X, are
semi-separated. If X is separated, we may arrange that all the X, are
separated.

Proof. As X is quasi-compact, it has a finite cover {U,...,U,} by
affine open subschemes. The construction of the inverse system proceeds
by induction on the number n in such a cover.

If n =1, X is affine. Say X = Spec(A). We write A = limAq as
the direct colimit of those subrings A, which are finitely generated over
A. As A is noetherian, each A, is then finitely presented over A, and
X = 1iLnXO, for X, = Spec(Aq).
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To do the induction step, we suppose the result is known for such X as
are covered by n — 1 affines, and in particular for V=UsUUzU...UU,.
So we write V = E{_ﬂVa. Set U = U;. As X is quasi-separated, UNV is
quasi-compact, and so the open immersion W = UNV — V is finitely
presented. By C.3, on passing to a cofinal system of «, we may assume
that W = limW, for a system of finitely presented open immersions
Wy — Vu. Then each W, is finitely presented over Spec(A).

As W C U is quasi-affine, Ow is an ample line bundle for W. By C.8.1
and C.4, on passing to a cofinal system of o, we may assume that Oy _ is
an ample line bundle for the quasi-compact W,. Then each W, is quasi-
affine. In fact, let A = T(U,Ovp), so U = Spec(A). As W is quasi-affine
in U, there are elements g; € A for ¢ = 1,... ,n such that the W, =
Spec(A[1/g¢;]) are affine and cover W. For «a sufficiently large, the g; €
T(W,0w) 2 T(U,0y) are in T(W,,Ow_ ). By C.6, on taking « large, we
may assume the W,,, are affine. Then Wy, = Spec(T'(Wa, Ow,)[1/g]),
and it is of finite type over A since Wy is.

Consider now the pullback diagram of rings, where the indicated maps
are monomorphisms by the schematic dominance of the maps Vo — V3,
and of the cover UW,,, — Wy

(C9.1)
p A

! O l

T (Wa, Ow,) = [[T Wag.,0w.) = [[T W, 0x) = [[A11/4:]
1 1

i=1

Y

As localization and direct colimits commute with pullbacks and finite
products, we see that B,[1/gi] = ['(Way,,Ow, ), and that A = lim Ba.

We consider the direct system whose objects («, A’) consist of an «
in the system of V,,, and a subring A’ C B,, such that A’ is of finite
type over A, contains the ¢; for ¢ = 1,... n, and satisfies A'[1/g;] =
I'(Way,,Ow, ) for all i. As Wy, is affine and of finite type of A, and
as Ba[l/gi] = T(Wsy,,0w,), such A’ exist for each a. A morphism
(a1, A}) — (a9, AY) is an a3 < g in the system of V,, (corresponding to
a map Vo, — V4,), and an inclusion of rings A} C A} induced by the
monomorphism By, C Bq,.

For each v = (a, A’) in this system, the map W, — Spec(A’) induced
by A’ — B, — ['(Wy,Ow, ) is an open immersion. Let X, be the scheme
obtained by patching V, and Spec(A’) along the open W,. Then the X,
form an inverse system of schemes, with affine and schematically dominant
bonding maps. The inverse system X, NV, is clearly cofinal with the
original system of V,, so Er_nX7 NVy = !in Vo =V C X. For each fixed
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a, li_HEA, = B,. As I_lr_)n B, = A, taking the colimit of A’ for all ¥ = (a, A')
yields li_r)nA’ = A. Hence liLnX., N Spec(A’) = Spec(A) = U C X. Thus
Lir_nX.y = X, as required. This completes the induction step, proving the
first paragraph of the statement of the theorem.

We note the X, are of finite type over the noetherian A, hence are
noetherian, and have finite Krull dimension if A does.

If X has an ample family of line bundles, C.8 shows that all the X,
will after passing to a cofinal subsystem. If X is semi-separated, applying
C.6 to a semi-separating cover of X by affines shows that all the X4 in a
cofinal subsystem will be semi-separated {B.7). By C.7, if X is separated,
a cofinal subsystem of X, will be separated.
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Appendix D
Hypercohomology with supports

D.1. Let X be a topos with enough points. Let Y C X be a closed
subtopos, and X — Y its open complement. Recall that X — Y and Y
have enough points ([SGA 4] IV 6, 9).

Let G be a presheaf of spectra on a site for X. (As in [Th1], one should
assume G is a presheaf of “fibrant spectra.” We can always attain this by
replacing G by a homotopy equivalent presheaf.)

D.2. Definition. Let Hy (X;G) be the canonical homotopy fibre of
the restriction map on the hypercohomology spectra of [Thl], H'(X; G) —
H((X-Y;G)

(D.2.1) Hy (X;G) = H (X;G) = H' (X = Y;G).

D.3. Lemma. H;,(X; ) preserves homotopy equivalences and
homotopy fibre sequences of coefficient spectra. If both H'(X; ) and
H' (X - Y; ) preserve direct limits up to homotopy, so does Hy (X; ).

Proof. This is clear from the homotopy fibre sequence (D.2.1) using
the 5-lemma, the Quetzalcoatl lemma, the fact direct colimits preserve
homotopy fibre sequences, and the corresponding properties of H'(X; )

and H'(X -Y; ), [Th1] 1.35, 1.39.

D.4. Theorem. There is a hypercohomology spectral sequence
(with Bousfield-Kan indexing) of homotopy groups

(D.4.1) ES? = HY (X;7,G) = my—pHy (X; G).

Here the E, term is cohomology with supports ([SGA 4] V Section 6)
with the coefficients in the sheafification 7,G of the presheaf 7,G on X.

The spectral sequence converges strongly if either there exists an in-
teger M such that #,G = 0 for all ¢ > M, or else if Hy(X; ) has
finite cohomological dimension for the %.G so there exists an integer N
such that HY,(X,%,G) = 0 for all ¢ and for all p > N. (We note that
H} (X, ) has finite cohomological dimension for #,G if both H*(X; )
and H*(X - Y; ) do, thanks to the long exact sequence of [SGA 4] V

(6.5.4).)

Proof. Let {G{n)} for n € Z be the Postnikov tower of G as in [Th1]
5.51, so 7,G(n) = m,G for ¢ < n, and 7,G(n) = 0 for ¢ > n. The map
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to the homotopy inverse limit of Hy (X; ) of this tower is a homotopy
equivalence

(DA4.2) Hy (X; G) = holimHy (X; G(n)).

n

This homotopy equivalence follows from the 5-lemma and (D.2.1), and
the corresponding equivalences for H(X; ) and H{X —Y; ) given by
[Th1] 1.37. The spectral sequence {D.4.1) will be the canonical spectral
sequence of this holim, or of the lﬁl of a homotopy equivalent tower of

fibrations, as in [Th1] 5.54, 5.43. Aside from the identification of the
E5 term, all results follow from [Thl1] 5.43. The E; term of the canon-
ical spectral sequence is given as E}? = x,_,Hy (X; K(7,G, q)), where
K(m,G, q) is the homotopy fibre of G(¢) — G(¢—1), and thus is equivalent
to the presheaf of Eilenberg-Maclane spectra associated to the presheaf
of abelian groups 7,G shifted ¢ degrees [Thl1] 5.52. It remains to identify
this E, term with the cohomology with supports as in (D.4.1).

Shifting degrees ¢ times by looping, we reduce to showing that if 4 is
a presheaf of abelian groups, with sheafification A4, and if K(4,0) is a
presheaf of spectra with m,K(A,0) = 0 for ¢ # 0, 7oK (A4,0) = A, then
there is a natural isomorphism for all p

(D.4.3) 7_,Hy (X; K(A,0)) = HY(X; A).

We know from [Th1] 1.36 that we do have natural isomorphisms

7_H (X; K(4,0)) = HP(X; A)

(D.4.4) . N
7 H (X = Y;K(A,0) = H(X - Y; A).

As K(A,0) — K(/i, 0) induces isomorphisms on m.H'(X; ) and
mH (X —Y; ) by D44, the 5-lemma and the long exact sequence of
homotopy groups resulting from the defining fibration sequence D.2.1
shows that the map 7,Hy (X;K(4,0)) — mHy (X; K(4,0)) is also an
isomorphism. Thus we may assume that A = A is a sheaf.

The isomorphisms (D.4.4) and the long exact sequence homotopy groups
of (D.2.1), together with the obvious fact H?(X; )= H(X -Y; ) =
HY(X; ) =0 for p < 0, show that (D.4.3) trivially holds for p < 0, as
both sides are 0. This argument also shows that moH;, (X; K(4,0)) is the
kernel of H(X;A) — H°(X —Y;A), which is H3(X; A) by definition
([SGA 4] V 6). This proves (D.4.3) for p = 0.

If A is an injective sheaf on X, it is also injective on U, so H”(X;/i) =
0=H(X~-Y; fi) for p > 0. Also for A injective, the long exact sequence
[SGA 4] V 6.5.4 collapses into the short exact sequence
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(D.4.5) 0— HY(X;A) — HY(X;A) » HY(X —Y; A) — 0.

Comparing this with the long exact sequence of homotopy groups in-
duced by (D.2.1), using the isomorphisms already established, we see
that 7_,H; (X; K(A4,0)) = 0 for p > 0 when A is injective, so (D.4.3) is
an isomorphism for all p when A is injective.

Now suppose 0 — A - B — C — 0 is some short exact sequence
of sheaves. Then A — B is still a monomorphism in the category of
presheaves. Let C be the cokernel presheaf, so 0 » 4 —» B —» C —
0 is exact in the category of presheaves. (Note that C is indeed the
sheafification of C.) From the exact sequence, it follows that K(A,0) —
K(B,0) — K(C,0) is a homotopy fibre sequence of presheaves of spectra.
Then by D.3, we have a homotopy fibre sequence of spectra

Hy (X3 K(4,0)) — Hy (X; K(B,0)) —Hy (X; K(C,0))
(D.4.6) ]
Hy (X; K(C,0)).

This induces a long exact sequence of homotopy groups m.Hy, (X; K( ,0))
for A, B, and C. Thus m,H; (X; K( ,0)) is a cohomological d-functor on
the category of sheaves. We recall moH; (X; K( ,0)) = H2(X; ) and
that 7_,Hy (X; K(4,0)) = 0 for A injective and p # 0. It follows that
the =, Hy, (X; K( ,0)) are the derived functors of H) (X; ), i.e., they are
the Hy (X; ).

This proves D.4.3 for all A and all p, as required.

D.5. (Optional). Since [Th1] was written, André Joyal has shown that
the category of simplicial objects in any topos has the structure of a
Quillen closed model category [Q2]. Jardine has extended the result to
provide a closed model structure on the category of presheaves of spectra
on a site, and on that of sheaves of spectra in the topos [Ja].

This allows a more flexible and simple construction of Hy (X; ) and
H(X; ) than the canonical Godement resolution construction of {Thl].
Now to form H'(X; G) of a presheaf of spectra G, one takes any homotopy
equivalent G~ that is fibrant for the model structure, and takes global
sections I'(X;G~) = H'(X;G). To make a version of H(X;G) that is
strictly functorial in the topos X, one works in the model category of the
huge topos (cf. [SGA 4] IV 2.5, 4.10) that contains every topos in the

universe.
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Appendix E
The Nisnevich topology

E.1. Definition. The Nisnevich site of a scheme X is the category
of schemes étale (hence finitely presented) over X, U — X, with the
following Grothendieck pretopology: A family {V, — U} in the site is
cover if for all points ¢ € U, there is an a and a point y, € V, such
that V, — U sends y, to £ and induces an isomorphism of residue fields

k(2) = k(ya)-

E.2. Clearly amap f: X — X' of schemes induces a preimage functor
f~! that determines a map of Nisnevich sites and topol f : Xnis — Xfis
([SGA 4] I 1.6, IV 4.9).

There are obvious natural morphisms of sites and topoi X¢y — Xnjs —
X7zar, as the Nisnevich topology is coarser than the étale topology, but
finer than the Zariski topology.

E.3. An integral (en francais “entier,” pas “intégre”) radicial surjec-
tive map X’ — X, and in particular the closed immersion X4 — X,
induces an equivalence of Nisnevich sites and topoi X|;, — Xnis.

Proof. By [SGA 4] VIII 1.1, the map induces an equivalence of étale
sites. Under this equivalence, corresponding objects U’ — U of the sites
have isomorphic residue fields at corresponding points. Hence Nisnevich
covers correspond under the equivalence, and the result follows.

E.4. FEzample. Let k be a field. The Nisnevich site of k consists of all
finite products of fields étale over k, Spec(Ilk]) = U Spec(k,) — Spec(k).
A family of fields covers a field k' exactly when a member of the family
is isomorphic to k' by the given map. Thus the Nisnevich topos of a field
k consists of copies of the trivial Zariski topoi of all fields k' étale over k,
but with the copies related by a map of topoi for every map Spec(k’) —
Spec(k") over Spec(k). Thus the Nisnevich topos of the field k is sort of
a bigger Zariski topos of k, cf. [SGA 4] IV 4.10. Indeed there is a map of
topoi 7 : (k')zar — (k)nis for k' étale over k, with i* given be restriction
of a sheaf to the Zariski topos of &’.

E.5. Lemma (Nisnevich [N3]). Let X be a scheme. Then

(a) The Nisnevich topos Xnis has enough points. In fact for every field
k' étale over a residue field k(z) of X, consider the map of topoi Sets
= (Spec(k’))zar — (Spec(k(z)))ns — Xnis, where (k')zar — (k(z))nis Is
as in E.4, and (k(z))ms — Xnus is the map induced by Spec(k(z)) — X.
Then this family of morphisms of topoi Sels — Xnis Is a conservative
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family of points.

(b) The filtering system of neighborhoods of such a point (k')zar —
(k(x))nis — Xnis is the system of all diagrams (E.5.1) with U — X étale,
and (k') — (k(z)) — X the given maps.

Spec(k') —— U

(E.5.1) l 1

Spec(k(z)) —— X

A cofinal subsystem is the category of such diagrams were y : Spec(k’) —
U induces an isomorphism of k' to the residue field k(y) of U at the point
yeU.

(c) The stalk of the structure sheaf Ox in Xnis at the point (k')zar —
(k(z))nis — X is the henselization of Ox ; at the residue field extension
k(z) — k' (([EGA] IV 18.8), or equivalently, the henselization (’),’}’y of the
local ring Oy, of any U in the cofinal system of (b) for which k' = k(y).

Proof. Part (a) follows from the criterion of [SGA 4] IV 6.5, that a set
of points that distinguishes covering families from non-covering families in
the site is then a conservative set of points for the topos. Part (b) follows
from the definition, [SGA 4] IV 6.3. The cofinality statement results from
first applying [EGA] IV 18.1 to extend Spec{k’) — Spec(k(z)) to an étale
cover of the local ring Spec(Ox ) by a local ring, and then extending this
cover to an étale map U — X by a limit argument [EGA] IV 17.7.8. Part
(c) follows from the definitions [SGA 4] IV 6.3, [EGA] IV 18.5, 18.6.

Note the analogy of this with the proofs of the corresponding results
for the étale topology [SGA 4] VIII 3.5, 3.9 Section 4. See also [N3], but
beware of its funny definition of point, which is not equivalent to that of
[SGA 4], but is rather an acyclic category of classic points.

E.6. Lemma (Nisnevich, Kato-Saito). Let X be a noetherian scheme.
Then

(a) The Nisnevich topos Xnis is a coherent topos, and even a noetherian
topos in the sense of [SGA 4] VI 2.3, 2.11.

(b)If f: Y — X is a finite map, then f. : Ynis — Xnis is exact and
Rif. =0 for ¢ > 0.

IfY — X is a closed immersion, Yyn;s Is a closed subtopos of Xy;s, with
open complement (X — Y )nis.

(c) If X has finite Krull dimension N, the cohomological dimension of
XNis Is at most N.

(d) If X has finite Krull dimension, Hy,,(X; ) preserves up to homo-
topy direct colimits of presheaves of spectra.
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(e) Suppose X has finite Krull dimension. Let {U,} be an inverse
system with affine bonding maps of schemes étale over X, and with inverse
limit U = @Ua. Let F be a presheaf of spectra on the category of
quasi-compact and quasi-separated schemes, which is continuous in the
sense that the canonical map li_r»nF(XQ — F(lim X,) is a homotopy
equivalence for any inverse system with affine bonding maps of quasi-
compact and quasi-separated schemes X, (cf. [Thl] 1.42). Then the
canonical map

lim Hy;s (Ua; F') = Hyo (U3 F)
is a homotopy equivalence.

Proof. To prove (a), it suffices to show that for any U in the Nisnevich
site of X that any Nisnevich cover {V, — U} of U has a finite subcover.
As U is finitely presented over X it is noetherian. So it suffices to show
any Nisnevich cover of a noetherian scheme U has a finite subcover. We
proceed by noetherian induction. Suppose the result is known for all
closed subschemes Y # U. Let 5 be a generic point of U. By definition
of Nisnevich cover E.1, there is a V} in the cover and a point 7' € 1}
such that V; — U induces an isomorphism k(') — k(5). We claim that
V1 — U induces an isomorphism of an open nbd of ' onto an open nbd
of n. If U and hence the étale V; are reduced, k(n) and k(7') are the
local rings of U and Vj at these generic points. The inverse isomorphism
k(n) — k(n’) then extends to an inverse isomorphism of some open nbds
by the finite presentation of Vi — U. In the general case, we apply the
equivalence of sites E.3 of U and ULeq, to reduce to the case where U is
reduced. This proves our claim. So V; — U is a Nisnevich cover when
restricted to the open nbd W C U over which V; has an nbd isomorphic
to W. As U — W is a closed subspace and is not all U, the induction
hypothesis shows that there is a finite set of V5 such that the induced
Vs X (U-W)— (U—-W)cover U —W. Then Vi — U and these V3 — U

form a finite subcover of U, as required. This proves (a) {cf. [KS] 1.2.1).

Statement (b) follows by an argument parallel to the proof of the cor-
responding statements for the étale topology in [SGA 4] VII 6.3, 6.1, 5.5,
replacing the descriptions of the stalks in the étale topology everywhere
by E.5(b) and E.5(c). Whenever the étale case appeals to [SGA 4] VII 5.4
and 4.6, we instead use the fact that a finite extension of a hensel local
ring is a hensel ring ([EGA] IV 18.5.10).

To prove (c), one proves the stronger statement that H; (X;F) = 0
for all ¢ > p if F, = 0 for all k(y) étale over k(z) for those z € X with
closure z of Krull dimension > p. This proof proceeds by induction on
p and dim X, using (b) and the method of [SGA 4] X 4.1. One starts
by noting that if k is a field, Hf;(k;F) = 0 for ¢ > 0, as the global
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section functor HY; (k; ) is isomorphic to taking the stalk at the point
Sets — (k)zar — (k)nis and so is exact. In general if dimk = 0, k is an
Artin ring, so kreq is a product of fields, and the result follows by E.3.
This starts the induction, and one proceeds as in [SGA 4] X 4.1. Where
[SGA 4] X makes an appeal to the theory of constructible sheaves, we
note that these are just the coherent objects in the topos, so ([SGA 4]
VI 2.14, 2.9) gives an adequate theory of constructible sheaves in any
coherent topos like Xns.

For an even less detailed, hence more psychologically convincing, proof
of (b) and (c), see [KS] 1.2.5. The final version of [N3] should also contain
proofs.

Statements (d) and (e) follow from (a) and (c¢) using [Thl1] 1.39, 1.41.
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Appendix F

Invariance under change of universe

Let X be a scheme, and U, C U, two Grothendieck universes containing
X ([SGA 4] I Appendix). We see successively for each of the categories
in the following list that the change of universe functor is an equivalence
of categories:

(a) category of all finitely presented Ox-modules in the universe;
(b) category of all algebraic vector bundles on X in the universe;

(c) complicial biWaldlhausen category of all the strict perfect complexes
on X in the universe;

(d) complicial biWaldhausen category of all the strict pseudo-coherent
complexes on X in the universe.

For X quasi-compact and quasi-separated, we may add to this list

(e) the homotopy category of the biWaldhausen category of all perfect
complexes on X in the universe;

(f) the homotopy category of the biWaldhausen category of all coho-
mologically bounded pseudo-coherent complexes on X in the universe.

For locally on affines of X, (e) and (f) hold by 2.3.1(d) and 2.3.1(e) and
the equivalence of the homotopy categories of (¢) and (d). The case of a
general quasi-compact and quasi-separated X follows by the methods of
3.20.4 - 3.20.6.

Now 1.9.8 applies to show G(X), K(X), and hence KZ(X) are invariant
up to homotopy under change of universe. Similarly for K(X on Y).
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