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1. Introduction

In these lectures we will introduce the theories of constructible sheaves and
vanishing cycles. They can be summed up as a package consisting of the
following collection of structures:
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Shv(X) sheaves X an algebraic variety over C

Shvc(X) constructible sheaves

(⊗,Hom) tensor and internal Hom

D Verdier duality

(f∗, f∗) ∗-pullback and ∗-pushforward f ∶X → Y a morphism

(f!, f !) !-pushforward and !-pullback

ψt, ϕt nearby and vanishing cycles t ∶X →A1 a regular function

For every complex algebraic variety X, we will introduce a category Shv(X)
as well as a full subcategory Shvc(X) of constructible objects. These will
be equipped with several different operations. For each X, we will have the
operations of tensor product and internal Hom, satisfying the adjunction
formula

Hom(F ⊗G,H) ≃ Hom(F,Hom(G,H)).

We will also have a duality functor D, satisfying D(D(F)) ≃ F for F

constructible. For a morphism of complex algebraic varieties f ∶X → Y , we
will have two different types of pullbacks and pushforwards, satisfying the
adjunction formulas

Hom(f∗(G),F) ≃ Hom(G, f∗(F))
Hom(f!(F),G) ≃ Hom(F, f !(G)).

Finally, for a regular function t on X, i.e., a morphism t ∶ X → A1 to the
complex affine line, we will have the functors of nearby and vanishing cycles,
ψt and ϕt respectively. All these various operations restrict to constructible
objects, and are woven together through various compatibilities. For example,
the ∗- and !-functors are interchanged by Verdier duality, and similarly

D(F ⊗G) ≃ Hom(F,D(G)).

This package is often referred to informally as the six functor formalism;
while the name refers to the six functors ⊗,Hom, f∗, f∗, f!, f !, the term is used
loosely and is often understood to also include the closely related functors D,
ψt, and ϕt.

Our first goal in these lectures will be to learn how this formalism is con-
structed, and how to effectively manipulate and work with it. We will then
illustrate how this abstract machinery forms an effective language for the
cohomological study of the geometry and topology of complex algebraic vari-
eties. For example, we will see how classical results such as the Gauss–Bonnet
and Lefschetz trace formulas find elegant expression (and proofs) in this
language. We will also see how the nearby and vanishing cycles functors are
used to analyze the topology of degenerating families of algebraic varieties.
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2. Sheaves on spaces

Let X be a topological space and R a commutative ring. Our goal in this
section will be to develop the construction

Shv(X;R),

whose objects are R-linear “sheaves” on X. Later on, we will apply this to
the topological space underlying a complex algebraic variety1, but for now
our considerations will not make use of the algebraic structure on X.

For example, there will be a constant sheaf

RX ∈ Shv(X;R),

which ∗-pushes forward along the projection f ∶X → pt to a sheaf

f∗(RX) ∈ Shv(pt;R).

There will be an equivalence

Shv(pt;R) ∼Ð→D(R),

where objects of D(R) are represented by (co)chain complexes of R-modules.
The object f∗(RX) will correspond to an object

C●(X;R) ∈D(R),

represented by the complex of singular cochains on X with coefficients in R.
In fact, objects of D(R) are at first approximation “(co)chain complexes of
R-modules up to quasi-isomorphism”; somewhat more precisely, D(R) is a
certain enhancement of the derived category of R.

2.1. Calculus of complexes. Classical linear algebra provides a robust
calculus for vector spaces, or more generally R-modules, through operations
like kernels, cokernels, direct sums, and tensor products. A succinct way to
summarize this is provided by the language of category theory: the collection
of modules over a commutative ring R assembles into a symmetric monoidal
abelian category ModR.

Derived linear algebra is a similar calculus for chain complexes of R-modules.
While the collection of chain complexes of R-modules does similarly assemble
into a symmetric monoidal abelian category Ch(R), it turns out that this
“näıve” calculus is too rigid for our purposes. We need a homotopical version
of this calculus, where equalities are replaced by chain homotopies.

To justify our claim that the näıve calculus is too rigid, let us consider
the following example. Suppose X is a topological space and C●(X) is the
complex of singular chains on X, regarded as an object of Ch(R). Given any
continuous map f ∶X → Y , there is an induced morphism of chain complexes

1more precisely, to the topological space X(C) of complex points of a finite type
C-scheme X
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f∗ ∶ C●(X) → C●(Y ). This construction is functorial, so if we are given an
open cover X = U ∪ V , there is an induced commutative square

C●(U ∩ V ) C●(V )

C●(U) C●(X)

iU∩VV,∗

iU∩VU,∗ iVX,∗

iUX,∗

(2.1.1)

in Ch(R). However, we have:

Exercise 2.1.2. The square (2.1.1) is not a pushout in Ch(R). Equivalently,
the sequence

0→ C●(U ∩ V )

⎡⎢⎢⎢⎢⎢⎣

iU∩VU,∗
iU∩VV,∗

⎤⎥⎥⎥⎥⎥⎦ÐÐÐÐ→ C●(U) ⊕C●(V )
iUX,∗−iVX,∗ÐÐÐÐÐ→ C●(X) → 0

is not exact in Ch(R).

Informally speaking, singular chains are not local. Nevertheless, we do have
the following result (a reformulation of the Mayer–Vietoris theorem):

Theorem 2.1.3. The square (2.1.1) is a homotopy pushout. Equivalently,
the diagram

C●(U ∩ V )

⎡⎢⎢⎢⎢⎢⎣

iU∩VU,∗
iU∩VV,∗

⎤⎥⎥⎥⎥⎥⎦ÐÐÐÐ→ C●(U) ⊕C●(V )
iUX,∗−iVX,∗ÐÐÐÐÐ→ C●(X)

determines an exact triangle.

As we will see, the notion of exact triangle is an “up to coherent homotopy”
analogue of the notion of exact sequence. The meaning of this statement is
that (2.1.1) is universal among all squares of the form

C●(U ∩ V ) C●(V )

C●(U) K●

iU∩VV,∗

iU∩VU,∗ ϕV

ϕU

that commute up to coherent homotopy : more precisely, among all tuples
(K●, ϕU , ϕV ,H) where H is a specified chain homotopy ϕU ○iU∩VU,∗ ≃ ϕV ○iU∩VV,∗ ,

i.e., a degree one map H ∶ C●(U ∩ V ) →K●+1 satisfying

ϕU ○ iU∩VU,∗ − ϕV ○ iU∩VV,∗ = d ○H +H ○ d.
We say that this homotopy H witnesses the commutativity of the above
square.

The moral of this discussion is that for our purposes, the category Ch(R)
should be replaced by some more elaborate homotopical structure, which
encodes, instead of diagrams that commute up to equality, diagrams that
commute up to coherent homotopy. This will have the effect that limits and
colimits are replaced by homotopy limits and colimits. This is precisely what
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is achieved by the construction we have denoted by D(R), which assembles
chain complexes of R-modules into a symmetric monoidal stable ∞-category.
In particular, (2.1.1) will indeed be a pushout square in the ∞-category
D(R).

2.1.1. The ∞-category of complexes. Before introducing the ∞-category
D(R), we recall its classical approximation, the derived category of chain
complexes of R-modules.

Reminder 2.1.4. Denote by hD(R) the localization of the category Ch(R)
with respect to quasi-isomorphisms.2 This is a category equipped with a
functor γ ∶ Ch(R) → hD(R) which sends all quasi-isomorphisms in Ch(R) to
isomorphisms in hD(R), and is initial among all functors with this property.
It admits various more explicit models, one of which is the following:

● Objects are K-injective complexes of R-modules.
● Morphisms M● → N● are morphisms in Ch(R), modulo the relation
of chain homotopy.

Here, an object M● ∈ Ch(R) is called K-injective (following Spaltenstein) if
for everyN● ∈ Ch(R), every subcomplexN ′● ⊆ N● which is quasi-isomorphic to

N●, and every morphism f ∶ N ′● →M●, there exists a morphism f ∶ N● →M●
extending f . This is an analogue for chain complexes of the notion of injective
R-module.

Our goal is to construct a factorization of γ through an intermediate structure,

Ch(R) →D(R) → hD(R).
Informally speaking:

● Ch(R) is a structure encoding diagrams of chain complexes that
commute up to equality.
● hD(R) is a structure encoding diagrams of chain complexes that
commute up to homotopy.
● The intermediate construction D(R) should be a structure encoding
diagrams of chain complexes that commute up to coherent homotopy.

In order to encode homotopy coherent diagrams of chain complexes, we must
pass from ordinary categories to a richer kind of structure.

Construction 2.1.5. Consider the following collection of sets:

● Let S0 denote the set of chain complexes of R-modules.
● Let S1 denote the set of tuples (M●,N●, ϕ) where M● and N● are
K-injective complexes and ϕ ∶ M● → N● is a morphism of chain
complexes.

2Classically, this category is denoted by D(R). In these notes this notation is instead
used for the ∞-categorical derived category. Since the classical derived category can be
realized as the homotopy category of the ∞-categorical one, we use the notation hD(R) for
the former.
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● Let S2 denote the set of tuples (M●,N●, P●, f01, f12, f02,H) whereM●,
N●, and P● are K-injective complexes, f01, f12, f02 are morphisms of
chain complexes, and H is a chain homotopy f02 ≃ f12 ○ f01.
● ⋯
● For any n ⩾ 0, we define Sn as follows. Informally, its elements are
K-injective complexes (M0)●, (M1)●, . . . , (Mn)●, along with the mor-
phisms fij ∶ (Mi)● → (Mj)● which are compatible up to coherent ho-
motopy. More precisely, the coherence means that we need to exhibit
specific homotopies witnessing this compatibility. Thus, an element
of Sn consists of K-injective complexes (M0)●, (M1)●, . . . , (Mn)●, to-
gether with a collection of maps3

fI ∶ (Mi−)k → (Mi+)k+m,
indexed by subsets I = {i− < i1 < ⋯ < im < i+} of {0,1, . . . , n},
satisfying the relation

d(fI(x)) = (−1)mfI(dx) + ∑
1⩽j⩽m

(−1)j(fI∖{ij}(x) − (fij ,...,i+ ○ fi−,...,ij)(x))

for every x ∈ (Mi−)k.

There are also various natural maps between these Sn’s.

● For every order-preserving map α ∶ [m] → [n], where [n] is the
set {0,1, . . . , n} with its usual order, we have a map α∗ ∶ Sn → Sm.
Given (Mj)●, 0 ⩽ j ⩽ n, and the maps {fI}I , α∗ sends this to the
complexes (Mα(j))●, 0 ⩽ j ⩽ n, together with the collection of maps
{gJ}J defined as follows:

gJ(x) ∶=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

fα(J) if α∣J is injective,

x if J = {j, j′} and α(j) = α(j′),
0 otherwise.

This kind of structure has a name.

Definition 2.1.6. A simplicial set S● is a collection of sets Sn, n ⩾ 0, and a
collection of maps α∗ ∶ Sn → Sm for every order-preserving map α ∶ [m] → [n].
These maps α∗ are required to be compatible with composition. The elements
of Sn are called the n-simplices of S●.

Example 2.1.7. If C is a category, there is a simplicial set N(C)● called
the nerve of C, whose n-simplices are chains of composable arrows

C0 → C1 → ⋯→ Cn

in C. This simplicial set N(C)● remembers everything there is to know
about the category C: its objects, its morphisms, and the composition law.
More precisely, the construction C ↦ N(C)● determines a fully faithful
functor from the category of categories to the category of simplicial sets.

3not necessarily a morphism of chain complexes, i.e., not required to commute with the
differentials
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Construction 2.1.8. The homotopy theory of topological spaces yields a
variant of Construction 2.1.5, where the 0-simplices are topological spaces,
the 1-simplices are continuous maps, and chain homotopies are replaced by
usual homotopies for the higher simplices.

These examples suggest that it is possible to regard simplicial sets as category-
like structures, with objects given by the 0-simplices, morphisms given by the
1-simplices, and the higher simplices encoding higher coherent homotopies.
Taking this approach leads to one rigourous definition of the notion of
∞-category, as developed in [Lur3] or [Cis].

In these notes, we will instead take a more informal approach that suffices for
the “working mathematician”. The simplicial sets of Constructions 2.1.5 and
2.1.8 should determine ∞-categories D(R) and H, respectively.4 Objects
of H are homotopy types of topological spaces, and H is an ∞-categorical
enhancement of the homotopy category of topological spaces in the same
way that D(R) enhances the derived category of chain complexes.

Definition 2.1.9. An∞-category C is a collection of objects X ∈ C, together
with mapping types

MapsC(X,Y ) ∈H, for every X,Y ∈ C,
and a composition law

MapsC(X,Y ) ×MapsC(Y,Z) →MapsC(X,Z), for every X,Y,Z ∈ C,
which is unital and associative up to coherent homotopy.

Similarly, an R-linear ∞-category C is a collection of objects together with
mapping complexes HomC(X,Y ) ∈ D(R), and a composition law which is
unital and associative up to coherent homotopy.

By convention, we will adopt the following terminology:

Definition 2.1.10. A homotopy type, or simply a type for short, is an object
of H.5 A complex (of R-modules) is an object of D(R).

By definition, every complex K ∈ D(R) can be represented by a chain
complex K● ∈ Ch(R), and similarly every type can be represented by some
topological space.

Definition 2.1.11. Given a complex K ∈D(R), the underlying type of K
is the mapping type

K○ ∶=MapsD(R)(R,K) ∈H.

4In Construction 2.1.5, one could equivalently use K-projective rather than K-injective
complexes. That is, the two resulting simplicial sets would define the same ∞-category, up
to equivalence of ∞-categories.

5An important theorem in ∞-category theory is that H is equivalent to the ∞-category
of ∞-groupoids, i.e., ∞-categories where all morphisms are invertible. We will therefore
sometimes use the terminologies types and ∞-groupoids interchangeably. Note that ho-
motopy theorists use the terminology spaces (this doesn’t suit our purposes, as we are
interested in invariants like the∞-category of sheaves on a space, which does not depend on
just the homotopy type.) Also, some communities use the terminology anima or animae.



8 ADEEL A. KHAN

We will also sometimes simply write K for K○ when there is no risk of
confusion. A point of K is a point of K○, i.e., a morphism R →K in D(R).

Since mapping types are covariantly functorial in the target, the assignment
K ↦K○ determines a canonical functor of ∞-categories

D(R) →H.

Remark 2.1.12. By analogy, note that ifM is anR-module, then HomR(R,M)
is its underlying set (with the R-module structure forgotten).

2.1.2. Homotopy coherent diagrams and co/limits. The ∞-category D(R),
resp. H, is designed to encode homotopy coherent diagrams, i.e., diagrams
of chain complexes (resp. topological spaces) that commute up to coherent
homotopy.

Definition 2.1.13. Let I be an ∞-category (e.g., an ordinary category
regarded as an ∞-category). Let C be an ∞-category. An I-shaped diagram
in C is a functor of ∞-categories F ∶I → C.

Example 2.1.14. Let I = ∆2 be the category with objects 0, 1, and 2,
and exactly three nontrivial morphisms 0 → 1, 1 → 2, and 0 → 2, with
[0→ 2] = [1→ 2] ○ [0→ 1]. A ∆2-shaped diagram in D(R) amounts to the
data of:

● three complexes M0, M1, M2;
● three morphisms f01 ∶M0 →M1, f12 ∶M1 →M2, and f02 ∶M0 →M2;
● a homotopy f02 ≃ f12 ○ f01.

Thus, when we say that the diagram

M0 M1

M2

f01

f02
f12

commutes up to coherent homotopy, we mean that it is specified by a functor
∆2 →D(R).

Definition 2.1.15. Let C be an ∞-category. A commutative triangle in C

is a ∆2-shaped diagram.

Remark 2.1.16. We will take the assertion of Example 2.1.14 for granted,
but it can be justified using the simplicial set model for D(R) as follows. For
each n, the standard n-simplex is the simplicial set ∆n whose k-simplices
are order-preserving maps [k] → [n]. The simplicial set ∆2 is nothing but
the nerve of the category denoted ∆2 in Example 2.1.14. It is convenient
to express this using the language of presheaves. Denote by ∆ the cate-
gory whose objects are finite sets [n] ∶= {0,1, . . . , n} for n ⩾ 0, and whose
morphisms [m] → [n] are order-preserving maps. Then a simplicial set is
nothing but a presheaf on ∆, i.e., a functor from ∆op to the category of sets,
and ∆n = Hom∆(−, [n]) is the presheaf represented by [n]. Now the Yoneda
lemma says that morphisms of simplicial sets ∆2 → S● are in bijection with
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2-simplices of S●. Applying this to the simplicial set of Construction 2.1.5,
we see in particular that a ∆2-shaped diagram in D(R), which is encoded
by a morphism of simplicial sets ∆2 → S●, is the same thing as an element of
S2.

We can similarly describe diagrams of more general shapes, because a general
category I can be built out of the standard n-simplexes ∆n.

Example 2.1.17. Let I = ◻ denote the category with four objects 00, 10,
01, and 11, with morphisms as depicted:

00 10

01 11,

such that [10 → 11] ○ [00 → 10] = [00 → 11] = [01 → 11] ○ [00 → 01]. A
◻-shaped diagram in D(R) amounts to the data of a diagram

M00 M10

M01 M11

f0

g0
h g1

f1

that commutes up to homotopies g1 ○ f0 ≃ h ≃ f1 ○ g0.

Definition 2.1.18. Let C be an ∞-category. A commutative square in C is
a ◻-shaped diagram.

Remark 2.1.19. Example 2.1.17 can be justified using the simplicial model
for D(R) as follows. Let ∆1 denote the category with two objects 0, 1, and
a unique nontrivial morphism 0 → 1 (note that its nerve is the standard
1-simplex ∆1 from Remark 2.1.16). The category ◻ is equivalent to ∆1 ×∆1,
so in particular its nerve is the simplicial set ∆1 ×∆1. In the category of
simplicial sets, there is a pushout square

∆1 ∆2

∆1 ∆1 ×∆1

which one may visualize as the subdivision

00 10

01 11

of ◻ ≃ ∆1 × ∆1 into two ∆2’s glued along the diagonal ∆1. Thus, by
Remark 2.1.16, a ◻-shaped diagram in D(R) can be understood as two
homotopies identifying g1 ○ f0 and f1 ○ g0 separately with the diagonal arrow
h.
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Definition 2.1.20. Let I be the category depicted as follows:

10

01 11.

Let X ∶I → C be an I-shaped diagram in an ∞-category C, depicted as:

X10

X01 X11.

Given an object Y ∈ C, consider the type

MapsFun(I,C)(Ycst,X) ∈H,
where Ycst is the constant diagram Y → Y ← Y . The pullback of the diagram
X01 →X11 ←X10 is an object P ∈ C equipped with a natural transformation
α ∶ Pcst →X, such that

MapsC(Y,P ) →MapsFun(I,C)(Ycst,X),
given by

(f ∶ Y → P ) ↦ (Ycst
fcstÐÐ→ Pcst

αÐ→X),
is an isomorphism in H for all objects Y ∈ C.

Unravelling, note that a point of Maps(Ycst,X) amounts to two maps Y →
X01, Y →X10, and a commutative square

Y X10

X01 X11

(2.1.21)

in C. The pullback is thus an object P fitting into such a commutative
square, such that for any other such square (2.1.21), there exists a map
Y → P , unique up to a contractible type of choices, making the following
diagram commute (up to coherent homotopy):

Y

P X10

X01 X11.

Notation 2.1.22. Given a commutative diagram X01 → X11 ← X10 in
C, we will denote by X01 ×X11 X10 ∈ C the pullback (when it exists). The
∞-categorical Yoneda lemma implies that, if the pullback does exist, it is
unique up to a contractible type of choices.

More generally, we define:
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Definition 2.1.23. Let X ∶I → C be a diagram in an ∞-category C. The
limit of X is an object P equipped with a natural transformation α ∶ Pcst →X
such that the map

MapsC(Y,P ) →MapsFun(I,C)(Ycst,X),
given by

(f ∶ Y → P ) ↦ (Ycst
fcstÐÐ→ Pcst

αÐ→X),
is invertible in H.

Notation 2.1.24. Given a diagram X ∶ I → C, written informally as
{Xi}i∈I, the limit of X is denoted by

lim←ÐX or lim←Ð
i∈I

Xi.

When it exists, it is unique up to a contractible type of choices.

Remark 2.1.25. Note that limits in D(R) correspond to homotopy limits
of chain complexes, as opposed to actual limits in Ch(R).

Definition 2.1.26. Dually, given a diagram X ∶ I → C, the colimit is
defined dually and denoted by

limÐ→X or limÐ→
i∈I

Xi.

In other words, limÐ→X is the limit of Xop ∶Iop → Cop. For example, we have

a notion of pushouts of diagrams X01 ←X00 →X10, dual to pullbacks.

2.1.3. Co/fibres and exact triangles of complexes. We now return to the ∞-
category D(R) and aim to understand some examples of limits and colimits
more concretely in this setting.

Example 2.1.27. Let ϕ ∶K → L be a morphism of complexes in D(R). The
fibre of ϕ, denoted Fib(ϕ), is defined as the pullback

Fib(ϕ) K

0 L.

ϕ

Let Y ∈ D(R) be a complex. A morphism Y → Fib(ϕ) is by definition a
commutative square

Y K

0 L

ψ

ϕ

in D(R), i.e., a morphism ψ ∶ Y → K together with a null-homotopy H ∶
ϕ○ψ ≃ 0. IfK, L, and Y are presented by termwise projective chain complexes
K●, L●, and Y●, H can be presented by a graded mapH● ∶ Y● → L●+1 satisfying
ϕ ○ψ = d ○H +H ○ d. Let us attempt to build a chain complex F● presenting
Fib(ϕ). If a map Y● → F● is to encode ψ and H, it seems reasonable to set
Fn ∶=Kn ⊕Ln+1 for every n ∈ Z. It’s not difficult to write down differentials



12 ADEEL A. KHAN

dF ∶ Fn → Fn−1 with the property that d2 = 0, ψ is a chain map, and H is a
chain homotopy; for example, we may take

dF (a, b) ∶= (dK(a), ϕ(a) − dL(b)).
It turns out that the chain complex F● ∈ Ch(R) indeed represents the fibre
Fib(ϕ) ∈D(R). Note moreover that F● is precisely the shifted mapping cone
Cone(ϕ)[−1].6

Example 2.1.28. Dually, we define the cofibre of ϕ ∶K → L as the complex
Cofib(ϕ) ∈D(R) fitting in the pushout square

K L

0 Cofib(ϕ).

ϕ

By similar reasoning, one may represent Cofib(ϕ) by the chain complex Q●
given by Qn ∶= Ln ⊕Kn−1 and differentials

dQ(a, b) = (dL(a) + ϕ(b),−dK(b)).
Note that Q● is precisely the mapping cone Cone(ϕ).7

Corollary 2.1.29. For any morphism ϕ ∶K → L in the ∞-category D(R),
there is a canonical isomorphism Fib(ϕ) ≃ Cofib(ϕ)[−1].
Definition 2.1.30. An exact triangle in D(R) is a diagram

K
ϕÐ→ L

ψÐ→M

together with a null-homotopy ψ ○ ϕ ≃ 0, such that either of the following
equivalent conditions hold:

(a) The induced map Cofib(ϕ) →M is an isomorphism in D(R).

(b) The induced map K → Fib(ψ) is an isomorphism in D(R).
Example 2.1.31. For any complex K ∈D(R), we have exact triangles

K[−1] → 0→K, K → 0→K[1]
in D(R).
Proposition 2.1.32. Given a diagram

K01
ϕÐ→K11

ψ←ÐK10,

in D(R), the pullback is canonically isomorphic to

Fib(ϕ − ψ ∶K01 ⊕K10 →K11).

Proof. Exercise. □

Exercise 2.1.33. State and prove a dual version of Proposition 2.1.32,
computing pushouts as cofibres.

6up to the usual choice of sign conventions in the definition of Cone(ϕ), which agree up
to quasi-isomorphism

7again, up to sign conventions
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Proposition 2.1.34. Given a commutative square

K00 K10

K01 K11

in D(R), it is a pullback square if and only if it is a pushout square.

Proof. Combine Corollary 2.1.29, Proposition 2.1.32, and Exercise 2.1.33. □

Definition 2.1.35. A commutative square inD(R) is exact if it is a pullback,
or equivalently if it is a pushout.

The discussion above shows that the ∞-category of complexes D(R) is a
stable ∞-category:

Definition 2.1.36. An ∞-category C is called stable if it satisfies the
following conditions:

(i) There exists a zero object 0 ∈ C, i.e., an object which is both initial
and terminal:

MapsC(X,0) ≃MapsC(0,X) ≃ pt

for all objects X ∈ C.

(ii) For every morphism f ∶X → Y in C, the cofibre Cofib(f) and Fib(f)
both exist.

(iii) For any null-homotopic sequence

X
fÐ→ Y

gÐ→ Z,

the induced morphism Cofib(f) → Z is invertible if and only if
X → Fib(g) is invertible.

If C is stable, an exact triangle is a null-homotopic sequence satisfying either
of the two equivalent conditions in (iii).

Remark 2.1.37. If C is a stable ∞-category, then all finite colimits and
limits exist in C. Moreover, a commutative square in C is a pushout if and
only if it is a pullback. We say an exact square in C is a commutative square
which is either a pushout or pullback.

Definition 2.1.38. A functor of stable ∞-categories is exact if and only if
it satisfies either of the following equivalent conditions:

(i) It preserves zero objects and exact triangles.

(ii) It preserves exact squares.

(iii) It preserves finite limits.

(iv) It preserves finite colimits.
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Definition 2.1.39. Let C be a stable ∞-category. A stable subcategory C

is a full subcategory C0 ⊆ C which contains the zero object 0 ∈ C0 and which
is closed under cofibres and fibres. Note that C0 is then a stable ∞-category,
and the inclusion C0 ↪ C is an exact functor.

We refer to [Lur2, Chap. 1] for a much more thorough introduction to stable
∞-categories.

2.1.4. Generation under colimits. An∞-category C is cocomplete if it admits
all colimits (i.e., the colimit of any diagram I → C exists). The stable ∞-
category D(R) is characterized by the following universal property.

Theorem 2.1.40 (Universal property). Let C be an R-linear cocomplete
∞-category. Then there is a canonical equivalence

FunLR(D(R),C) → C,

where FunLR(D(R),C) denotes the ∞-category of R-linear colimit-preserving
functors F ∶D(R) → C, and the equivalence sends F ↦ F (R).

Informally speaking, this universal property asserts that it is the free R-
linear cocomplete ∞-category on a single generator. In particular, to define a
colimit-preserving functor out of D(R), one only needs to specify the image
of the single object R ∈D(R). We have the following reinterpretation.

Corollary 2.1.41 (Generation under colimits). Let R be a commutative ring
and let C ⊆D(R) be a stable subcategory. If C contains the object R ∈D(R)
and is closed under colimits, then C =D(R).

Proof. Consider the inclusion functor i ∶ C ↪D(R). If we show that i admits
a right inverse, hence is in particular essentially surjective, then it will follow
that every K ∈D(R) lies in C.

Since C is an R-linear cocomplete ∞-category containing R ∈D(R), Theo-
rem 2.1.40 implies that there exists an essentially unique functor F ∶D(R) →
C which preserves colimits and sends R ↦ R. We claim that i ○ F ≃ idD(R)
as endofunctors of D(R). Note that i ○ F is colimit-preserving, since F
is colimit-preserving (by construction) and i is colimit-preserving (by as-

sumption). Under the equivalence FunLR(D(R),D(R)) →D(R) coming from
Theorem 2.1.40, i ○ F is sent to i(F (R)) ≃ i(R) ≃ R, and idD(R) is also sent
to idD(R)(R) ≃ R. The claim follows. □

Let us also give a more instructive proof.

Direct proof of Corollary 2.1.41. We let C ⊆ D(R) be as in the statement
and K ∈D(R) be any object. We will show that K must lie in C.

The object K is represented by a chain complex K● ∈ Ch(R). There exists
a projective resolution of K●, i.e., a K-projective complex K ′● and a quasi-
isomorphism K ′● → K●. Replacing K● by K ′●, we may thus assume that K
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is represented by a chain complex K● which is K-projective. In particular,
each of its terms is a projective R-module.

As shown in Exercise Sheet 2, if K● is unbounded we may write it as a
filtered colimit in D(R) of bounded complexes. To show that K ∈ C, we
may thus assume that K● is bounded.

If K● is bounded, Exercise Sheet 2 shows that K can be built out of its terms
by taking iterating cofibres. To show that K ∈ C, we may thus assume that
K● is a single projective module concentrated in one degree. That is, K is
represented by M[n] for some projective M ∈ModR and some n ∈ Z. Since
0 ∈ C and we have exact triangles L → 0 → L[1] and L[−1] → 0 → L, for
every L ∈D(R), we may assume (by induction) that n = 0.

Let M ∈ModR be a projective R-module. Recall that projectivity is equiv-
alent to the existence of an R-module N such that F ∶= M ⊕N is a free
R-module. Equivalently, there exists an idempotent endomorphism e of F
such that M and N are the image and kernel of e, respectively. We may also
write M as the colimit of the tower

F
eÐ→ F

eÐ→ ⋯.
Thus it will suffice to show that any free R-module F belongs to C. But
F can be written by definition as a coproduct R⊕I of copies of R indexed
by some set I. Since R ∈ C and C is closed under colimits, it follows that
F ∈ C. □

Recall that we defined R-linear ∞-categoriesC as analoguous to∞-categories
except that for any two objects X,Y ∈ C there is a complex of maps
MapsC(X,Y ) ∈ D(R). It will also be useful to think about R-linearity
in the following equivalent way.

Definition 2.1.42. Let C be a cocomplete ∞-category. A (cocontinuous)
action of D(R) on C consists of an operation

(−) ⊗ (−) ∶D(R) ×C → C, (K,C) ↦K ⊗C
which is unital and associative up to coherent homotopy, and colimit-
preserving in each argument.

Corollary 2.1.43. Let C be a cocomplete ∞-category. Then C is R-linear
if and only if it admits an action of D(R). Similarly, a functor between
R-linear categories F ∶ C →D is R-linear8 if it is linear with respect to the
D(R)-action.

Proof. Derive this from Theorem 2.1.40. □

Remark 2.1.44. Conversely, one can understand Theorem 2.1.40 in terms
of the D(R)-action on C as follows. Given an object C ∈ C, the action
defines a functor FC(K) ∶= K ⊗ C, FC ∶ D(R) → C, which is R-linear and

8By definition, an R-linear functor is an assignment X ↦ F (X) on objects, and a
collection of morphisms MapsC(X,Y ) →MapsD(F (X), F (Y )) in D(R) for all X,Y ∈ C,
which are compatible with composition up to coherent homotopy.
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colimit-preserving. This is easily checked to be an inverse to the equivalence
Theorem 2.1.40.

2.1.5. Derived tensor products and internal Homs. Theorem 2.1.40 enables
us to easily define derived functors.

Proposition 2.1.45. There exists an essentially unique functor

(−) ⊗LR (−) ∶D(R) ×D(R) →D(R)
which is exact and colimit-preserving in each argument, and satisfies R⊗LRR ≃
R. Moreover, the operation (−) ⊗LR (−) is associative and commutative up to
coherent homotopy.

Proposition 2.1.46. There exists an essentially unique functor

RHomR(−,−) ∶D(R)op ×D(R) →D(R)
such that

● For every K ∈ D(R), RHomR(K,−) ∶ D(R) → D(R) is exact and
colimit-preserving.
● For every L ∈ D(R), RHomR(−, L) ∶ D(R) → D(R)op is exact and
colimit-preserving9.
● There is a canonical isomorphism RHomR(R,R) ≃ R.

Remark 2.1.47. The term essentially unique used in Propositions 2.1.45 and
2.1.46 means that the type of such functors is contractible (i.e., isomorphic
to the trivial type pt). Note also that the exactness is automatic from the
colimit-preserving assumption: since D(R) is stable, an endofunctor is exact
if and only if it commutes with finite colimits.

Remark 2.1.48.

(i) The proof of Corollary 2.1.41 shows that K ⊗LR L ∈ D(R) and
RHomR(K,L) ∈ D(R) can be represented by the classical tensor
product and Hom complex, respectively, of a K-projective represen-
tative K● of K.

(ii) In particular, if M and N are R-modules, then we have

Hn (M ⊗LR N) ≃ TorRn (M,N), (2.1.49)

Hn (RHomR(M,N)) ≃ Ext−nR (M,N) (2.1.50)

for every n ∈ Z.
(iii) It is sometimes convenient to set Hn(K) ∶= H−n(K) for any n ∈ Z.

Then we have Hn(RHomR(M,N)) ≃ ExtnR(M,N) for every n ∈ Z.

Notation 2.1.51. When there is no risk of confusion, we will typically omit
the decorations in the notations ⊗LR and RHomR, e.g.

K ⊗L ∶=K ⊗LR L, Hom(K,L) ∶=RHomR(K,L).
9note the op in the target; i.e., the condition is that RHomR(limÐ→α

Kα, L) →
lim←Ðα

RHomR(Kα, L) is invertible for all diagrams {Kα}α
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2.2. Presheaves.

Definition 2.2.1. Let C and V be ∞-categories. A presheaf on C with
values in V is a functor

F ∶ Cop →V.

The ∞-category of V-valued presheaves on C is denoted

PShv(C;V) ∶= Fun(Cop,V).
Thus a morphism of presheaves is a natural transformation between the
corresponding functors.

Definition 2.2.2. Let X be a topological space.

(i) Let Op(X) denote the set of open subsets U ⊆X, ordered by inclusion.
We regard Op(X) as a category, whose objects are opens U ⊆X and
whose morphisms are

HomOp(X)(U,V ) = {
{∗} if U ⊆ V ,

∅ otherwise.

(ii) A presheaf on X with values in V is a presheaf on Op(X) with
values in V.

(iii) Let R be a commutative ring. An R-linear presheaf on X is a
presheaf on X with values in V =D(R).

We denote by

PShv(X;R) ∶= PShv(Op(X);D(R)) ∶= Fun(Op(X)op,D(R))
the ∞-category of R-linear presheaves on X.

Unravelling the definition, we see that the a presheaf F ∈ PShv(X;R)
amounts to the data of:

● For every open U ⊆X, a complex Γ(U,F) ∈D(R).
● For every inclusion V ⊆ U of opens of X, a restriction map

res ∶= resUV ∶ Γ(U,F) → Γ(V,F).
● For every open U ⊆X, a specified homotopy resUU ≃ id.
● For every chain of opens W ⊆ V ⊆ U , a commutative triangle

Γ(U,F) Γ(V,F)

Γ(W,F).

res

res
res

● ⋯

In other words, it amounts to a collection of complexes Γ(U,F) for all opens
U ⊆X and restriction maps which are functorial up to coherent homotopy.

Remark 2.2.3. The notation Γ(U,F) instead of F(U) is a standard con-
vention in sheaf theory. We call Γ(U,F) the complex of sections of F over
U ; points of Γ(U,F) (in the sense of Definition 2.1.11) are called sections of
F over U .
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Example 2.2.4. Let X be a topological space. For every open U ⊆ X,
consider the set Cont(U ;R) of real-valued continuous functions f ∶ U →R.
Pointwise addition and scalar multiplication endow it with the structure of
an R-module. For every inclusion V ⊆ U we have restriction maps which are
R-linear. These are moreover functorial up to equality. Thus, the assignment

U ↦ Cont(U ;R)
defines a presheaf on X with values in ModR. Via the fully faithful functor
ModR ↪D(R) which regards an R-module M as a complex M[0] concen-
trated in degree zero, we may also regard C(−;R) as a presheaf with values
in D(R).

Example 2.2.5. Let X be a topological space and K ∈ D(R) be a fixed
complex. The constant presheaf Kcst ∈ PShv(X;R) is defined by the formula

Γ(U,Kcst) ∶=K
for every open U ⊆X. The restriction maps are all the identity map K →K
(these are obviously functorial up to coherent homotopy).

Example 2.2.6. Let X be a topological space, U ⊆ X a fixed open, and
K ∈D(R) a fixed complex. We denote by cstUX(K) the presheaf on X defined
by the formula

Γ(V, cstUX(K)) ∶= {
K if V ⊆ U
0 otherwise.

Note that cstXX(K) = Kcst. Also, for K = R, cstUX(R) just the R-linear
presheaf represented by U ⊆X. We call the functor

Op(X) ↪ PShv(X), U ↦ cstUX(R), (2.2.7)

the R-linear Yoneda embedding. By the ∞-categorical Yoneda lemma, (2.2.7)
is fully faithful and we have a canonical isomorphism

MapsPShv(X;R)(cstUX(R),F) ≃ Γ(U,F) (2.2.8)

for every U ⊆X.

The next proposition tells that colimits and limits of presheaves can be
computed section-wise.

Proposition 2.2.9. Let X be a topological space. Let {Fα}α be a diagram
in PShv(X;R). Then we have

Γ(U, limÐ→
α

Fα) ≃ limÐ→
α

Γ(U,Fα)

Γ(U, lim←Ð
α

Fα) ≃ lim←Ð
α

Γ(U,Fα)

for every U ⊆ X. In other words, for every open U ⊆ X, the functor
Γ(U,−) ∶ PShv(X;R) →D(R) preserves colimits and limits.

Proof. One easily checks the universal property. □

Corollary 2.2.10. The ∞-category PShv(X;R) is stable.
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Notation 2.2.11. The zero presheaf is the constant presheaf 0 ∶= 0cst. This
is the zero object (initial and terminal) of PShv(X;R).

Construction 2.2.12 (Restriction to opens). Let F ∈ PShv(X;R) be a
presheaf. For every open U , the restriction F∣U ∈ PShv(U ;R) is the presheaf
on U defined by

Γ(V,F∣U) ∶= Γ(V,F).
More precisely, F∣U is the composite

Op(U)op ↪ Op(X) FÐ→D(R),
where the first arrow is the inclusion (V ⊆ U) ↦ (V ⊆X).

Construction 2.2.13 (Tensor product). Let F and G be presheaves on X.
The tensor product F ⊗G ∈ PShv(X;R) is the presheaf F ⊗G defined by

Γ(U,F ⊗G) ∶= Γ(U,F) ⊗R Γ(U,G).
This is associative and commutative up to coherent homotopy, and the unit
is RX .

Construction 2.2.14 (Internal Hom). Let F and G be presheaves on X.
The internal Hom Hom(F,G) ∈ PShv(X;R) is the presheaf defined by

Γ(U,Hom(F,G)) ∶=MapsPShv(U ;R)(F∣U ,G∣U).

The following says that for every F ∈ PShv(X;R), the functor (−) ⊗F is
left adjoint to Hom(F,−).

Proposition 2.2.15 (Tensor-Hom adjunction). There are canonical isomor-
phisms

MapsPShv(X;R)(H ⊗F,G),≃MapsPShv(X;R)(H,Hom(F,G))
natural in F,G,H ∈ PShv(X;R).

Proof. Exercise. □

Remark 2.2.16. The ∞-category PShv(X;R) is R-linear. The action of
D(R) can be described as follows. For a complex K ∈D(R) and a presheaf
F ∈ PShv(X;R), the tensor K ⊗F is the presheaf defined by

Γ(U,K ⊗F) ∶=K ⊗ Γ(U,F).

Theorem 2.2.17 (Universal property). Let C be an R-linear cocomplete
stable ∞-category. Then there is a canonical equivalence

FunLR(PShv(X;R),C) → Fun(Op(X),C),
where FunLR(PShv(X;R),C) denotes the ∞-category of R-linear colimit-
preserving exact functors F ∶ PShv(X;R) → C, and the equivalence sends F
to its restriction along the R-linear Yoneda embedding (2.2.7).

Informally speaking, Theorem 2.2.17 asserts that PShv(X;R) is the free
stable R-linear ∞-category generated by Op(X) under colimits. Similarly to
Corollary 2.1.41, we may derive the following more concrete consequences:
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Corollary 2.2.18 (Generation under colimits). Let R be a commutative
ring and let C ⊆ PShv(X;R) be a stable subcategory. If C contains the object
cstUX(R) ∈ PShv(X;R) for every open U ⊆ X and is closed under colimits,
then C = PShv(X;R).

More precisely, for any presheaf F ∈ PShv(X;R), there is a canonical
isomorphism

F ≃ limÐ→(U,s)
cstUX(R) (2.2.19)

where the colimit is taken over pairs (U, s) with U ⊆ X an open and s ∈
Γ(U,F) a section.

2.3. Sheaves.

2.3.1. Čech descent.

Definition 2.3.1. Let X be a topological space. Let U ⊆X be an open and
let {Vα}α be a collection of opens of U . The Čech nerve of {Vα}, denoted
by V●, is the simplicial object

Vn ∶= ∐
α0,...,αn

Vα0 ∩⋯ ∩ Vαn .

For example, we have

V0 =∐
α

Vα

V1 = ∐
α,β

Vα ∩ Vβ

V2 = ∐
α,β,γ

Vα ∩ Vβ ∩ Vγ .

The ith face map di ∶ Vn → Vn−1 drops the ith index. For example,

d1 ∶ Vα ∩ Vβ ∩ Vγ → Vα ∩ Vγ
drops β. The ith degeneracy map si ∶ Vn → Vn+1 repeats the ith index. For
example,

s1 ∶ Vα ∩ Vβ → Vα ∩ Vβ ∩ Vβ = Vα ∩ Vβ
repeats β.

Remark 2.3.2. Note that the terms Vn are not technically objects of Op(X).
Instead, we regard these as formal symbols.10

Definition 2.3.3. Let F be a V-valued presheaf on X. We say that F is
a sheaf, or that it satisfies Čech descent, if for every open U ⊆X and every
collection of opens {Vα}α with U = ⋃α Vα, the canonical map

Γ(U,F) → Tot(Γ(V●,F))

10More precisely, we can form the disjoint unions in PShv(X) (via the Yoneda embedding
(2.2.7)). The presheaf F ∶ Op(X)op → D(R) extends uniquely to a colimit-preserving
functor F+ ∶ PShv(X;R) → D(R), and hence we can make sense of expressions like
Γ(Vn,F) ∶= Γ(Vn,F

+) = ∏α0,...,αn
Γ(Vα0 ∩⋯ ∩ Vαn ,F).



CONSTRUCTIBLE SHEAVES AND VANISHING CYCLES 21

is invertible. Here V● denotes the Čech nerve of {Vα}α, Γ(V●,F) is the
cosimplicial object obtained by applying F, and Tot(X●) ∶= lim←Ð[n]∈∆Xn

denotes the totalization of a cosimplicial object X●. In other words, we
require that the diagram

Γ(U,F) →∏
α

Γ(Vα,F) ⇉∏
α,β

Γ(Vα ∩ Vβ,F) →→→ ∏
α,β,γ

Γ(Vα ∩ Vβ ∩ Vγ ,F)
→→→→ ⋯

is a limit diagram in D(R), for every open U ⊆ X and every open cover
U = ⋃α Vα.

Notation 2.3.4. We denote by Shv(X;V) ⊆ PShv(X;V) the full subcate-
gory spanned by V-linear sheaves. Similarly, for V = D(R) we denote by
Shv(X;R) ⊆ PShv(X;R) the full subcategory spanned by R-linear sheaves.

Remark 2.3.5. Let F ∈ PShv(X;R) be a presheaf. For an open U ⊆ X
covered by opens Vα, the descent condition is that to provide a section
s ∈ Γ(U,F) is the same thing as to provide a point of Tot(Γ(V●,F)), i.e., a
collection of sections

s∣Vα1∩⋯∩Vαn
∈ Γ(Vα1 ∩⋯ ∩ Vαn ,F)

which are compatible with restriction up to coherent homotopy. In other
words:

● For every α, a section s∣Vα ∈ Γ(Vα,F).
● For every α and β, a specified isomorphism

hαβ ∶ sα∣Vα∩Vβ ≃ sβ ∣Vα∩Vβ .

● For every α, β γ, a specified homotopy witnessing the commutativity
of the diagram

sα∣Vα∩Vβ∩Vγ sβ ∣Vα∩Vβ∩Vγ

sγ ∣Vα∩Vβ∩Vγ .

hαβ

hαγ hβγ

● . . .

Proposition 2.3.6. A presheaf F ∈ PShv(X;R) satisfies Čech descent for
all opens U ⊆X and all finite open covers U = ∪iVi if and only if the following
conditions hold:

(i) Γ(∅,F) ≃ 0.
(ii) For every open U ⊆X and every open cover U = V1 ∪ V2, the commu-

tative square

Γ(U,F) Γ(V1,F)

Γ(V2,F) Γ(V1 ∩ V2,F).
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Definition 2.3.7. LetX be a topological space. We say thatX is hereditarily
Lindelöf if for every open U ⊆ X, every open cover U = ∪αVα admits
a countable subcover. For example, if X is second countable then it is
hereditarily Lindelöf. (This applies if X is a manifold, or the analytic space
underlying a finite type C-scheme.)

Proposition 2.3.8. If X is hereditarily Lindelöf, then a presheaf F ∈
PShv(X;R) satisfies Čech descent if and only if the following conditions
hold:

(i) Γ(∅,F) ≃ 0.
(ii) For every open U ⊆X and every open cover U = V1 ∪ V2, the commu-

tative square

Γ(U,F) Γ(V1,F)

Γ(V2,F) Γ(V1 ∩ V2,F).

(iii) For every countable sequence of opens

U0 ⊆ U1 ⊆ ⋯ ⊆X
with union U∞ = ∪nUn, the map in D(R)

Γ(U∞,F) → lim←Ð
n

Γ(Un,F)

is an isomorphism.

Proof. See [ADH, Prop. 3.6.6]. □

Example 2.3.9. Suppose that the set of compact opens in X is closed under
finite intersection and forms a basis for the topology of X. In this case, a
presheaf F satisfies Čech descent if and only if it satisfies (i) and (ii) for
U,V1, V2 compact opens (see [Lur1, Thm. 7.3.5.2]). In particular, the sheaf
condition only involves finite limits in this case.

Another case in which the sheaf condition only involves finite limits is as
follows.

Example 2.3.10. Given integers a ⩽ b, let D(R)[a,b] denote the full subcat-
egory of D(R) spanned by complexes K with homology concentrated in the
interval [a, b]:

Hi(K) = 0 for all i ∉ [a, b].
Then the∞-category D(R)[a,b] is actually an n-category, where n = (b−a+1),
in the sense that there are no nontrivial k-morphisms for k > n; all the
mapping types

MapsD(R)
[a,b]
(K,L) =MapsD(R)(K,L)

are (n − 1)-groupoids when K,L ∈D(R)[a,b]. See (3.6.1). One can therefore
show that if a presheaf F ∈ PShv(X;R) happens to take values in D(R)[a,b],
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then the totalizations appearing in Definition 2.3.3 can be computed after
restriction to

∆⩽n ∶= {[0], [1], . . . , [n]} ⊆∆.

Example 2.3.11. Let F be a presheaf on X with values in ModR. Since
ModR ≃D(R)[0,0], Example 2.3.10 implies that F satisfies Čech descent if
and only if

Γ(U,F) →∏
α

Γ(Vα,F) ⇉∏
α,β

Γ(Vα ∩ Vβ,F)

is a limit diagram for all opens U ⊆X and all open covers U = ∪αVα.

2.3.2. Examples of sheaves.

Example 2.3.12. Let X be a topological space and U ⊆ X an open. If
F ∈ PShv(X;R) is a sheaf, then so is its restriction F∣U ∈ PShv(U ;R).

Example 2.3.13. On any topological space X, the zero presheaf 0 (Nota-
tion 2.2.11) is a sheaf.

Example 2.3.14. Let X be a topological space and {Fα}α a diagram in
Shv(X;R). The limit lim←ÐαFα is a sheaf. (The sheaf condition involves

limits, which commute with limits.)

Example 2.3.15. Let X be a topological space and {Fα}α a finite diagram
in Shv(X;R). Then the colimit limÐ→αFα is a sheaf. (On a stable ∞-category

C, the functor

Tot(−) = lim←Ð
∆

(−) ∶ Fun(∆,C) → C, X● ↦ Tot(X●)

is limit-preserving, hence is exact, hence commutes with finite colimits.)

Example 2.3.16 (Skyscraper sheaves). Let X be a topological space and
K ∈D(R) a complex. The skyscraper sheaf with value K at a point x ∈X
is the sheaf Kx ∈ Shv(X;R) defined by

Γ(U,Kx) ∶= {
K if x ∈ U ,

0 otherwise,

for every open U ⊆X. For an inclusion of opens V ⊆ U , the restriction map
res ∶ Γ(U,Kx) → Γ(V,Kx) is the identity map if x ∈ V , and 0 otherwise.
Note that Kx takes values in ModR ⊆D(R), and these restriction maps are
functorial up to equality. Let us show that Kx is indeed a sheaf.

Let U = ⋃α Vα be an open cover of an open U ⊆X. We want to show that

Γ(U,Kx) →∏
α

Γ(Vα,Kx) ⇉∏
α,β

Γ(Vα∩Vβ,Kx) →→→ ∏
α,β,γ

Γ(Vα∩Vβ∩Vγ ,Kx)
→→→→ ⋯

is a limit diagram in D(R). Without loss of generality we may assume that
x ∈ U ; otherwise every term in the diagram is 0. Similarly, let I = {α ∣ x ∈ Vα},
so that {Vα}α∈I is the subset of opens which contain x. In this case, the
diagram takes the following form:

K →∏
I

K ⇉∏
I2
K →→→∏

I3
K
→→→→ ⋯
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A proof that this is a limit diagram is outlined in Exercise Sheet 3 (where I
was assumed finite just for simplicity).

2.3.3. Sheafification. Examples 2.3.13, 2.3.14, and 2.3.15 show that Shv(X;R)
is a stable subcategory of PShv(X;R). In other words, Shv(X;R) is a stable
∞-category and the inclusion functor is exact.

Definition/Theorem 2.3.17. The inclusion ι ∶ Shv(X;R) ↪ PShv(X;R)
admits an exact left adjoint

L ∶ PShv(X;R) → Shv(X;R)
called the sheafification functor.

Remark 2.3.18. Let F ∈ PShv(X;R). By construction, the sheafification
L(F) is a sheaf equipped with a canonical map

can ∶F → L(F).
Moreover, any map F →G to a sheaf G must factor uniquely through L(F).

Remark 2.3.19. Beware that, although L is colimit-preserving as a functor
PShv(X;R) → Shv(X;R), the endofunctor

PShv(X;R) LÐ→ Shv(X;R) ιÐ→ PShv(X;R)
is exact and limit-preserving but does not preserve infinite colimits.

Proposition 2.3.20. Let X be a topological space. Let {Fα}α be a diagram
in Shv(X;R). Then there is a canonical isomorphism

limÐ→
α

Fα ≃ L( limÐ→
α

ι(Fα)). (2.3.21)

In other words, the colimit in Shv(X;R) is computed by sheafifying the
colimit in PShv(X;R).

Proof. Use the adjunction formula to check that the right-hand side satisfies
the universal property for the colimit. □

Example 2.3.22 (Constant sheaves). Let X be a topological space and
K ∈ D(R) a complex. The constant sheaf on X with value K is the
sheafification of the constant presheaf,

KX ∶= L(Kcst).
As we will see in the exercises, typically KX /≃Kcst.

Example 2.3.23. Let X be a topological space. For every open U ⊆X, the
R-linear sheaf represented by U is defined as the sheafification of cstUX(R) ∈
PShv(X;R) (Example 2.2.6),

LcstUX(R) ∈ Shv(X;R).
It follows by adjunction from Lemma 2.2.8 that there is a canonical isomor-
phism

MapsShv(X;R)(LcstUX(R),F) ≃ Γ(U,F) (2.3.24)

for all F ∈ Shv(X;R).
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Warning 2.3.25. The sheafified R-linear Yoneda embedding

Op(X) ↪ PShv(X) LÐ→ Shv(X), U ↦ cstUX(R) ↦ LcstUX(R)
typically is not fully faithful.

2.3.4. Universal property. As a formal consequence of the presheaf level
statement (Theorem 2.2.17), we may derive the following universal property
of Shv(X;R).
Theorem 2.3.26 (Universal property). Let C be an R-linear cocomplete
stable ∞-category. Then there is a canonical equivalence

FunLR(Shv(X;R),C) → Fun′(Op(X),C),
where:

● FunLR(Shv(X;R),C) denotes the ∞-category of R-linear colimit-
preserving exact functors F ∶ Shv(X;R) → C;
● Fun′(Op(X),C) denotes the ∞-category of functors F ∶ Op(X) → C

satisfying codescent11;
● the equivalence sends F to its restriction along the sheafified R-linear
Yoneda embedding, U ↦ LcstUX(R).

Corollary 2.3.27 (Generation under colimits). Let R be a commutative
ring and let C ⊆ Shv(X;R) be a stable subcategory. If C contains the object
LcstUX(R) ∈ Shv(X;R) for every open U ⊆ X and is closed under colimits,
then C = Shv(X;R).

More precisely, for any sheaf F ∈ Shv(X;R), there is a canonical isomor-
phism

F ≃ limÐ→(U,s)
LcstUX(R) (2.3.28)

where the colimit is taken over pairs (U, s) with U ⊆ X an open and s ∈
Γ(U,F) a section.

2.3.5. Tensor and Hom.

Proposition 2.3.29. Let F and G be presheaves on X. If G is a sheaf,
then so is the internal Hom Hom(F,G).

Proof. Let U ⊆ X be an open and U = ⋃α Vα an open cover. Denote by
H ∶= Hom(F,G). We want to show that

Γ(U,H) →∏
α

Γ(Vα,H) ⇉∏
α,β

Γ(Vα ∩ Vβ,H) →→→ ∏
α,β,γ

Γ(Vα ∩ Vβ ∩ Vγ ,H)
→→→→ ⋯

is a limit diagram in D(R). By definition, this diagram takes the form

Maps(F∣U ,G∣U) →∏
α

Maps(F∣Vα ,G∣Vα) ⇉∏
α,β

Maps(F∣Vαβ
,G∣Vαβ) →→→ ⋯

11This condition is dual to descent: totalizations (limits) of Čech nerves are replaced by
geometric realizations (colimits). Equivalently, the functor F op ∶ Op(X)op → Cop satisfies
descent when regarded as a presheaf with values in Cop.
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where Vαβ ∶= Vα ∩ Vβ and so on.

By Corollary 2.2.18, we may write F as a colimit limÐ→λ cst
Wλ
X (R) for some

diagram of opensWλ ⊆X. Note that restriction to opens is colimit-preserving
on presheaves. We may thus write

Maps(F∣U ,G∣U) ≃Maps(limÐ→
λ

cstWλ
X (R)∣U ,G∣U).

By the universal property of colimits, limÐ→λ may be pulled out to a lim←Ðλ. Note
also that cstWX (R)∣U ≃ cstW∩UX (R) for any open W ⊆X. Thus the right-hand
side becomes

lim←Ð
λ

Maps(cstWλ
U (R),G∣U) ≃ lim←Ð

λ

Γ(Wλ,G)

using the Yoneda lemma. Arguing similarly for the V● terms, we find that
the diagram in question is the limit over λ of the diagrams

Γ(Wλ,G∣U) →∏
α

Γ(Wλ ∩ Vα,G∣Vα) ⇉∏
α,β

Γ(Wλ ∩ Vα ∩ Vβ,G∣Vα∩Vβ) →→→ ⋯.

For each fixed λ this is a limit diagram by Čech descent for G. A limit of
limit diagrams is a limit diagram, so we conclude. □

Definition 2.3.30. Let F and G be sheaves on X. We denote by F⊗PShvG
the presheaf-level tensor product of Construction 2.2.13. The sheaf-level
tensor product

F ⊗Shv G ∶= L(F ⊗PShv G)
is defined as its sheafification. Of course we will generally omit the decorations
Shv and PShv when there is no risk of ambiguity.

Corollary 2.3.31 (Tensor-Hom adjunction). There are canonical isomor-
phisms

MapsShv(X;R)(H ⊗F,G),≃MapsShv(X;R)(H,Hom(F,G))

natural in F,G,H ∈ Shv(X;R).

Proof. Follows from Proposition 2.2.15 and the definitions. □

2.3.6. Global sections.

Definition 2.3.32. Let X be a topological space and F ∈ PShv(X;R)
a presheaf. The complex Γ(X,F) ∈ D(R) is called the complex of global
sections of F.

Remark 2.3.33. In the classical literature, Γ(X,F) is denoted by RΓ(X,F)
and called the complex of derived global sections of F. Since we are working
∞-categorically, the notion is automatically and implicitly derived for us.

Remark 2.3.34. Note that for X = pt, the global sections functor induces
an equivalence of ∞-categories

Γ(pt,−) ∶ Shv(pt) Ð→D(R).
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Definition 2.3.35 (Sections with support). Let Z ⊆X be a closed subset.
The complex of global sections of F supported on Z is defined as

ΓZ(X,F) ∶= Fib (Γ(X,F)
resÐ→ Γ(X ∖Z,F))

Remark 2.3.36. Let Z ⊆ Z ′ be an inclusion of closed subsets of X. Since
then X ∖Z ′ ⊆X ∖Z, we may consider the following diagram:

ΓZ(X,F) Γ(X,F) Γ(X ∖Z,F)

ΓZ′(X,F) Γ(X,F) Γ(X ∖Z ′,F),

res

res

res

The right-hand square is commutative, by functoriality of the presheaf F.
Since both rows are exact triangles by definition, the universal property of
the fibre implies that there exists an essentially unique vertical arrow making
the left-hand square commute.

Definition 2.3.37. Let X be a topological space. We say X is Hausdorff if
the diagonal ∆X ∶ X → X ×X, x ↦ (x,x) is a closed embedding. In other
words, {(x,x) ∣ x ∈X} is a closed subspace of X ×X. Equivalently, for any
two distinct points x, y ∈ X, there exist opens U ∋ x and V ∋ y which are
disjoint.

In the next construction, we will implicitly use the following consequence of
Hausdorffness.

Lemma 2.3.38. If X is Hausdorff, then any compact subset A ⊆X is closed.

Proof. Suppose A ⊆X is compact. We will show that for any point x ∈X ∖A,
there exists an open neighbourhood U ∋ x contained in X ∖A. In particular,
X ∖A is open and hence A is closed.

For every point a ∈ A choose disjoint opens Ua ∋ x and Va ∋ a by using the
Hausdorffness of X. As a varies, the subsets Va form an open cover of A.
Since A is compact, this may be refined to a finite subcover {Va1 , . . . , Van}.
Consider the open neighbourhood U ∶= ⋂Uai of x. Moreover, we have
U ⊆X ∖A: if u ∈ U , we have u ∉ Vai for every i, hence in particular u ∉ A. □

Definition 2.3.39 (Compactly supported global sections). Let X be a
Hausdorff topological space. The complex of compactly supported global
sections of F is the colimit

Γc(X,F) ∶= limÐ→
Z⊆X

ΓZ(X,F)

in D(R), where Z ⊆X ranges over compact subsets.

3. The six functors

We have already seen two of the six operations, ⊗ and Hom. We will now
introduce the further operations

(f∗, f∗), (f!, f !)
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associated with a continuous map f .

From now on, we will fix a ring of coefficients R, and write simply Shv(X) ∶=
Shv(X;R) when there is no possible ambiguity.

3.1. Basic functoriality.

3.1.1. Definition.

Definition 3.1.1. Let f ∶X → Y be a morphism12 of topological spaces. Let
F ∈ PShv(X). The ∗-pushforward of F is the presheaf f∗(F) ∈ PShv(Y )
defined by

Γ(V, f∗(F)) = Γ(f−1(V ),F) (3.1.2)

for every open V ⊆ Y .

Proposition 3.1.3. If F is a sheaf, then f∗(F) is a sheaf.

Proof. Exercise. □

Definition/Proposition 3.1.4. Let f ∶X → Y be a morphism of topological
spaces.

(i) The functor f∗ ∶ PShv(X) → PShv(Y ) admits a left adjoint

f∗PShv ∶ PShv(Y ) → PShv(X).
This functor is uniquely characterized by commutativity with colimits
and the formula

f∗PShv(cstVY (R)) = cst
f−1(V )
X (R) (3.1.5)

for all opens V ⊆ Y .

(ii) The functor

f∗ ∶= f∗Shv ∶= L ○ f∗PShv ∶ Shv(Y ) → Shv(X)
is left adjoint to f∗ ∶ Shv(X) → Shv(Y ). This functor is uniquely
characterized by commutativity with colimits and the formula

f∗Shv(LcstVY (R)) ≃ Lcst
f−1(V )
X (R) (3.1.6)

for all opens V ⊆ Y .

We call f∗ the ∗-pullback functor.

Proof. Define f∗PShv using the universal property of presheaves (Theorem 2.2.17).
To check that it is left adjoint to f∗, let us show the natural isomorphisms

MapsPShv(X)(f∗PShv(G),F) ≃MapsPShv(Y )(G, f∗(F))
for F ∈ PShv(X), G ∈ PShv(Y ). First note that if G ≃ limÐ→αGα, the left-hand
side becomes

Maps(limÐ→
α

f∗PShv(Gα),F) ≃ lim←Ð
α

Maps(f∗PShv(Gα),F)

12i.e., a continuous map
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while the right-hand side becomes

lim←Ð
α

(Gα, f∗(F)).

Thus it will suffice to construct natural isomorphisms for each Gα. By
Corollary 2.2.18 it is thus enough to consider the case of G = cstVY (R), where
V ⊆ Y is an open. In this case the left-hand side becomes

Maps(cstf
−1(V )
X (R),F) ≃ Γ(f−1(V ),F)

while the right-hand side becomes

Maps(cstVY (R), f∗(F)) ≃ Γ(V, f∗(F)).

The claim follows.

Finally, the adjunction at the level of sheaves is now immediate from the
fact that L is left adjoint to the inclusion. The uniqueness statement follows
from Corollary 2.3.27. □

Remark 3.1.7. The construction f∗ is functorial with respect to composi-
tions in f , up to coherent homotopy.

Proposition 3.1.8. Let f ∶X → Y be a morphism of topological spaces and
G ∈ PShv(Y ). For every open U ⊆X, there is a canonical isomorphism

Γ(U, f∗PShv(G)) ≃ limÐ→
V ⊇f(U)

Γ(V,G)

where the colimit is taken over opens V ⊆ Y containing f(U).

Proof. Take the right-hand side as the definition of a presheaf on Y . Check
that it also satisfies the characterization of f∗PShv. □

3.1.2. Examples.

Example 3.1.9. Let U ⊆ X an open and j ∶ U ↪ X the inclusion. Then
j∗PShv coincides with the functor of restrictions to open, i.e., we have

j∗PShv(F) ≃F∣U
naturally in F ∈ PShv(X). In particular, if F is a sheaf then it follows
that j∗PShv(F) is a sheaf. Hence j∗(F) = L(j∗PShv(F)) ≃ F∣U , since the
sheafification functor L is idempotent.

Example 3.1.10. Let X be a topological space. Denote by a ∶X → pt the
projection. Using the equivalence Shv(pt;R) ≃D(R) (Remark 2.3.34), we
may identify sheaves on pt with complexes.

(i) For every F ∈ Shv(X;R), the ∗-pushforward a∗(F) is the complex
of global sections Γ(X,F).

(ii) For every K ∈D(R), the ∗-pullback a∗(K) is the constant sheaf KX .
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The first statement is immediate from the definitions; let us demonstrate
the second. Since a∗ ∶ Shv(pt;R) → Shv(X;R) is colimit-preserving, it will

suffice to show that it sends the generator Lcstptpt(R) ≃ Rpt to RX . By

construction (see Proposition 3.1.4), we have

a∗(Lcstptpt(R)) ≃ LcstXX(R) = RX .

Example 3.1.11 (Skyscraper sheaves). Let X be a topological space. Let
x ∈ X be a point and ix ∶ {x} ↪ X the inclusion. Then for any complex
K ∈D(R), the ∗-pushforward ix,∗(K) is identified with the skyscraper sheaf
Kx (Example 2.3.16). Indeed, for any open U ⊆X we have by definition

Γ(U, ix,∗(K)) ≃ Γ(U ∩ {x},K) ≃ {
K if x ∈ U ,

0 otherwise.

3.1.3. Compatibilities between the operations f∗, f∗, ⊗, and Hom. Here is
a (non-exhaustive) list of compatibilities between the operations we have
introduced so far.

Proposition 3.1.12. Let f ∶X → Y be a morphism of topological spaces.

(i) The functor f∗ is compatible with ⊗ up to coherent homotopy. More
precisely, there are natural isomorphisms

Ex∗⊗ ∶ f∗( ⊗
i∈[n]

Gi) ≃⊗
i∈I
f∗(Gi)

for every [n] ∈∆, which are compatible with the transition functors
α ∶ [m] → [n] up to coherent homotopy.13

(ii) There are natural isomorphisms

Ex
Hom,∗
∗ ∶ Hom(G, f∗(F)) → f∗Hom(f∗G,F).

(iii) There are natural morphisms

Ex⊗,∗∗ ∶ f∗(F) ⊗G → f∗(F ⊗ f∗(G)).
(iv) There are natural morphisms

f∗Hom(G1,G2) → Hom(f∗G1, f
∗G2).

(v) For every pullback square of topological spaces

X ′ Y ′

X Y,

g

p q

f

there are natural morphisms

Ex∗∗ ∶ q∗f∗(F) → g∗p∗(F).

Remark 3.1.13. The various natural transformations above are often called
exchange transformations. We will see later that they will often be isomor-
phisms under suitable assumptions.

13In other words, f∗ is symmetric monoidal.
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Notation 3.1.14. We will denote by

unit ∶G → f∗f∗(G), counit ∶ f∗f∗(F) →F

the natural morphisms coming from the adjunction (f∗, f∗). Similarly, the
tensor-Hom adjunction gives rise to natural morphisms

coev ∶F1 → Hom(F2,F1 ⊗F2), ev ∶ Hom(F1,F2) ⊗F1 →F2.

Proof of Proposition 3.1.12.

(i) We leave the construction of Ex∗⊗ as an exercise.

(iii): We define Ex⊗,∗∗ by the commutative square

f∗(F) ⊗G f∗(F ⊗ f∗G)

f∗f∗(f∗F ⊗G) f∗(f∗f∗F ⊗ f∗G)

Ex⊗,∗
∗

unit⊗id
(i)

f∗(counit⊗id)

where the lower horizontal identification comes from Ex∗⊗.

(ii): We define Ex
Hom,∗
∗ by the commutative square

Hom(G, f∗F) f∗Hom(f∗G,F)

f∗f∗Hom(G, f∗F) f∗Hom(f∗G, f∗f∗F)

f∗Hom(f∗G, f∗Hom(G, f∗F) ⊗ f∗G) f∗Hom(f∗G, f∗(Hom(G, f∗F) ⊗G))

unit counit

coev ev

(i)

where the lower horizontal identification comes from Ex∗⊗. The proof that
this is an isomorphism is left an exercise. Hint: By the Yoneda lemma, it
suffices to check that it becomes an isomorphism after applying Maps(H,−)
for all H ∈ Shv(Y ).

(iv): We define Ex∗Hom by the commutative square

f∗Hom(G1,G2) Hom(f∗G1, f
∗G2)

f∗Hom(G1, f∗f∗(G2)) f∗f∗Hom(f∗G1, f
∗G2)

Ex∗Hom

unit counit

(ii)

where the lower horizontal identification comes from Ex
Hom,∗
∗ .

(v): We define Ex∗∗ by the commutative square

q∗f∗ g∗p∗

q∗f∗p∗p∗ q∗q∗g∗p∗

Ex∗
∗

unit counit
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where the lower horizontal identification comes from the functoriality of
∗-pullback. □

Definition 3.1.15 (Exterior product). Let X and Y be topological spaces.
Their product is the topological space X × Y with projections

X
pr1←ÐÐX × Y

pr2ÐÐ→ Y.

Given sheaves F ∈ Shv(X) and G ∈ Shv(Y ), the external tensor product (or
box tensor product) is the sheaf

F ⊠G ∶= pr∗1(F) ⊗ pr∗2(G) ∈ Shv(X × Y ).
Exercise 3.1.16. Let X be a topological space and ∆X ∶ X → X ×X the
diagonal map, defined by x ↦ (x,x). Show that for sheaves F1 and F2 on
X, there is a canonical isomorphism

F1 ⊗F2 ≃∆∗(F1 ⊠F2).

3.2. Exceptional functoriality.

3.2.1. Locally compact Hausdorff spaces and proper maps.

Definition 3.2.1. Let X be a topological space.

(i) A subset A ⊆X is relatively compact (in X) if its closure Ā in X is
compact.

(ii) We say X is locally compact if for every point x ∈ X there exists a
relatively compact open neighbourhood U ∋ x.

Definition 3.2.2. Let f ∶ X → Y be a morphism (= continuous map) of
topological spaces.

(i) We say f is separated if its relative diagonal ∆X/Y ∶X →X ×Y X is
a closed embedding.

(ii) We say f is compact if for every compact subset V ⊆ Y , the preimage
f−1(V ) ⊆X is compact.

(iii) We say that f is universally closed if for every topological space Y ′
and every morphism Y ′ → Y , the base change fY ′ ∶X ×Y Y ′ → Y ′ is
closed, i.e., preserves closed subsets.

(iv) We say f is proper if it is separated and universally closed.

We recall some standard facts about these definitions:

Lemma 3.2.3.

(i) If X and Y are locally compact Hausdorff spaces, then X×Y is locally
compact Hausdorff.

(ii) If X and Y are Hausdorff and Y is locally compact, then a morphism
f ∶X → Y is proper if and only if it is compact.

(iii) If f ∶ X → Y is a separated, resp. proper, morphism of topological
spaces, then so is every base change fY ′ ∶X ×Y Y ′ → Y ′.
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(iv) If f ∶ X → Y and g ∶ Y → Z are separated, resp. proper, morphisms
of topological spaces, then so is the composition g ○ f ∶X → Z.

(v) If X is Hausdorff, then for every compact subset A ⊆X the inclusion
A↪X is proper.

3.2.2. !-pushforward.

Definition 3.2.4. Let f ∶X → Y be a morphism of locally compact Hausdorff
spaces andF ∈ PShv(X). The !-pushforward fPShv! (F) ∈ PShv(Y ) is defined
by

Γ(V, f!(F)) ≃ limÐ→
A⊆f−1(V )

ΓA(f−1(V ),F)

where the colimit is over compact subsets A ⊆ f−1(V ) such that

A f−1(V ) X

V Y

fV f

the diagonal arrow A ⊆ f−1(V ) → V is proper.

Definition 3.2.5. Let f ∶X → Y be a morphism of locally compact Hausdorff
spaces and F ∈ Shv(X). The !-pushforward of F is the sheaf

f!(F) ∶= fShv! (F) ∶= LfPShv! (F) ∈ Shv(Y ).
This defines a functor f! ∶ Shv(X) → Shv(Y ).

Proposition 3.2.6. Suppose that F ∈ Shv(X) takes values in D(R)[a,b] for
some integers a ⩽ b (Example 2.3.10). Then fPShv! (F) is a sheaf on Y ; in

particular, fShv! (F) ≃ fPShv! (F).

Proof. Follows from the definitions and the fact that in this case, the sheaf
condition can be expressed using finite limits (see Example 2.3.10), which
commute with colimits by exactness. □

Example 3.2.7. Let X be a Hausdorff topological space and denote by
a ∶ X → pt the projection. Then we have a!(F) ≃ Γc(X,F), since for any
subset A ⊆X, the projection A→ pt is proper iff it A is compact.

Theorem 3.2.8. Let f ∶ X → Y be a morphism between locally compact
Hausdorff spaces.

(i) Functoriality. The construction f! is compatible with compositions in
f up to coherent homotopy.

(ii) Colimit preservation. The functor f! ∶ Shv(X) → Shv(Y ) preserves
colimits.

(iii) Forgetting supports. There exists a natural transformation

fgspf ∶ f! → f∗ (3.2.9)

called forgetting supports, which is an isomorphism if f is proper.
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(iv) Base change formula. For every pullback square of locally compact
Hausdorff spaces

X ′ Y ′

X Y,

g

p q

f

there are natural isomorphisms

Ex∗! ∶ q∗f!(F) ≃ g!p∗(F) (3.2.10)

for all F ∈ Shv(X).
(v) Projection formula. There are natural isomorphisms

Ex⊗,∗! ∶ f!(F) ⊗G ≃ f!(F ⊗ f∗G) (3.2.11)

for F ∈ Shv(X), G ∈ Shv(Y ).

Example 3.2.12. Let U ⊆X be an open and j ∶ U ↪X the inclusion. Then
j!(RU) ≃ LcstUX(R). By functoriality, we thus deduce more generally that
for every open V ⊆ U ,

j!(LcstVU (R)) ≃ LcstVX(R).
For this reason, the functor j! is also called extension by zero along j.

3.2.3. !-pullback. The proof of Theorem 3.2.8 and Example 3.2.12 will require
a little more background, so we will come back to it later.

Definition/Theorem 3.2.13. Let f ∶ X → Y be a morphism of locally
compact Hausdorff spaces. Then there exists a functor

f ! ∶ Shv(Y ) → Shv(X)
right adjoint to f!. Moreover, it satisfies the following properties:

(i) Functoriality. The construction f ! is compatible with compositions in
f up to coherent homotopy.

(ii) Base change formula. For every pullback square of locally compact
Hausdorff spaces

X ′ Y ′

X Y,

g

p q

f

there are natural isomorphisms

Ex!∗ ∶ f !q∗(G′) ≃ p∗g!(G′) (3.2.14)

for all G′ ∈ Shv(Y ′).
(iii) There are natural isomorphisms

Ex
Hom,!
∗ ∶ HomY (f!F,G) ≃ f∗HomX(F, f !G), (3.2.15)

Ex!Hom ∶ f !HomY (G1,G2) ≃ HomX(f∗G1, f
!G2) (3.2.16)

for all F ∈ Shv(X), G,G1,G2 ∈ Shv(Y ).
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Proof. The existence of f ! follows formally from the fact that f! preserves
colimits (Theorem 3.2.8), as an application of the adjoint functor theorem.
The latter asserts that any colimit-preserving functor between presentable14

∞-categories is automatically a left adjoint (see [Lur1, Cor. 5.5.2.9]).

The asserted natural isomorphism (3.2.14) is dual to the base change formula
for f! (3.2.10). More precisely, it is obtained by passage to right adjoints from
(3.2.10) in the following sense: if we hit (3.2.10) with the functor Maps(−,H),
we get a diagram

MapsShv(Y ′)(q∗f!(F),H) MapsShv(Y ′)(g!p∗(F),H)

MapsShv(X)(F, f !q∗(H)) MapsShv(X)(F, p∗g!(H))

Maps(Ex∗! ,H)

Maps(F,Ex!
∗
)

where the vertical identifications are the adjunction formulas and the lower
horizontal arrow is the unique one making the square commute. Taking in
particular F = f !q∗(H), the identity of F corresponds to a unique morphism

Ex!∗(H) ∶ f !q∗(H) → p∗g!(H) which is natural in H. Since the upper arrow

is invertible for all F and H, so is the lower one, and hence so is Ex!∗(H)
by the Yoneda lemma.

Similarly, (3.2.15) and (3.2.16) are both obtained by passage to right adjoints
from the projection formula (3.2.11). □

Remark 3.2.17. We may think of Ex
Hom,!
∗ (3.2.15) as a “sheafy” version of

the adjunction formula Maps(f!(F),G) ≃Maps(F, f !G).

Example 3.2.18. Let j ∶ U ↪X be an open embedding. In this case, there
is a canonical isomorphism j! ≃ j∗. To show this it will suffice to check
that j∗ is a right adjoint to j! (by uniqueness of adjoints). It follows from
Example 3.2.12 and Corollary 2.3.27 that j! ∶ Shv(U) → Shv(X) is the unique
colimit-preserving functor sending LcstU0

U (R) to Lcst
U0
X (R) for every open

U0 ⊆ U . The adjunction formula

MapsShv(X)(j!F,G) ≃MapsShv(U)(F, j∗G)

for all F ∈ Shv(U), G ∈ Shv(X), reduces to the case of F = LcstU0
U (R) for

an open U0 ⊆ U . In this case it becomes the tautological isomorphism

Γ(U0,G) ≃ Γ(U0, j
∗G),

by the Yoneda lemma (2.3.24).

Remark 3.2.19. Note that for an open embedding j, the operations (j!, j!)
are well-defined without any locally compact Hausdorff assumptions on the
spaces. Moreover, one can check the properties asserted in Theorems 3.2.8
and 3.2.13 directly in this case (exercise).

14Presentability is a certain niceness condition on cocomplete ∞-categories which is in
particular satisfied by Shv(X) for any space X.
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3.3. Localization. We have the following consequence of the base change
formulas.

Proposition 3.3.1.

(i) Let i ∶ Z ↪X be a closed embedding. Then the counit i∗i∗ → id is an
isomorphism. In particular, i∗ ≃ i! is fully faithful.

(ii) Let j ∶ U ↪X be an open embedding. Then the counit j∗j∗ → id and
unit id → j∗j! are isomorphisms. In particular, j∗ and j! are fully
faithful.

(iii) Let i ∶ Z ↪ X be a closed embedding with complementary open
embedding j ∶ U =X ∖Z ↪X. Then we have

i∗j! ≃ 0, j∗i∗ ≃ 0.

Proof. Apply the base change formulas (3.2.10) and (3.2.14) to the pullback
squares

Z Z

Z X,

i

i

U U

U X,

j

j

∅ U

Z X.

j

i

Note that i∗ ≃ i! holds because i is proper. □

Remark 3.3.2. Let i ∶ Z ↪ X be a closed embedding and denote by
j ∶ U = X ∖ Z ↪ X the inclusion of its open complement. By naturality of
units and counits we have the commutative square

j!j
∗F F

j!j
∗i∗i∗F i∗i∗F,

counit

unit unit

counit

(3.3.3)

natural in F ∈ Shv(X). The lower left corner is zero because j∗i∗ ≃ 0
(Lemma 3.3.1). In particular, the clockwise composite

j!j
∗F →F → i∗i∗F (3.3.4)

is canonically null-homotopic.

Theorem 3.3.5 (Localization Theorem). The null-homotopic sequence
(3.3.4) is an exact triangle in Shv(X). (Equivalently, (3.3.3) is a pushout
square.)

Passing to right adjoints gives a dual triangle:

Corollary 3.3.6. There is a canonical exact triangle

i∗i!F
counitÐÐÐ→F

unitÐÐ→ j∗j∗F, (3.3.7)

natural in F ∈ Shv(X).
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Remark 3.3.8. Taking global sections in (3.3.7) yields the exact triangle

Γ(X, i∗i!F) → Γ(X,F) resÐ→ Γ(U,F),
where we have identified

Γ(X, j∗j∗F) ≃ Γ(U, j∗F) ≃ Γ(U,F).
Comparison with Definition 2.3.35 and the uniqueness of fibres shows that
Γ(X, i∗i!F) ≃ ΓZ(X,F). Thus the operation i∗i! may be regarded as an
enhancement of “global sections with support”.

Corollary 3.3.9. The essential image of the fully faithful functor i∗ ∶
Shv(Z) → Shv(X) is spanned by sheaves F ∈ Shv(X) such that j∗F ≃ 0. In
other words, i∗ induces an equivalence

i∗ ∶ Shv(Z)
∼Ð→ Ker(j∗) ⊆ Shv(X).

Proof. By Proposition 3.3.1, i∗ is fully faithful and j∗i∗ ≃ 0. Thus the
essential image of i∗ is contained in Ker(j∗). Conversely, suppose that
j∗F ≃ 0. Then the localization triangle (3.3.4) takes the form

0 ≃ j!j∗F →F → i∗i∗F.

Note that a morphism in a stable ∞-category is an isomorphism if and only
if its fibre vanishes (to see this, consider the pullback square

Fib(f) X

0 Y,

f

which is also a pushout by stability; isomorphisms are stable under pushouts).
In particular, we have F ≃ i∗i∗F, hence F belongs to the essential image of
i∗. □

Corollary 3.3.10. There is a canonical isomorphism of functors

i∗j∗ ≃ i!j![1].

Proof. Consider both localization triangles

j!j
∗ → id→ i∗i∗ (3.3.11)

i∗i! → id→ j∗j∗. (3.3.12)

Applying the first to j∗(G) yields
Cofib(j!j∗j∗(G) ≃ j!(G) → j∗(F)) ≃ i∗i∗j∗(G)

since j∗j∗ ≃ id (Proposition 3.3.1). Applying the second to j! yields

i∗i!j!(G) ≃ Fib(j!(G) → j∗(G) ≃ j∗j∗j!(G)).
Since Cofib ≃ Fib[1] in a stable ∞-category, we deduce the natural isomor-
phism

i∗i∗j∗(G) ≃ i∗i!i!(G)[1].
Finally, applying i∗ on the left and use that i∗i∗ ≃ id (Proposition 3.3.1). □
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Remark 3.3.13. One can show that the natural transformation j! → j∗
appearing in the proof of Corollary 3.3.10 is identified with the forget supports
transformation fgspj (3.2.9) of Theorem 3.2.8. The proof computes its cofibre,

resp. fibre. In other words, the term i∗i∗j∗ ≃ i∗i!j! measures the failure of
fgspj ∶ j! → j∗ to be an isomorphism.

3.4. Co/homology.

Definition 3.4.1. Let X be a topological space and denote by a ∶X → pt
the projection. Given a complex K ∈ D(R), we define the complexes of
cochains and Borel–Moore chains on X by the respective formulas

C●(X;K) ∶= Γ(X,a∗(K)) ≃ Γ(X,KX)

and

CBM
● (X;K) ∶= Γ(X;a!(K)) = Γ(X;ωX).

For the latter, we assume that X is locally compact Hausdorff (so that
a! is defined), and the sheaf ωKX ∶= a!(K) is called the K-linear dualizing

complex of X. In the case K = R we write simply ωRX when there is no risk
of confusion.

Remark 3.4.2. Under the equivalence Shv(pt;R) ≃ D(R), we can write
more compactly

C●(X;K) ∶= a∗a∗(K), CBM
● (X;K) ∶= a∗a!(K).

Notation 3.4.3. Given a sheaf F ∈ Shv(X), we write

H∗(X;F) ∶= H∗ (Γ(X,F)) = H−∗ (Γ(X,F)),

for the cohomology groups of its complex of global sections. The cohomology
and Borel–Moore homology groups of X with coefficients in K ∈D(R) are de-
fined as the cohomology groups of the complexes C●(X;K) and CBM● (X;K),
respectively. In other words,

H∗(X;K) ∶= H∗(X;KX), HBM
∗ (X;K) ∶= H∗(X;ωX).

The following comparison theorem is classical, but usually stated under more
technical hypotheses. A modern and more general proof can be found in
[Pet]:15

Theorem 3.4.4 (Sheaf cohomology vs. singular cohomology). Let X be a
locally contractible16 space. Then for any R-module M there is an isomor-
phism

C●(X;M) ≃ C●sing(X;M),

15In fact, an even weaker condition than local contractibility is assumed there.
16Recall that a topological space X is contractible if the identity map id ∶ X → X is

null-homotopic.17 We say that X is locally contractible if for any open U ⊆X there exists
an open cover U = ⋃α Vα where each Vα is contractible. This is a mild condition: for
example, any topological manifold is locally contractible (clear from the definitions) and
one can also show that any CW complex is locally contractible.
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in D(R), where the right-hand side is the complex of singular cochains on
X with coefficients in M . In particular, there is an isomorphism of graded
R-modules

H∗(X;M) ≃ H∗sing(X;M),
where the right-hand side is the singular cohomology of X with coefficients
in M .

The following is a classical result, due I believe to Grothendieck; see [Ive, Bre].

Theorem 3.4.5. Let X be a locally compact Hausdorff topological space.
Then for any R-module M there is an isomorphism

CBM
● (X;M) ≃ CBM,sing

● (X;M)
in D(R), where the right-hand side is the complex of locally finite singular
chains on X with coefficients in M (as classically defined by Borel and
Moore). In particular, there is an isomorphism of graded R-modules

HBM
∗ (X;M) ≃ HBM

sing(X;M),
where the right-hand side is the classical Borel–Moore homology of X with
coefficients in M .

Construction 3.4.6. Let f ∶X → Y be a morphism of topological spaces.
We denote by aX ∶ X → pt and aY ∶ Y → pt the projections. The six
operations give rise to operations on cohomology and Borel–Moore homology:

(a) Pullback in cohomology. The unit morphism id→ f∗f∗ gives rise to
a morphism

aY,∗a∗Y → aY,∗f∗f∗a∗Y ≃ aX,∗a∗X .
Taking global sections and evaluating on K ∈ D(R), this gives a
canonical morphism

f∗ ∶ C●(Y ;K) → C●(X;K),
whence in particular f∗ ∶ H∗(Y ;K) → H∗(X;K).

(b) Proper pushforward in Borel–Moore homology. Suppose f is proper
and X and Y are locally compact Hausdorff, so that f! ≃ f∗. Then
the counit f!f

! → id assumes the form f∗f ! → id, and gives rise to
morphisms

aX,∗a!X ≃ aY,∗f∗f !a!Y → aY,∗a!Y .
Taking global sections and evaluating on K ∈ D(R), this gives a
canonical morphism

f∗ ∶ CBM
● (X;K) → CBM

● (Y ;K),
whence in particular f∗ ∶ HBM

∗ (X;K) → HBM
∗ (Y ;K).

(c) Restriction in Borel–Moore homology. Suppose f = j is an open
embedding and X and Y are locally compact Hausdorff, so that
j! ≃ j∗. Then the unit id → j∗j∗ assumes the form id → j∗j!, and
gives rise to morphisms

aY,∗a!Y → aY,∗j∗j!a!Y ≃ aX,∗a!X .
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Taking global sections and evaluating on K ∈ D(R), this gives a
canonical morphism

j! ∶ CBM
● (Y ;K) → CBM

● (X;K),

whence in particular j! ∶ HBM
∗ (Y ;K) → HBM

∗ (X;K). We also write
simply res ∶= j!.

Remark 3.4.7. The restriction map in (c) can also be described as the
restriction map for the dualizing complex ωKY ∈ Shv(Y ),

res ∶ Γ(Y,ωKY ) → Γ(X,ωKY ),
since

ωKY ∣X = j∗(ωKY ) ≃ j!(ωKY ) ≃ j!a!Y (K) ≃ a!X(K) ≃ ωKX
by functoriality of the !-pullback.

Proposition 3.4.8. Let f ∶X → Y be a proper morphism of locally compact
Hausdorff spaces. Let V ⊆ Y be an open with preimage U = f−1(V ) ⊆X, and
denote by f ∣U ∶ U → V the restriction (which is still proper). Then there is a
canonical homotopy

res ○ f∗ ≃ g∗ ○ res (3.4.9)

of morphisms CBM● (X;K) → CBM● (V ;K).

Proof. Exercise. □

3.5. Locally constant sheaves.

3.5.1. Definitions.

Definition 3.5.1.

(i) A sheaf F ∈ Shv(X) is called constant if there exists a complex
K ∈D(R) and an isomorphism F ≃KX in Shv(X).

(ii) A sheaf F ∈ Shv(X) is locally constant if there exists an open cover
X = ⋃αUα such that each F∣Uα ∈ Shv(Uα) is constant.

Remark 3.5.2. Locally constant sheaves are also called local systems.

Definition 3.5.3. Denote by Perf(R) ⊆D(R) the smallest full subcategory
which contains R and is closed under finite colimits, finite limits, and direct
summands (equivalently, under finite colimits, shifts by [−1], and direct
summands). A complex K ∈D(R) is called perfect if it belongs to Perf(R).

Remark 3.5.4. By definition, Perf(R) is a thick subcategory of D(R). This
means that it is a stable subcategory which is moreover closed under direct
summands.

Remark 3.5.5. A complex K ∈ D(R) is perfect if and only if it can be
represented by a chain complex K● ∈ Ch(R) which is bounded and consists
of finitely generated and projective R-modules Kn.
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Definition 3.5.6. We say F ∈ Shv(X) is a constant sheaf of finite type if it
is isomorphic to KX for some perfect complex K ∈D(R). Similarly, F is a
locally constant sheaf of finite type if there is an open cover X = ⋃αUα such
that each F∣Uα is constant of finite type.

Notation 3.5.7. We denote by Loc◇(X) ⊆ Shv(X) the full subcategory of
locally constant sheaves, and by Loc(X) ⊆ Shv(X) the full subcategory of
locally constant sheaves of finite type.

Remark 3.5.8. For X = pt, we have Loc◇(pt) ≃ D(R) and Loc(pt) ≃
Perf(R).
Exercise 3.5.9. For any morphism f ∶ X → Y , the functor f∗ ∶ Shv(Y ) →
Shv(X) preserves locally constant sheaves (resp. of finite type).

Exercise 3.5.10. Show that Loc◇(X) and Loc(X) are stable subcategories
of Shv(X). Show that Loc(X) is not closed under arbitrary colimits and
limits.

3.5.2. Fundamental ∞-groupoids.

Construction 3.5.11. Let X be a topological space. The fundamental
groupoid of X is a groupoid Π1(X) defined as follows.

● Objects are points x ∈X.
● Morphisms x → y are equivalence classes of paths γ ∶ [0,1] → X
from γ(0) = x to γ(1) = y. Two paths γ1 and γ2 are identified if
there exists an endpoint-preserving homotopy between them, i.e., a
morphism

h ∶ [0,1] × [0,1] →X

such that h(s,0) = γ1(s) and h(s,1) = γ2(s) for all s ∈ [0,1], and
h(0, t) = x and h(1, t) = y for all t ∈ [0, 1]. It may be helpful to think
of h as a homotopy exhibiting the commutativity of the square

x y

x y.

γ1

γ2

● Composition of morphisms is defined by concatenation of paths.
● Inverses are defined by reversing paths.

Remark 3.5.12. The fundamental group π1(X,x) based at a point x ∈X
is the automorphism group HomΠ1(X)(x,x).

Example 3.5.13. The fundamental groupoid of S1 is isomorphic to the
groupoid BZ, with one object ∗ and automorphism group Hom(∗,∗) = Z
(regarded as a group via addition).

Definition 3.5.14. A topological space X is simply connected if it is path-
connected, and for any two paths in X with the same endpoints there exists
an endpoint-preserving homotopy between them. Note that, given any two
points x, y ∈X, path-connectedness asks that there exists a path γ from x
to y, and simply connectedness asserts that it is moreover unique. In other
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words, the condition is that HomΠ1(X)(x, y) = ∗ for all x, y ∈X. Equivalently,
Π1(X) is equivalent to the trivial groupoid.

Example 3.5.15. The 2-sphere X = S2 is simply connected, so Π1(S2) ≃ ∗.
Moreover, the same holds for Sn for all n ⩾ 2. In particular, the fundamental
groupoid cannot distinguish between Sn and the space pt.

We may consider the following refinement of the fundamental groupoid:

Construction 3.5.16. Let X be a topological space. The fundamental
∞-groupoid of X is a groupoid Π∞(X) defined as follows.

● Objects are points x ∈X.
● 1-morphisms x→ y are paths γ ∶ [0, 1] →X from γ(0) = x to γ(1) = y.
● 2-morphisms γ1 → γ2 are endpoint-preserving homotopies, i.e., mor-
phisms h ∶ [0,1] × [0,1] → X satisfying the appropriate boundary
conditions (as in Construction 3.5.11).
● . . .
● n-morphisms are morphisms [0,1]×n → X satisfying appropriate
boundary conditions.
● Composition of morphisms is defined by concatenation of paths.
● Inverses are defined by reversing paths and (higher) homotopies.

Theorem 3.5.17 (Homotopy hypothesis). The functor X ↦ Π∞(X), send-
ing a topological space to its fundamental ∞-groupoid, factors through the
∞-category H of homotopy types. Moreover, the induced functor

H→ Grpd∞
is an equivalence.

In other words, Π∞(X) depends exactly on the homotopy type of X, nothing
more and nothing less. For example, unlike Π1(Sn), Π∞(Sn) is nontrivial
for n ⩾ 2.

3.5.3. Monodromy representations.

Theorem 3.5.18. Let X be a topological space and denote by a ∶X → pt the
projection. Then the functor

a∗ ∶ Shv(pt) → Shv(X)
is fully faithful. Moreover, it restricts to an equivalence Loc◇(pt) ≃ Loc◇(X)
on locally constant sheaves. In particular, every locally constant sheaf on X
is constant.

We will prove Theorem 3.5.18 later.

Construction 3.5.19. Let F be a locally constant sheaf on X. Let γ ∶
[0,1] → X be a path from a point x = γ(0) to y = γ(1). Consider the
∗-pullback

γ∗(F) ∈ Shv([0,1]).
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Since the interval [0, 1] is contractible, Theorem 3.5.18 implies that γ∗(F) ≃
K[0,1], where K = Γ([0,1], γ∗(F)) ∈D(R). Denote by i0, i1 ∶ pt→ [0,1] the
inclusions of the endpoints 0 and 1, respectively, and consider the diagram:

x∗(F) i∗0γ
∗(F) i∗0(K) K

y∗(F) i∗1γ
∗(F) i∗1(K) K,

where the right-hand vertical identification is the identity map, and we write
x, y ∶ pt→X for the inclusions of the respective points. We find that there
exists a unique isomorphism in D(R)

ρF(γ) ∶ x∗(F) → y∗(F)

making the diagram above commute. We call ρF(γ) the parallel transport
associated with the path γ.

Remark 3.5.20. Suppose given an endpoint-preserving homotopy h ∶
[0,1] → X between two paths γ1 and γ2 from x to y. Then, using the
contractibility of [0,1] × [0,1] one can imitate Construction 3.5.19 to con-
struct an invertible 2-morphism ρF(h) between ρF(γ1) and ρF(γ2). We
may visualize h and ρF(h) as homotopies witnessing the commutativity of
the squares

x y

x y,

γ1

γ2

x∗(F) y∗(F)

x∗(F) y∗(F),

ρ(γ1)

ρ(γ2)

respectively.

Definition 3.5.21. More generally, one can use the contractibility of [0, 1]×n
to construct the parallel transport ρF(θ) for all n-morphisms θ of Π∞(X).
That is, one may construct a functor

ρF ∶ Π∞(X) →D(R), (3.5.22)

which we call the monodromy representation of the locally constant sheaf
F ∈ Loc◇(X). Moreover, this construction is natural in F.

The following theorem asserts that locally constant sheaves are completely
determined by their monodromy representations.

Theorem 3.5.23. The functor

Loc◇(X) → Fun(Π∞(X),D(R)) (3.5.24)

is an exact equivalence of stable ∞-categories.

3.6. Truncated sheaves.



44 ADEEL A. KHAN

3.6.1. Truncated complexes.

Notation 3.6.1. Given a commutative ring R, we denote by

D(R)⩾n, D(R)⩽n, D(R)[a,b]
the full subcategories ofD(R) spanned by complexesK ∈D(R) with Hi(K) =
0 for all i < n, i > n, or i ∉ [a, b], respectively.
Remark 3.6.2. By definition, Hi(K) ∶= π0MapsD(R)(R[i],K) ≃ π0(K[−i])○
for any complex K ∈ D(R). This can also be described as Hi(K●) where
K● ∈ Ch(R) is any chain complex representing K. Sometimes it is more
convenient to use the cohomological notation

Hi(K) ∶= H−i(K),
which can be described as H i(K●), where K● is the cochain complex cor-
responding to K●, i.e., Ki ∶=K−i and the differential di ∶Ki →Ki+1 is d−i ∶
K−i →K−i−1. For that reason, sometimes the notation D(R)⩽−n ∶=D(R)⩾n,
D(R)⩾−n ∶=D(R)⩽n, D(R)[a,b] ∶=D(R)[−b,−a] is used.
Definition 3.6.3. A complex K is called n-connective, resp. n-coconnective,
if it belongs to D(R)⩾n, resp. D(R)⩽n. It is connective, resp. coconnective,
if it is 0-connective, resp. 0-coconnective.

Remark 3.6.4. These subcategories are not stable.

● The subcategory D(R)⩾n is closed under positive shifts, cofibres, and
colimits. It is not closed under negative shifts, fibres, or limits.
● The subcategory D(R)⩽n is closed under negative shifts, fibres, and
limits. It is not closed under positive shifts, cofibres, or colimits.

Note that both subcategories are closed under extensions, however. We say
a full subcategory C0 of a stable ∞-category C is closed under extensions if
for any exact triangle X ′ →X →X ′′ in C where X ′ and X ′′ lie in C0, X also
lies in C0. The fact that D(R)⩾n and D(R)⩽n are closed under extensions
follows immediately by inspecting the long exact sequence induced by an
exact triangle.

By Corollary 2.1.41, D(R) is generated by R under colimits and negative
shifts. (Note that if one has cofibres and negative shifts, then one also has
fibres, cf. Corollary 2.1.29, hence pullbacks, cf. Proposition 2.1.32, and hence
by iterating, all finite limits.)

Proposition 3.6.5. The ∞-category D(R)⩾0 is generated under colimits
and extensions by the object R. Dually, the ∞-category D(R)⩽0 is generated
under limits and extensions by the object R.

Proof. Similar to the proof of Corollary 2.1.41. □

Proposition 3.6.6 (Semi-orthogonality). Let K and L be complexes. If
K ∈ D(R)⩾n+1 is (n + 1)-connective and L ∈ D(R)⩽n is n-coconnective,
then the mapping type MapsD(R)(K,L) ∈ H is contractible. Equivalently,

the mapping complex RHomR(K,L) ∈ D(R) (Proposition 2.1.46) is (−1)-
coconnective.
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Proof. Since πnMaps(K,L) ≃ Hn (Hom(K,L)) for n ⩾ 0, it will suffice to
show the claim about the mapping complex. Since shifting is an equivalence,
Hom(K[−n − 1], L[−n − 1]) ≃ Hom(K,L). Hence we may assume that K
is 0-connective and L is (−1)-coconnective. First take K = R. We have
HomR(R,L) ≃ L, hence

Hi (HomR(R,L)) ≃ Hi(L)
vanishes for all i ⩾ 0. Hence HomR(R,L) is (−1)-coconnective.

For the case of general K, note that HomR(−, L) ∶ D(R) → D(R)op sends
colimits to limits and sends exact triangles K ′ →K →K ′′ to exact triangles

HomR(K ′′, L) → HomR(K,L) → HomR(K ′, L).
Since D(R)⩽0 is closed under limits and extensions in D(R), we may thus
use Proposition 3.6.5 to reduce to the case of K = R. □

Definition/Proposition 3.6.7. For every n, the inclusion i⩾n ∶D(R)⩾n ↪
D(R) admits a right adjoint τ⩾n. Dually, the inclusion i⩽n ∶ D(R)⩽n ↪
D(R) admits a left adjoint τ⩽n. We call τ⩾n(K) the n-connective cover of
K ∈D(R), and τ⩽n(K) its n-coconnective truncation. These are equipped
with natural morphisms

τ⩾n(K) →K, K → τ⩽n(K),
which are the counit and unit of the respective adjunction.

Remark 3.6.8. If K● ∈ Ch(R) is a chain complex representing K ∈D(R),
then τ⩾n(K) can be represented by the complex τ⩾n(K●) which looks like

⋯ dn+2ÐÐ→Kn+1
dn+1ÐÐ→ Ker(dn) → 0,

concentrated in degrees ⩾ n. Dually, τ⩽n(K) can be represented by the
complex τ⩽n(K●) which looks like

0→ Coker(dn+1) →Kn−1
dn−1ÐÐ→Kn−2 → ⋯,

concentrated in degrees ⩽ n.
Remark 3.6.9. For every complex K and integer n, there are natural
isomorphisms Hn(K)[n] ≃ τ⩽nτ⩾n(K) ≃ τ⩾nτ⩽n(K).
Proposition 3.6.10. For every n and every complex K ∈D(R), there is a
natural exact triangle

τ⩾n(K) →K → τ⩽n−1(K) (3.6.11)

in D(R).
Remark 3.6.12. The null-homotopy of (3.6.11) comes from the commuta-
tivity of the square

τ⩾n(K) K

τ⩾nτ⩽n−1(K) τ⩽n−1(K),

counit

unit unit

counit

where τ⩾nτ⩽n−1(K) ≃ 0.
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Remark 3.6.13. Note that the unit map K → τ⩽n−1(K) induces a canonical
map

τ⩽n(K) → τ⩽nτ⩽n−1(K) ≃ τ⩽n−1(K)
for every n, since Shv(X)⩽n−1 ⊆ Shv(X)⩽n. Dually, the counit τ⩾−n+1(K) →
K induces a canonical map

τ⩾−n+1(K) ≃ τ⩾−nτ⩾−n+1(K) → τ⩾−n(K),
since Shv(X)⩾−n+1 ⊆ Shv(X)⩾−n.

Proposition 3.6.14. For every complex K ∈D(R), the canonical morphisms

K → lim←Ð
n

τ⩽n(K), (3.6.15)

limÐ→
n

τ⩾−n(K) →K, (3.6.16)

are invertible. In other words, the diagrams

K → ⋯→ τ⩽1(K) → τ⩽0(K) → ⋯ (3.6.17)

⋯ → τ⩾0(K) → τ⩾−1(K) → ⋯ →K (3.6.18)

are limit and colimit diagrams, respectively.

Proposition 3.6.19. For every integer n, the functor

ModR ↪D(R), M ↦M[n],
is fully faithful, with essential image D(R)[n,n] ⊆D(R). An inverse is given
by K ↦ Hn(K).

Proof. For the full faithfulness, the claim is that for every M,N ∈ModR the
induced morphism of mapping types

MapsModR(M,N) →MapsD(R)(M[n],N[n]) ≃MapsD(R)(M,N) (3.6.20)

is an isomorphism in H. The source is the set (= 0-truncated type) of
R-module homomorphisms. For the target, we have by semi-orthogonality
(Proposition 3.6.6) that

πiMapsD(R)(M,N) ≃ π0MapsD(R)(M[i],N)
vanishes for all i ⩾ 1. Hence the target is also 0-truncated. A 0-truncated
type is isomorphic to its own π0, i.e.,

MapsD(R)(M,N) ≃ π0MapsD(R)(M,N) ≃ H0 (HomR(M,N)) ≃ Ext0R(M,N).
which is also just the usual set of R-module homomorphisms. Moreover, one
can show that the map (3.6.20) is identified with the tautological isomorphism
HomR(M,N) ≃ Ext0R(M,N). □

Remark 3.6.21. Note that in particular, D(R)[n,n] is equivalent to a 1-
category. More generally, D(R)[a,b] is equivalent to an n-category, where
n = b − a + 1, in the sense that there are no nontrivial k-morphisms for k > n;
all the mapping types

MapsD(R)
[a,b]
(K,L) =MapsD(R)(K,L)
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are (n − 1)-groupoids (= (n − 1)-truncated types) when K,L ∈ D(R)[a,b].
Indeed, if L ∈D(R)⩽b then by semi-orthogonality (Proposition 3.6.6),

πiMapsD(R)(K,L) ≃ π0MapsD(R)(K[i], L)

vanishes as soon as K[i] ∈ D(R)⩾b+1, i.e., K ∈ D(R)⩾b−i+1. If K ∈ D(R)⩾a,
then this holds as soon as a ⩾ b − i + 1, i.e., i ⩾ b − a + 1 = n.

The connective part of D(R) can be regarded as a linearization of the
∞-category of homotopy types.

Remark 3.6.22. Recall the underlying homotopy type functor D(R) →H,
sending K ↦ K○ ∶= MapsD(R)(R,K). This factors through the connective
cover:

D(R) τ⩾0ÐÐ→D(R)⩾0
(−)○ÐÐ→H.

Indeed, by adjunction we have

MapsD(R)(R,K) ≃MapsD(R)(i⩾0(R),K)
≃MapsD(R)⩾0(R, τ⩾0(K))
≃MapsD(R)(R, τ⩾0(K)).

In other words, K○ ≃ (τ⩾0(K))○, naturally in K ∈D(R).

Proposition 3.6.23. The functor (−)○ ∶D(R)⩾0 →H is conservative and
preserves limits, filtered colimits, and geometric realizations (colimits over
∆op). Moreover, it admits a left adjoint

R[−] ∶H→D(R)⩾0
sending a type X ∈H to its R-linearization R[X] ∈D(R). If X is 0-truncated
(i.e., a set) then R[X] is the free R-module on X, regarded as a complex in
D(R)[0,0].

Informally speaking, this tells us that on D(R)⩾0, (−)○ ∶ D(R)⩾0 → H
behaves like a derived version of the forgetful functor ModR → Set. The next
proposition explains one way to understand the discrepancy between D(R)
and its connective part.

Proposition 3.6.24. The ∞-category D(R) fits in the limit diagram

D(R) → ⋯ →D(R)⩾0 →D(R)⩾0 →D(R)⩾0, (3.6.25)

where the transition functors are given by K ↦ τ⩾0(K[−1]), and the projection
D(R) →D(R)⩾0 to the nth copy is given by K ↦ τ⩾0(K[−n]). Equivalently,
there is a limit diagram

D(R) → ⋯ →D(R)⩾−2 →D(R)⩾−1 →D(R)⩾0, (3.6.26)

where the transition functors are τ⩾−n ∶ D(R)⩾−n−1 → D(R)⩾−n and the
projection D(R) →D(R)⩾−n is τ⩾−n.

Corollary 3.6.27. The family of functors D(R) → H, K ↦ (K[−i])○ is
conservative, as i ⩾ 0 varies.
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Remark 3.6.28. Note that on D(R)⩾0, the right adjoint to [1] is not [−1]
(which does not preserve connectivity), but rather τ⩾0(●[−1]). In particular,
[1] is not an equivalence. We may regard Proposition 3.6.24 as saying that
D(R) is obtained from the connective part D(R)⩾0 by forcing [1] to become
an equivalence. In the language of [Lur2, Chap. 1], D(R) is the stabilization
of D(R)⩾0.

Proof of Proposition 3.6.24. Note that for every n ⩾ 0 we have commutative
squares

D(R) D(R)⩾0

D(R) D(R)⩾−n

τ⩾0(●[−n])

[−2n] [−n]
τ⩾−n

,

D(R)⩾0 D(R)⩾0

D(R)⩾−n−1 D(R)⩾−n

τ⩾0(●[−1])

[−n−1] [−n]
τ⩾−n

expressing the natural isomorphisms

τ⩾0(K[−n])[−n] ≃ τ⩾−n(K[−2n]), τ⩾0(K[−1])[−n] ≃ τ⩾−n(K[−n − 1]).
This explains why the two diagrams are equivalent.

We consider the second one. The claim is equivalent to the assertion that
the functor

F∗ ∶D(R) → lim←Ð
n⩾0

D(R)⩾n

is an equivalence, where the target is the∞-category of compatible collections
(K−n, θn)n⩾0, where K−n ∈ D(R)⩾−n and θ−n ∶ K−n ≃ τ⩾−n(K−n−1), and F∗
sends K to the compatible collection (τ⩾−nK)n with the obvious bonding
isomorphisms. This functor admits a left adjoint

F ∗ ∶ lim←Ð
n⩾0

D(R)⩾−n →D(R),

sending (K−n, θ−n)n to

F ∗(K−n, θ−n) ∶= limÐ→
n

K−n,

where the transition maps K−n ≃ τ⩾−n(K−n+1) → K−n−1 are obtained by
composing the bonding isomorphism θn with the adjunction counit.

To show that F∗ is an equivalence, it will suffice to show that the unit
id → F∗F ∗ and counit F ∗F∗ → id are isomorphisms. Unravelling defini-
tions, the counit is (3.6.16). For the unit, let (K−n, θ−n)n be a compatible
collection. Projecting onto each component D(R)⩾−n, the claim is that
K−n → τ⩾−n(limÐ→mK−m) is invertible for every n ⩾ 0. Since filtered colimits

commute with taking homology groups, this follows immediately from the
fact that Hi(limÐ→mK−m) ≃ limÐ→mHi(K−m) is a colimit over a diagram that

becomes constant on Hi(K−m) for i ⩾ n (and m large enough), and vanishes
for i < n. □

This kind of co/connectivity analysis can be performed in a much more
general setting.
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Definition 3.6.29. Let C be a stable ∞-category. A t-structure on C is a
pair (C⩾0,C⩽0) where C⩾0 and C⩽0 are full subcategories satisfying:

(i) Shifts. The full subcategory C⩾0 is closed under positive shifts, and
C⩽0 is closed under negative shifts.

(ii) Semi-orthogonality . For every X,Y ∈ C such that X ∈ C⩾1 ∶= C⩾0[1]
and Y ∈ C⩽0, the mapping type MapsC(X,Y ) is contractible; equiva-
lently, the mapping complex HomC(X,Y ) is (−1)-coconnective.

(iii) Decomposition triangles. For every object X ∈ C, there exists an
exact triangle X⩾1 →X →X⩽0, where X⩾1 ∈ C⩾1 and X⩽0 ∈ C⩽0.

Remark 3.6.30. This is closely related to the notion of semi-orthogonal
decomposition, where the subcategories C⩾0 and C⩽0 are moreover required
to be stable.

Example 3.6.31. The pair (D(R)⩾0,D(R)⩽0) defines a t-structure onD(R)
which is called the standard t-structure.

3.6.2. Truncated sheaves. We return to the setting of R-linear sheaves on a
topological space X.

Definition 3.6.32.

(i) We denote by Shv(X)⩾n ⊆ Shv(X) the full subcategory generated un-
der colimits and extensions by the sheaves j!(RU)[n] ≃ LcstUX(R)[n]
for all opens j ∶ U ↪ X. Equivalently, this is the full subcategory
generated under colimits and extensions by j!(KU) for all opens
j ∶ U ↪X and all K ∈D(R)⩽n. We say that F is n-connective if it
belongs to Shv(X)⩾n.

(ii) We say that F ∈ Shv(X) is n-coconnective if for every open U ⊆
X, the complex Γ(U,F) ∈ D(R)⩽n is n-coconnective. We write
Shv(X)⩽n ⊆ Shv(X) for the full subcategory of n-coconnective sheaves.

Example 3.6.33. Note that for X = pt, we have Shv(pt)⩾n ≃D(R)⩾n and
Shv(X)⩽n ≃D(R)⩽n.
Definition/Proposition 3.6.34. The pair (Shv(X)⩾0,Shv(X)⩽0) forms
a t-structure on Shv(X), called the standard t-structure. In particular, we
have:

(i) Semi-orthogonality. A sheaf G ∈ Shv(X) is n-coconnective if and
only if MapsShv(X)(F,G) is contractible for all F ∈ Shv(X)⩾n+1.
(Equivalently, if and only if the mapping complex HomShv(X)(F,G)
is (−1)-coconnective for all F ∈ Shv(X)⩾n+1.)

(ii) Truncation functors. There are canonical functors

τ⩾n ∶ Shv(X) → Shv(X)⩾n, τ⩽n ∶ Shv(X) → Shv(X)⩽n,
right and left adjoint, respectively, to the inclusions i⩾n ∶ Shv(X)⩾n ↪
Shv(X) and i⩽n ∶ Shv(X)⩽n ↪ Shv(X). We call τ⩾n(F) the n-
connective cover and τ⩽n(F) the n-coconnective truncation of a
sheaf F ∈ Shv(X).
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Proof. Since Shv(X) is a presentable ∞-category, [Lur1, Prop. 1.4.4.11]
implies that there exists a t-structure whose connective part is generated
under colimits and extensions by the objects j!(RU) for open embeddings
j ∶ U ↪X. That is, the connective part is Shv(X)⩾0. This then determines
the coconnective part by semi-orthogonality: it consists of G ∈ Shv(X) for
which Maps(F,G) is contractible for all F ∈ Shv(X)⩾1. Let us show that
this holds if and only if G ∈ Shv(X)⩽0.

Let G ∈ Shv(X) be a sheaf. By the adjunction (j!, j! ≃ j∗), we have the
following computation of mapping complexes:

HomShv(X)(j!(RU)[1],G) ≃ HomShv(U)(RU [1],G∣U) ≃ Γ(U,G)[−1] (3.6.35)

for every j ∶ U ↪X. ThusG ∈ Shv(X)⩽0 if and only if HomShv(X)(j!(RU)[1],G) ∈
D(R)⩽−1 for every U .

It therefore remains to check that for a given G ∈ Shv(X), the condition that

HomShv(X)(F,G) ∈ D(R)⩽−1
for all F ∈ Shv(X)⩾0 is equivalent to the same condition for F = j!(RU)[1]
for all open embeddings j ∶ U ↪X. Note that HomShv(X)(−,G) ∶ Shv(X) →
D(R)op sends colimits to limits and exact triangles to exact triangles, and
D(R)⩽−1 ⊆D(R) is closed under limits and extensions. Since Shv(X)⩾0 is
generated under colimits and extensions by the objects j!(RU)[1], the claim
follows. □

Proposition 3.6.36. Let f ∶X → Y be a morphism of topological spaces.

(i) The functor f∗ is right t-exact, i.e., it preserves n-connectivity.

(ii) The functor f∗ is left t-exact, i.e., it preserves n-coconnectivity.

(iii) If f = j is an open embedding, then j! is right t-exact and j! ≃ j∗ is
left t-exact.

Proof. The left t-exactness of f∗ follows immediately from the definitions.
The right t-exactness of f∗ then follows by adjunction; alternatively, f∗ is
exact, colimit-preserving, and sends sheaves of the form j!(RV ) to j′!(RV )
by the base change formula (where j ∶ V ↪ Y is an open embedding and
j′ ∶ f−1(V ) ↪X is its base change).

Similarly, left t-exactness of j∗ follows from the definitions. Its left adjoint
j! is then automatically right t-exact by adjunction; alternatively, j! is an
exact colimit-preserving functor which sends sheaves of the form h!(RU) to
(j ○ h)!(RU) (where h ∶ U ↪X is an open embedding). □

We record some properties of the standard t-structure (see [?, Prop. 1.3.2.7
(2)], [Hai, §1] for proofs):

Just like for the case of X = pt, the subcategory of coconnective objects in
Shv(X) is not closed under colimits (e.g. shifts or cofibres), but is closed
under filtered colimits:
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Proposition 3.6.37. The standard t-structure on Shv(X) is compatible
with filtered colimits. That is, the full subcategory Shv(X)⩽0 ⊆ Shv(X) is
closed under filtered colimits. Dually, τ⩾0 preserves filtered colimits.

Proposition 3.6.38. The standard t-structure on Shv(X) is right complete.
That is, the diagram

Shv(X) → ⋯ → Shv(X)⩾−2
τ⩾−1ÐÐ→ Shv(X)⩾−1

τ⩾0ÐÐ→ Shv(X)⩾0 (3.6.39)

is a limit diagram. Equivalently,

Shv(X) → ⋯ → Shv(X)⩾0
τ⩾0(●[−1])ÐÐÐÐÐ→ Shv(X)⩾0

τ⩾0(●[−1])ÐÐÐÐÐ→ Shv(X)⩾0
(3.6.40)

is a limit diagram.

Theorem 3.6.41. If X is a CW complex, then the t-structure on Shv(X)
is left complete, i.e., the diagram

Shv(X) → ⋯ → Shv(X)⩽2
τ⩽1ÐÐ→ Shv(X)⩽1

τ⩽0ÐÐ→ Shv(X)⩽0 (3.6.42)

is a limit diagram.

Definition 3.6.43. Let X be a topological space. The left completion of
Shv(X) is the ∞-category Ŝhv(X) defined as the limit

Ŝhv(X) ∶= lim←Ð
n⩾0

Shv(X)⩽n.

There is a canonical functor Shv(X) → Ŝhv(X), which by Theorem 3.6.41 is
an equivalence if X is a CW complex.

Proposition 3.6.44. Let ϕ ∶ F → G be a morphism in Ŝhv(X). Then ϕ
is invertible if and only if the induced morphism of stalks x∗(ϕ) ∶ x∗(F) →
x∗(G) is invertible for all x ∈X. In particular, if f ∶X ′↠X is a surjective

morphism of topological spaces, then f∗ ∶ Ŝhv(X) → Ŝhv(X ′) is conservative.

Proposition 3.6.45. Consider the 1-category Shv(X;ModR) of sheaves of
R-modules. For every integer n, the functor

Shv(X;ModR) ↪ Shv(X), F ↦F[n],
is fully faithful with essential image Shv(X)[n,n].
Example 3.6.46 (Constant sheaves). Note that the constant sheaf RX ∈
Shv(X) is connective by definition. However, Γ(U,RX) ∉ D(R)⩾0 for gen-
eral opens U ⊆ X, i.e., RX is connective but not sectionwise connective.
Indeed, assume X is locally contractible. For every open U ⊆ X, the com-
plex Γ(U,RX) is represented by the singular cochain complex C●sing(U ;R)
(Theorem 3.4.4). By algebraic topology,

πiΓ(U,RX) ≃ H−ising(U ;R)
vanishes for i ∉ [−d,0], where d is the covering dimension of X. In other
words, Γ(U,RX) ∈D(R)[−d,0] for all opens U ⊆ X. Thus by definition, RX
is coconnective. Hence, RX ∈ Shv(X)⩾0 ∩ Shv(X)⩽0 = Shv(X)[0,0], which is
consistent with Proposition 3.6.45.

3.7. Homotopy invariance and smooth base change.



52 ADEEL A. KHAN

3.7.1. Homotopy invariance.

Theorem 3.7.1 (Homotopy invariance). Let X be a topological space. Denote
by (0, 1) and [0, 1] the open and closed unit intervals, respectively, in R, and
by p̊ ∶ X × (0,1) → X and p ∶ X × [0,1] → X the projections. Then the unit
morphisms

F → p̊∗p̊∗(F), F → p∗p∗(F)
are invertible for every F ∈ Shv(X). In particular, the maps

Γ(X,F) → Γ(X × [0,1], p∗(F)) → Γ(X × (0,1), p̊∗(F))
are invertible.

Proof. See [Lur2, Lem. A.2.9]. □

Corollary 3.7.2. Let X be a topological space. Denote by q ∶ X ×R → X
the projection. Then the unit morphism

F → q∗q∗(F)
is invertible.

Proof. Choose a homeomorphism (0, 1) ≃R. This induces a homeomorphism
ϕ ∶ X × (0,1) → X ×R which commutes with the projections p̊ and q. By
functoriality, the unit for ϕ induces an isomorphism between the unit maps
id→ p̊∗p̊∗ and id→ q∗q∗. Hence the claim follows from Theorem 3.7.1. □

3.7.2. Smooth base change. We introduce the topological analogue of smooth
morphisms of schemes.

Definition 3.7.3. A morphism f ∶ Y →X is a topological submersion if for
every point y ∈ Y , there exist open neighbourhoods V ∋ y and U ∋ f(y), and
a homeomorphism ϕ ∶ U ×Rd → V over U for some integer d ⩾ 0. We say that
f is of relative dimension d at the point y; this defines a locally constant
function dim(f) ∶ Y →N.

Remark 3.7.4. Note that a topological submersion is surjective if and only
if for every point x ∈ X, there exists an open neighbourhood U ∋ x and an
isomorphism ϕ ∶ U ×Rd → f−1(U) over U .

Example 3.7.5. A morphism f ∶ Y → X is a local homeomorphism if for
every point y ∈ Y , there exists an open V ∋ y such that f ∣V ∶ V → f(V ) is
a homeomorphism. A local homeomorphism is a topological submersion of
relative dimension 0.

Example 3.7.6. An open embedding is an injective local homeomorphism.

Our second main result in this section is as follows:

Theorem 3.7.7 (Smooth base change). Let p ∶ X → Y be a topological
submersion.

(i) There exists a functor p♯ ∶ Shv(X) → Shv(Y ), left adjoint to p∗.
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(ii) For every pullback square of topological spaces

X ′ Y ′

X Y,

q

f g

p

the exchange transformation

Ex∗♯ ∶ q♯f∗ q♯f∗p∗p♯ q♯q∗g∗p♯ g∗p♯
unit ∼ counit

is invertible. In particular, passing to right adjoints, the exchange
transformation

Ex∗∗ ∶ p∗g∗ → f∗q∗

defined in Proposition 3.1.12(v) is invertible in this case.

(iii) For every pullback square of locally compact Hausdorff spaces

X ′ Y ′

X Y,

q

f g

p

the exchange transformation

Ex♯,! ∶ p♯f! p♯f!q∗q♯ p♯p∗g!q♯ g!q♯
unit ∼

Ex∗!

counit

is invertible. In particular, passing to right adjoints, the exchange
transformation

Ex∗,! ∶ q∗g! q∗g!f∗f∗ q∗q∗f !p∗ f !p∗unit ∼
Ex!
∗

counit

is invertible.

We will give the proof of the first two statements at the end of this section.
The proof of the third statement is omitted.

3.7.3. Consequences of smooth base change.

Construction 3.7.8. Let p ∶X → Y be a topological submersion between
locally compact Hausdorff spaces. Form the pullback square

X ×Y X X

X Y

pr2

pr1 p

p

and let ∆ ∶ X → X ×Y X denote the diagonal morphism. We define Σp ∶=
pr2,♯∆! ∶ Shv(X) → Shv(X).
Remark 3.7.9.

(i) Σp can be thought of as a “Thom twist by the tangent microbundle
of p”.

(ii) Σp is an equivalence, inverse to Σ−1p ∶=∆!pr∗2 .



54 ADEEL A. KHAN

(iii) Σp is linear: Σp(−) ≃ Σp(R) ⊗ (−). Σp(R) is a ⊗-invertible object,
with inverse Σ−1p (R).

(iv) The dualizing sheaf is ωp ∶= p!(R) ≃ Σp(R). This is ⊗-invertible.
Corollary 3.7.10 (Poincaré duality). If p ∶X → Y is a topological submer-
sion between locally compact Hausdorff spaces, there are canonical isomor-
phisms

p♯ ≃ p!Σp, p! ≃ Σpp∗.

Proof. We use the isomorphism

Ex♯,! ∶ p♯pr1,!
∼Ð→ p!pr2,♯.

Applying ∆! on the right yields p♯ ≃ p!pr2,♯∆! =∶ p!Σp, which is the first

isomorphism. Passing to right adjoints yields Σ−1p p! ∶= ∆!pr∗2p
! ≃ p∗, which is

equivalent to the second. □

Remark 3.7.11. If X and Y are not locally compact Hausdorff, then
we simply define p! ∶= p♯Σ−1p and p! ∶= p∗Σp for a topological submersion
p ∶X → Y .

Corollary 3.7.12. Let M be a topological manifold. Denote by p ∶M → pt
the projection. Then there is a canonical isomorphism

CBM
● (X) ≃ C●(X;Σp(R)),

obtained by taking global sections of p!(R) ≃ Σ!
p(R).

3.7.4. The Morel–Voevodsky category. We introduce a topological analogue
of the Morel–Voevodsky homotopy category, to be denoted H(X). This
has the feature of tautologically satisfying Theorem 3.7.7. We will show
that there is an equivalence between Shv(X;R) and H(X;R), and hence
Theorem 3.7.7 holds for Shv(−;R).
Notation 3.7.13. Let X ∈ Top.

● We denote by Top/X the category of pairs (Y, p ∶ Y → X). A mor-

phism (Y, p) → (Y ′, p′) is a morphism f ∶ Y → Y ′ such that p′ ○ f = p.
We will often abbreviate (Y, p) to Y or p when there is no risk of
confusion.
● We denote by Sm/X the full subcategory of Top/X spanned by pairs

(Y, p) such that p is a topological submersion.

Construction 3.7.14. Let V be an ∞-category which is complete, i.e.,
admits all limits. We denote by PShv(Sm/X ;V) the∞-category of V-valued
presheaves on Sm/X . We consider the following full subcategories:

● We denote by Shv(Sm/X ;V) the full subcategory spanned by sheaves,
i.e., presheaves satisfying the following conditions:
(a) Additivity. For every finite collection of objects {Yi}i of Sm/X ,

the canonical morphism

Γ(⊔iYi,F) →∏
i

Γ(Yi,F)
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is invertible.
(b) Čech descent. For every Y ∈ Sm/X and every open cover Y =
⋃α Vα, the map

Γ(Y,F) → Tot(Γ(V●,F))
is invertible, where V● denotes the Čech nerve of {Vα}α.

● We denote by PShvhtp(Sm/X ;V) the full subcategory of presheaves
satisfying R-homotopy invariance, i.e., for every Y ∈ Sm/X the map

Γ(Y,F) → Γ(Y ×R,F)
induced by the projection Y ×R→ Y is invertible.
● We denote by H(X;V) ∶= Shvhtp(Sm/X ;V) the full subcategory
spanned by R-invariant sheaves.

For V = H the ∞-category of homotopy types, we will omit V from the
notation, writing Shv(Sm/X) ∶= Shv(Sm/X ;H), H(X) ∶=H(X;H), etc. We
will denote by hX(Y ) ∈ H(X) the sheaf represented by Y ∈ Sm/X . For
V =D(R) we will write H(X;R) ∶=H(X;D(R)).
Proposition 3.7.15.

(i) The inclusion of sheaves admits a left adjoint

LShv ∶ PShv(Sm/X) → Shv(Sm/X)
which is left exact.

(ii) The inclusion of R-invariant presheaves admits a left adjoint

Lhtp ∶ PShv(Sm/X) → PShvhtp(Sm/X)
satisfying Γ(Y,Lhtp(F)) = ∣Γ(Y ×Rn,F)∣ for all Y ∈ Sm/X .

(iii) The inclusion H(X) ↪ PShv(Sm/X) admits a left adjoint L, satisfy-
ing

L(F) ∶= limÐ→
n⩾0
(Lhtp ○LShv)○n(F).

Proposition 3.7.16 (Generation). The ∞-category H(X) is generated
under colimits by the objects LhX(Y ) for Y ∈ Sm/X .

Construction 3.7.17. For any morphism f ∶X ′ →X there is a functor

f∗ ∶H(X ′) →H(X)
which is given by restriction along the base change functor Sm/X → Sm/X′ .
It admits a left adjoint

f∗ ∶H(X) →H(X ′)
uniquely characterized by commutativity with colimits and f∗LhX(Y ) =
LhX′(Y ×X X ′). If f is a topological submersion, then f∗ is moreover iden-
tified with restriction along the forgetful functor Sm/X′ → Sm/X . Therefore,
in that case it admits a further left adjoint

f♯ ∶H(X ′) →H(X)
characterized by commutativity with colimits and f♯LhX′(Y ′) = LhX(Y ′).
Moreover, f♯ satisfies base change and projection formulas against f∗.
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Construction 3.7.18. The inclusion ι ∶ Op(X) ↪ Sm/X , U ↦ (U ↪ X),
induces a restriction functor

ι∗ ∶ PShv(Sm/X) → PShv(Op(X)).
This admits a left adjoint ι! given by left Kan extension: it is the unique
colimit-preserving functor such that

ι!(hX(U)) = hX(U)
for all opens U ⊆ X. It also admits a right adjoint ι∗ given by right Kan
extension: it is the unique limit-preserving functor such that

ι∗(hX(U)) = hX(U)
for all opens U ⊆X.

Lemma 3.7.19. The functors ι∗ and ι∗ preserve sheaves and R-invariant
presheaves. In particular, there are adjoint pairs

Lι! ∶ Shv(X;H) →H(X), ι∗ ∶H(X) → Shv(X;H),
ι∗ ∶H(X) → Shv(X;H), ι∗ ∶ Shv(X;H) →H(X).

Proof. It is clear that ι∗ preserves sheaves and R-invariance. It is also
not difficult to see that ι∗ preserves sheaves. The fact that it preserves
R-invariance follows from Corollary 3.7.2. □

Lemma 3.7.20. Let X be a topological space and X = ∪αUα an open cover.
Then the restriction functors H(X) →H(Uα) are jointly conservative. I.e.,
a morphism in H(X) is invertible if and only if its restriction to Uα is
invertible for all α.

Proof. From the definitions. □

Theorem 3.7.21 (Comparison). The functor

Lι! ∶ Shv(X;H) →H(X)
is an equivalence, inverse to ι∗. In particular, it induces equivalences
Shv(X;R) ≃H(X;R) for every commutative ring R. Moreover, this equiva-
lence commutes with the operations ⊗, Hom, f∗ and f∗ for every morphism
f , and intertwines j! ∶ Shv(U ;H) → Shv(X;H) and Lj♯ ∶H(U) →H(X) for
open embeddings j ∶ U ↪X.

Proof. Given a morphism f ∶ X ′ → X, the fact that ι commutes with base
change implies that Lι! commutes with f∗ and ι∗ commutes with f∗. If we
show that Lι! is an equivalence, then it will follow automatically that the
exchange transformation

Lι!f∗
unitÐÐ→ Lι!f∗ι∗Lι! ≃ Lι!ι∗f∗Lι!

counitÐÐÐ→ f∗Lι!
is invertible, since it is built out of units and counits for an equivalence.
Similarly, it is clear that Lι!(Lj!(−)) ≃ Lι!(Lj♯(−)) for open embeddings
j ∶ U ↪ X, since this holds on generators and all functors are colimit-
preserving. Commutativity of Lι! with ⊗ follows from the fact that ι ∶
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Op(X) ↪ Sm/X sends U ∩ V ↦ U ×X V , and commutativity with Hom then
follows by adjunction similarly as above.

Since ι is fully faithful, ι∗ ∶ Shv(X;H) →H(X) is fully faithful. Recall that
if a functor F admits both left and right adjoints FL and FR, respectively,
then FL is fully faithful if and only if FR is fully faithful. Thus, Lι! ∶
Shv(X;H) → H(X) is also fully faithful. It remains to show that Lι! is
essentially surjective. By Proposition 3.7.16 it will suffice to show that
for every Y ∈ Sm/X , LhX(Y ) lies in the full subcategory C(X) ⊆ H(X)
generated under colimits by objects of the form Lι! hX(U) ≃ LhX(U), where
U ⊆X is an open subset.

Suppose first that Y = U is an open of X. Thus LhX(U) ≃ Lι! hX(U), so
LhX(U) lies in C(X). Moreover, one has Lj♯C(U) ⊆ C(X), as Lj♯C(U) is
the smallest full subcategory closed under colimits and containing Lj♯Lι! hU(V ) ≃
Lι! hX(V ) for all opens V ⊆ U .

For the case of a topological submersion p ∶ Y → X, suppose first that
p is surjective. Then there exists an open cover X = ⋃αUα such that
p−1(U) ≃ U × Rdα over U . By Lemma 3.7.20 we may assume that p is
globally a projection X ×Rd →X for some d ⩾ 0. In this case we claim that

LhX(Y ) ≃ LhX(X ×Rd) → LhX(X)

is invertible. Indeed, p factors as

X ×Rd →X ×Rd−1 → ⋯→X ×R→X,

so the claim follows from the observation that Lhtp inverts X ×R → X by
construction, applied to different choices of X. This shows that LhX(Y ) ∈
C(X) when p ∶ Y →X is surjective.

Let p ∶ Y → X be an arbitrary topological submersion. Since p is an open
map, it factors as a surjective topological submersion p′ ∶ Y ↠ U ∶= p(Y )
followed by the open embedding j ∶ U ↪X. Then we have

LhX(Y ) ≃ Lj♯(LhU(Y )) ∈H(X).

Since p′ ∶ Y ↠ U is surjective, we have LhU(Y ) ∈ C(U), and hence
Lj♯LhU(Y ) ∈ C(X) by above. □

3.7.5. Proof of Theorem 3.7.7. Follows immediately from Theorem 3.7.21
combined with the analogous properties of H(−).

3.8. Complex algebraic varieties.

Notation 3.8.1. We write SchlftC for the category of locally of finite type

C-schemes, and SchftC for the subcategory of finite type C-schemes. Note

that X ∈ SchlftC belongs to SchftC if and only if X is quasi-compact.

We denote by XZar the underlying topological space of X (with the Zariski
topology).
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Construction 3.8.2. Let X ∈ SchlftC . The analytification of X is the
topological space Xan defined as follows. Its underlying set is X(C) =
Hom(Spec(C),X), the set of C-points of X; this is equivalent to the set
of closed points in XZar. This set is equipped with the analytic topology,
defined as follows:

Remark 3.8.3. The analytification functor

SchlftC → Top, X ↦Xan,

is left Kan extended from the full subcategory of affine spaces An
C, where it

is given by An
C ↦Cn (with Cn regarded with the Euclidean topology).

We summarize some properties of the analytification functor in the following
proposition...

Proposition 3.8.4.

Construction 3.8.5. Let X ∈ SchlftC .

(a) We define Shv(X;R) ∶= Shv(Xan;R) for every commutative ring R.
As before, R will often be left implicit in the notation.

(b) For everyX, the operations (⊗,Hom) are inherited from Shv(Xan;R).

(c) For every morphism f ∶X → Y in SchlftC , the operations (f∗, f∗) are
defined to be (fan,∗, fan∗ ).

(d) For every morphism f ∶X → Y in SchlftC where X and Y are separated
of finite type, the operations (f!, f !) are defined to be (fan! , fan,!).
Note that under the assumptions, Xan and Y an are locally compact
and Hausdorff.

(e) For a general morphism f ∶X → Y in SchlftC , we denote by f! and f
!

the unique functors such that for every commutative square

U V

X Y

f0

jU jV

f

where U and V are separated of finite type and jU and jV are open
immersions, there are canonical isomorphisms

f!jU,! ≃ jV,!f0,!, j∗Uf
! ≃ f !0j∗V .

Note that j! is always defined for an open immersion, as the left
adjoint of j∗, without locally compact Hausdorff assumptions (Re-
mark 3.2.19). The existence of functors f! and f

! with these properties
follows from Zariski descent—so that every F ∈ Shv(X) is the limit
of j!j

∗(F) over all open embeddings j ∶ U ↪ X—and the fact that

X is Zariski-locally separated of finite type for every X ∈ SchlftC .
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3.9. Twists and Euler classes.

Definition 3.9.1. Let X be a locally of finite type C-scheme and π ∶ E →X
a vector bundle. The functor of Thom twist with respect to E is the
endofunctor

ΣE ∶= π♯0! ∶ Shv(X) → Shv(X),
where 0 ∶ X → E is the zero section. The inverse Thom twist is its right
adjoint Σ−E ∶= 0!π∗.
Lemma 3.9.2. For every vector bundle π ∶ E →X, we have:

(i) Linearity. For every F ∈ Shv(X), there is a natural isomorphism
ΣE(F) ≃F ⊗ΣE(RX).

(ii) Base change. For every morphism f ∶X ′ →X, there is a canonical

isomorphism f∗ΣE ≃ Σf∗Ef∗. If f is smooth, then moreover f♯Σf
∗E ≃

ΣEf♯.

(iii) Additivity. For every exact sequence of vector bundles 0→ E′ → E →
E′′ → 0, there is a canonical isomorphism ΣE ≃ ΣE′′ΣE′.

Proof. For additivity, consider the diagram

X

E′ E

X E′′ X

0E′
0E

i

πE′ p πE

0E′′ πE′′

where the square is cartesian, and use the exchange isomorphism Ex♯,! ∶ p♯i! →
0E′′,!πE′,!. □

Construction 3.9.3. Let i ∶ E′ ↪ E be a monomorphism of vector bundles
over X. The exchange transformation Ex∗! for the cartesian square

E′ E′

E′ E

i

i

takes the form Ex∗! ∶ i! → i∗. This gives rise to a canonical natural transfor-
mation

0!Eπ
∗
E ≃ 0!E′i!π∗E Ð→ 0!E′i

∗π∗E ≃ 0!E′π∗E′ ,
i.e., Σ−E → Σ−E

′

. Passing to right adjoints, this is a canonical natural
transformation

ΣE → ΣE
′

(3.9.4)

associated with the monomorphism i ∶ E′ ↪ E.

Example 3.9.5. For every vector bundle π ∶ E → X, Construction 3.9.3
applied to the zero section 0 ∶X ↪ E yields the Euler transformation

eulE ∶ id→ ΣE . (3.9.6)
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Notation 3.9.7. Given a sheaf F ∈ Shv(X) and a vector bundle π ∶ E →X,
we will often adopt the postfix notation

F⟨E⟩ ∶= ΣE(F) ∈ Shv(X). (3.9.8)

Similarly, we write

C●(X;R)⟨E⟩ ∶= Γ(X;RX⟨E⟩). (3.9.9)

The Euler transformation eulE yields a canonical map

C●(X;R) → C●(X;R)⟨E⟩,

whose image by the unit is a canonical point e(E) ∈ C●(X;R)⟨E⟩ called the
Euler class of E. This is in other words the morphism

eulE(RX) ∶ RX → RX⟨E⟩,

regarded as a point in the mapping complex Hom(RX ,RX⟨E⟩) ≃ C●(X;R)⟨E⟩.

Remark 3.9.10. Let π ∶ E →X be a vector bundle, E̊ the complement of
the zero section, and π̊ ∶ E̊ → X the projection. The localization triangle
then yields the exact triangle

Σ−E → π♯π∗ → π̊♯π̊∗,

or by rotation,

π♯π∗ → π̊♯π̊∗ → Σ−E[1]. (3.9.11)

Note also that π♯π∗ ≃ id by homotopy invariance, and the resulting morphism
Σ−E → id is the dual of the Euler transformation eulE .

Lemma 3.9.12. Let π ∶ E → X be a vector bundle. Let s ∶ X ↪ E be
a nowhere zero section. Then eulE admits a canonical null-homotopy; in
particular, e(E) ≃ 0. Moreover, the exact triangle (3.9.11) admits a canonical
splitting π̊♯π̊∗ ≃ π♯π∗ ⊕Σ−E[1] ≃ id⊕Σ−E[1].

Proof. Consider the commutative diagram

∅ X X

X E E̊

X.

s s′

0

π

j

π̊

The fact that s is nowhere zero means (by definition) that the upper left-hand

square is cartesian, or equivalently that s factors through E̊. The morphism
s′ ∶X ↪ E̊ then induces a section of the map

π̊♯π̊∗ ≃ π♯j♯j∗π∗
counitjÐÐÐÐ→ π♯π∗.

The claim now follows from the following lemma. □
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Lemma 3.9.13. Let ϕ ∶ A → B be a morphism in a stable ∞-category C.
Suppose ϕ admits a section σ, i.e., a morphism σ ∶ B → A together with a
homotopy ϕ ○ σ ≃ idB. Then there is a canonical decomposition

A ≃ B ⊕ F
where F is the fibre of ϕ. In other words, the exact triangle

F → A
ϕÐ→ B

is homotopic to the split exact triangle

F
incl2ÐÐ→ B ⊕ F

pr1ÐÐ→ B.

Proof. Consider the diagram of pullback squares

F ′ F 0

B A B,σ ϕ

where F = Fib(ϕ) and F ′ ≃ Fib(ϕ ○ σ). The homotopy ϕ ○ σ ≃ id yields an
isomorphism F ′ ≃ 0. Since C is stable, the left-hand square is also a pushout,
and hence exhibits the isomorphism A ≃ B ⊕ F . □

4. Constructible sheaves
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